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SKETCH 



THE CONSTRUCTION OF THIS WORK, 

AND 

CONTENTS OF PART FIRST.* 



For the convenience of reference, these Mechanics of Fluids are 
distributed into a series of chapters, whose titles indicate the several 
topics that receive mathematical demonstration. The first of these 
contains, besides a few brief but necessary definitions, the funda- 
mental proposition upon which all the problems that are drawn up in 
this part of the work are in reality founded. 

The principle established in the general proposition, enables the 
reader to proceed in the second chapter with the pressure of incom- 
pressible fluids upon physical lines, rectangular parallelograms con- 
sidered as independent planes immersed in the fluid, and to de- 
termine the position of the centre of gravity of the various rec- 
tangular figures which the successive problems embrace, together 
with the pressures of fluids upon the sides and bottoms of cubical 
vessels, with the limiiB which theory assigns to the requisite thick- 
ness of flood-gates. 

One distinguishing characteristic in this inquiry is, that every pro- 
blem is accompanied by a practical example ; and in order that nothing 
be omitted which could render the subject intelligible to the general 
reader, the most important formula? of a practical and general nature 
have been thrown into rules, in words at length, whereby all the 
arithmetical operations required in the solution of the examples can be 
performed without any reference to the algebraical investigation, which 
is the surest way of uniting precept with example. 

After the same method, the third chapter treats of the pressure 

' With the lust part of Vol. I. will be given ita preface attJ table of contents. 



exerted by non-elastic fluids upon parabolic planes immersed in these 
fluids, with the method of rinding the centre of gravity of the space 
included between any rectangular parallelogram and its inscribed 
parabolic plane. This is a valuable proposition in the practice of 
bridge building, and it will therefore be more fully expounded in 
Hydraulic Architecture. It is very satisfactory to find, in prosecuting 
one branch of science, the means of accomplishing another ; to 
discover in a subject purely hydrostatic, a method by which to find 
the position of the centre of gravity of the arch, with all its balancing 
materials, and consequently many important particulars respecting 
the weight and mechanical thrust, with the thickness of the piers 
necessary to resist the drift or shoot of a given arch, independently of 
the aid afforded by the other arches. The method laid down in 
Problem XII. for this purpose is presumed to be new; at any rate 
it has not been noticed by any previous writer on Mechanics. But 
its development is reserved for Hydraulic Architecture : the principle 
here established being all that is required in Hydrostatics. 

Chapter IV. introduces the reader to the pressure of nen-elastic 
fluids on circular planes and spheres immersed in those fluids, as 
independent bodies, the extremity of the diameter of the figure being 
in each case coincident with the surface of the fluid. These problems 
could easily have been extended to examples of elliptical planes and 
solids, but the investigation would not embrace any practical result: 
and where that is unattainable, this work presumes not to advance. 

The Fifth Chapter, in which are classed the tetrahedron, cylinder, 
conical frustum, and indeed the frustum of any other regular pyramid, 
completes this branch of fluid pressure ; but the investigation is 
directed altogether to the pressure of the fluid upon the internal 
surfaces of the vessels under consideration. Indeed this was part of 
the inquiry when the sphere was treated of in the fourth chapter ; 
but in the fifth, the subject is purely practical, and involves some of 
the most important principles in the whole range of Hydrodynamics. 
The reader now enters upon that remarkable and important principle, 

That any quantity of fluid, horcever small, may be made to balance 
or hold in equilibria any other quantity, however great; 



; enabled Lhence to investigate the theory and expound the 
construction of those mechanical contrivances known as the hydro- 
static press, bellows, and weighing machine, which are all methods 
of balancing different intensities of force, by applying the simple 
power of non-elastic fluids to parts of an apparatus moving with 
different velocities : and this is all the mechanical powers can effect. 

The Sixth Chapter, which treats of these hydrostatic engines, their 
theory of construction and scientific description, commences with a 
distinct proposition ; the first having proved sufficient to resolve every 
problem connected with fluid pressure upon rectilinear and curvilinear 
figures considered as independent planes immersed in the fluids, 
together with the pressure of fluids upon the interior surfaces of 
vessels containing the fluids and belonging to the class of regular 
bodies. The second proposition, which the reader now enters upon, 
involves the principle whereon depend the construction and appliancy 
of the hydrostatic press, an engine very generally employed, and 
which should therefore be scientifically as it is practically known. 
But the same proposition extends to the investigation of the hydrostatic 
bellows, and furnishes the principle of a new machine, by which goods 
may be weighed as by the common balance. It may lhence be in- 
ferred, that as yet, science has but stepped on the threshold of fluids 
that are heavy and liquid. How far this distinguishing property — 
the power of transmitting pressure equally in all directions — may yet 
carry mankind, it would be idle to conjecture. Enough, however, is 
here shown to satisfy the reader, that in expounding the laws of the 
pressure and equilibrium of fluids, as well as those of their motion and 
resistance, he will encounter principles of great practical utility in the 
construction and use of machines, engines, apparatus, and instruments 
employed, not only in the higher departments of natural philosophy, 
but in the every day concerns of society, in the arts, manufactures, 
and domestic operations of civilized men. The occurrence of Buch 
principles seems to present the legitimate time and place for classify- 
ing the inventions to which they gave existence, and for directing 
genius in its attempts to elicit new applications of collateral prin- 
ciples ; for though fortuitous circumstances and accidental hints may 



have led to some discoveries in hydrodynamics, the greater part of 
modern improvements must he traced to patient induction, which 
arrives at those coincidences whereby scientific men are enabled to 
expound the theory of particular machines, whose construction and 
principles of action depend upon the equilibrium or motion of fluids. 
By this method, nothing is taken for granted which can be investigated 
from a series of mathematical truths ; for, as Mr. Whitehursl ob- 
serves, it is one thing to assent to truths, and another to prove them 
to be true : the former leaves the mind in a state of suspense, the 
latter in the possession of truth.* 

This Part concludes with some experiments upon the quaqua versus 
property of non- elastic fluids; these experiments have the lowly merit 
of placing that property. — the power of transmitting pressure equally 
in all directions — in a popular point of view, " level to the capacity of 
ordinary minds." 

Such then is the plan upon which these Mechanics of Fluids are 
constructed ; and such is the method proposed to be followed in 
treating of its subsequent divisions. 

THE EDITOR. 

* " Inquiry into the Original Stats and Formation of the Enrlh." — London, 1798. 
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MECHANICS OF FLUIDS. 



CHAPTER I. 



DEFINITIONS AND OBVIOUS PROPERTIES OF WATERY FLUIDS, WITH 
THE PRELIMINARY ELEMENTARY PRINCIPLES OF HYDRODYNA- 
MICS, FOR ESTIMATING THE PRESSURE OF INCOMPRESSIBLE 
FLUIDS. 

1. The phenomena of Hydrodynamics are those truths which explain 
the peculiarities of equilibrium and motion among fluid bodies, espe- 
cially those that are heavy and liquid. As that branch of natural phi- 
losophy which points out and explains the properties and affections of 
fluids at rest, it comprehends the doctrine of pressure, specific gravity, 
equilibrium, together with the circumstances attending the positions, 
equilibrium, and stability of floating bodies, the phenomena of cohe- 
sion and capillary attraction. And as that other branch of natural 
philosophy which points out and explains the motions of such fluids as 
have weight and are liquids, it investigates the means by which such 
1 motions are produced, the laws by which they are regulated, the dis- 
charge of fluids through orifices of various dimensions, forms, and 
positions, — the motion of fluids in pipes, rivers, and canals, and the 
force or effect they exert against themselves, or against solid bodies 
which may oppose them. Hydrodynamics, therefore, from Greek 
words signifying water and force, comprehend the entire science of 
watery fluids, whether in a state of rest or of motion ; and this 
science, practically considered, enables us to investigate and apply 
a fruitful source of maxims and principles, upon which depend the 
construction and efficiency of engines and machines employed in the 

Ets, manufactures, and domestic concerns of society, together with 
at extensive class of mechanical combinations displayed in the more 
licate and important operations of Hydraulic Architecture. 
vol. i. u 
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2. A Fluid is a body so constituted, that its parts are all ready to yield 
to the action of the smallest force or pressure, id whatsoever direction 
it may be exerted. The following are some of the simplest and most 
obvious properties of fluids.* 

3. Every particle of a fluid presses equally in all directions, whether 
it be upwards or downwards, laterally or obliquely; consequently, the 
lateral pressure of a fluid is equal to its perpendicular pressure. The 

« of this is equally obvious, and is thus expressed. 

4. Every particle of a fluid in a state of quiescence, is pressed equally 
in all directions. 

5. When a fluid is in a state of rest, the pressure exerted against the 
surface of the vessel which contains it, is perpendicular to that surface. 

6. When amass of fluid is in a state of rest, its surface is horizontal, 
or perpendicular to the direction of gravity. 

7. If two fluids which do not mix, are poured into the same vessel, 
and suffered to subside, their common surface is parallel to the horizon ; 
consequently the surfaces of fluids continue horizontal, when sub- 
jected to the pressure of the atmosphere. 

8. The particles of a fluid, situated at the same perpendicular depth 
below the surface, are equally pressed. 

9. When a fluid is in a state of rest, the pressure upon any of its 
constituent elements, wheresoever situated, is equal to the weight of 
ft column of fluid particles, whose length is equal to the perpendicular 
depth of the particle or element pressed ; consequently, the pressure 
on any particle varies in its perpendicular depth, and in any vessel 
containing a fluid in a state of rest, the parts that are deepest sustain 
the greatest pressure. 

These principles, which flow immediately from the conditions of 
fluidity, are loo simple and obvious to require demonstration, yet 
nevertheless, the writers on hydrostatical science generally accompany 
them with a sort of popular proof, which may be found in almost 
every treatise that has appeared on the subject. But our immediate 
object being lo unfold the more important elementary principles, by 
the resolution of a series of examples dependent upon one general 
proposition, we have thought it unnecessary lo exhibit the demonstra- 
s here (Note a). The general proposition is as follows : — 

* Fluids are generally divided into two sorts, compraiible and incompratibi 
tlnitic Bod f iJaififl ,' the hlM of which, or inciimpreaiblf mid lum-elaitic J] 
such as water, mercury, wilio, Sec, form the subject of ihe present article ; the 

if the eomjn-atiblt and elastic #uidt, is reserved for another place, 
compressibility of water is so small, that in all practical operations in mechi 
is may generally ho considered unalterable : for at a llioue.nul full 
depth it can only be compressed one-twentieth of its bulk lit the surface. 
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PROPOSITION I. 

10. When an incompressible and non-elastic fluid ia in a state 
of equilibrium, and subjected only to the action of gravity: — 

The magnitude, or the intensity of pressure exerted by the 
fluid, perpendicularly to any surface immersed in it, or other- 
wise exposed In its influence, is measured by the weight of a 
column of the fluid, whose base is equal to the area pressed, 
and whose altitude is the some as the depth of the centre of 
gravity of that area beneath the upper surface »f the fluid. 

This is an elegant and most important proposition in the doctrine of 
fluid pressure, and in order that the principle maybe the more readily 
pereeived, and the demonstration the more easily comprehended, it 
will be proper, in the first place, to exhibit and demonstrate an analo- 
gous property, in reference to the common centre of gravity of a 
system of bodies, or of the particles of matter of which the system is 
composed. 

The property which we have alluded to above, is noticed by almost 
every writer on the principles of mechanical science, and it has at 
various times received most beautiful and rigorous demonstrations ; it 
may therefore, at first sight, appear superfluous to introduce it here ; 
but in order to bring the subject more immediately before the atten- 
tion of our readers, we do not hesitate to repeat the process. 

PROPOSITION (A). 

11. If there be any system of bodies and a plane given in position 
with respect to them : — 

7'Ae distance of that plane from the common centre of 
gravity of the system, is equal to the aggregate of the pro- 
ducts, arising from muitijihii::.'/ , ni.it body into its distance 
from the '/n-'-n pluitr-:, divided by the sum of the bodies. 

The proposition just enunciated, being of the greatest use in many 
departments of philosophical inquiry, and of essential importance in 
establishing the truth of the hydrodynamic principle above specified, 
we shall therefore bestow some attention on its illustration for the 
purpose of rendering it us clear as possible, by connectiug the steps 
with separate diagrams, and pursuing the reasoning, until we shall 
have proceeded so far that the law of induction becomes manifest, and 
from thence, the truth of the principle announced in the proposition. 

To accomplish this purpose, let a and 6, he two very small bodies 
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or particles of matter, supposed to be col- 
lec tedin to their respectivecentresof gravity, 
and let a b c d be a smooth rectangular 
plane or surface, placed in any position 
with respect to the bodies a and b. 

Connect a and b by the straight line c 

ab, and let m be the place of their 

common centre of gravity ; draw the straight lines a p, m q and 
br respectively perpendicular to the plane a b c d, and consequently 
parallel to one another; join pr, then because the points a, m, b are 
situated in a straight line, the points p, q, r are also in a straight line, 
and therefore »r will pass through the point q. 

Through m, the common centre of gravity of the two bodies a and 
b, draw st parallel to pr, meeting br in s, and pa produced in t; 
then the triangles amt and 6ms, are similar to one another; but 
by the property of the lever, we have 



and by similar triangles, it is 

bin: am:; bs-.at; 

therefore, by the equality of ratios, we obtain 

a:b::bs:at; 

from which, by equating the products of the extreme and mean terms, 

we get 

oXbi=4X bs. 
Now, it is manifest by the construction, that at=.pt—pa, and 
b tzzr b—rs; therefore, by substitution, we obtain 

a(pt-pa) = b(rb-T*); 
but by reason of the parallels p r and t s, the lines p t and r * are 
respectively equal to mo ; hence we have 

a{mq-pa) = b(rb-mq), 
and from this, by collecting the terms and transposing, we get 
( a + b)mq = axp a + bxrb, 
and finally, by division, we obtain 
__ a Xpa+bX rb 
mq ~ a + b 

Corol. Here then, the truth of the proposition is manifest with 
respect to a system composed of only two bodies ; that is, 

The distance of the common centre of gravity from the 
plane to which the bodies are referred, is equal to tkc sum of 
tfie products, arising by multiplying each body into its dis- 
tance from the ytven plane, divided by the sum of the bodies. 
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12. Again, let a, b and c, be a system of three very small bodies o 
particles of matter, any how situated 
with respect to the plane aucd, and 
connected together by the straight 
lines ab, be and ac; and suppose 
the two bodies a and b to be collected 
into their common centre of gravity 
at tbe point in. 

Join the points m and c by the 
straight line mc, and let n be the place of the common centre of 
gravity of the three bodies a, b and c ; draw the lines mq, nu and 
cv parallel to each other, and respectively perpendicular to the plane 
a j! c d; join qv, and because the points m, n and c are situated in 
the straight line me; it follows, that tbe points q, u and v must also 
occur in a straight line; consequently, qv will pass through the 
point m. 

Through n, the common centre of gravity of the three bodies a, b 
andc,draws< parallel to qv, meeting mq in £ and vc produced in 
s ; then are the triangles mat and ens similar to one another ; but 
by the property of the lever, and because the body at m is equal to 
a + 6, we obtain 

and by similar triangles, we have 

therefore, by the equality of ratios, we get 
a + b : c :: c s : mt; 
consequently, by equating the products of the extreme and mean 
terras, we shall obtain 

(a + fi) X m * = c X c s ; 
now mf=.mq—tq, and c s^vs—vc; hence we get 

(a + b){mq-tq) = c{vs-vc). 

But it is manifest by the construction, that ( q and v s are each of 
them equal to nu ; therefore, by substitution we have 

therefore, by collecting the terms and transposing, we get 
{a+b + c)Xnu=( a + b) Xmq + cXvc; 
now, it has already been Bhown in the case of two bodies, that 
_a Xpa + b Xrb 



a + b 



therefore, by substituting this value < 
preceding, we shall obtain 



i the step immediately 
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l«+b+c) X*u = aXpa + i>Xrb + c 
and finally by division, we have 
__ a Xpa + b Xrb + cXvc 
""- (a + 6+c) 

Now, n u is the distance of the common centre of gravity of the 
three bodies a, b and c, from a b c d the plane to which they are 
referred; hence again, the truth of the proposition is manifest, and 
if another body were added to the system, a similar investigation 
would exhibit the same law, and thus we might proceed to any extent 
at pleasure, the nature of the induction being fully disclosed. 

Corol. If therefore, we suppose the system to be constituted of an 
indefinite number of small bodies or particles of matter, it will become 
assimilated to a fluid mass, and consequently, the proposition which 
we have just demonstrated in reference to the centre of gravity, is 
identified with the well-known theorem for estimating the pressure of 
fluids ; to which subject we must now return. 

13. Resuming therefore, the conditions specified in Proposition I 
preceding, let ub suppose that abcd, de- a. „ , , 
notes a vertical section of a reservoir full of 
water, e and f representing the corresponding 
sections of the walls or embankments by 
which it is contained ; then, since the fluid 
is supposed to be quiescent or in a state of 
equilibrium, it follows, that the surface a b is parallel to the horizon. 
Let bdfk km be the portion of the containing section or boundary, 
on which the pressure exerted by the water is required to be investi- 
gated, and conceive it to be constituted of an indefinite number of 
minute bodies or particles of matter, placed at infinitely small dis- 
tances from one another, or so near, that their aggregate or sum shall 
make up the entire area which forms tlie subject of our investigation. 
Suppose the points b, d,f, h, k and m, to be so many individual 
particles of the surface pressed, and through the points thus assumed 
draw the vertical lines b a, dc, fe, kg, ki and m i, which lines are 
severally in the direction of gravity, and consequently perpendicular 
to the surface of the fluid, indicating by their lengths, the respective 
depths of the several bodies of which our immediate systei 
posed. 

But according to Proposition I, the pressures exerted by the fluid 
on the particles h, d,f, k, k and m, are respectively represented by 
ihe products 

& x- ha, d X defytfe, I' ■ kg, I 
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and the aggregate or sum of iliese products becomes 

p = b X ba + dXdc+fxfe+h X hg + k X ki + m X m t, 

where p denotes the sum of the computed pressures. 

Now, it is manifest, from what we have demonstrated in Proposition 

(a), respecting the centre of gravity of a system of bodies, that 

The sum of the products, arising front multiplying each 

body into its distance from a certain plane given in position, 

is equal to the sum of the bodies, drawn into the distance of 

their common centre of gravity from that plane. 

Let therefore, t; >■ particles b, d,f, h, k and m be considered as a 

system of very minute bodies, and let the surface of the fluid denote 

the plane given in position, to which the system is referred ; then, if 

g be the place of the common centre of gravity of that system, put 

no = S, and we shall obtain 

8 (b+d+f+h+k+m) = b. ba+d.dc+f.fe+h.kg+k . ki+m.ml. 
But we have seen above, that the sum of the products on the right 
hand side of the equation, expresses the aggregate pressure on the 
several points of the containing surface, to which the present step of 
the inquiry refers, and that pressure we have briefly represented by the 
symbol p ; therefore we have 

p = S(b+d+f+h+h+m), 
and this expression implies, that the pressure exerted by a fluid, on 
any number of points of the surface that contains it, 

Is equal to the sum of the points, drawn into the perpendi- 
cular distance of their common centre of gravity below the 
upper surf ace of the fluid. 

Now, it is evident, that the same law would obtain if another point 
were added to the system, and even if the number of points were to 
become indefinite, or such that their aggregate or sum shall be essentially 
equal to the area pressed, the law of induction would remain the 
same ; consequently, if a denote the sum of the material points, or 
particles of space in the surface on which the fluid presses ; then we 
shall hare 

ThiB equation supposes, that the specific gravity of the fluid by 
which the pressure is propagated, is represented by unity, which cir- 
cumstance only holds in the case of water ; therefore, let s denote the 
specific gravity of any incompressible fluid whatever, and the general 
form of the equation becomes 

p=l„s. (2). 
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Now, it is obvious, that the expression $ as indicates the weight of 
a column of the fluid, the area of whose base is a, perpendicular alti- 
tude S, and the specific gravity s ; hence the truth of the proposition 

Corol. From what has been demonstrated above, it appears, that 
whatever may be the form of the surface on which the fluid 
presses, if its area, and the position of its centre of gravity can be 
ascertained, the intensity of pressure which it sustains, is from thence 
assignable. 

The truth of the proposition being thus established, we shall proceed 
to deduce from it a few of the most useful and obvious inferences. 

14. Inf. 1. If different planes be immersed perpendicularly, hori- 
zontally, or obliquely, in fluids of different specific gravities i— 

The pressures upon those planes perpendicularly to their 
surfaces, are as their areas, the perpendicular depths of their 
centres of gravity, and the specific gravities of the fluids 
jointly. 

15. Inf. 2. If different planes be immersed perpendicularly, hori- 

zontally, or obliquely in the same fluid : — 

The pressures upon those planes perpendicularly to their 
surfaces, are as their areas, and the perpendicular depths of 
their centres of gravity. 

16. Inf. 3. If a plane surface of given dimensions be parallel to 
the surface of the fluid in which it is immersed ; — 

The pressure sustained by the plane, in a direction perpen- 
dicular to its surface, varies directly as its vertical depth 
below the upper surface of the fluid. 

17. Inf. 4. If a plane surface of given dimensions be any how 
inclined to the surface of the fluid in which it is immersed : — 

The pressure sustained by the plane, in a direction perpen- 
dicular to its surface, varies directly as the vertical depth of 
its centre of gravity, below the upper surface of the fluid. 

18. 1st. 5. If any number of planes of equal areas be immersed 
in the same fluid, and have their centres of gravity at the same vertical 
depth below the surface : — 

The pressures which they sustain are equal to one another, 
whatever be their form, and whatever be their position with 
respect to the surface of the fluid. 

19. Inf. 6. If any plane surface revolve about its centre of gravity, 
which remains fixed in position : — 
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The pressure which it sustains in a direction perpendicular 
to its surface, will be the same at every point of the revolution 
as if it remained constantly horizontal. 

20. Inp. 7. If the perpendicular pressures upon a given surface be 
equal, when it is immersed in two fluids of different densities : — 

The perpendicular depths of the centres of gravity below 
the surface, will vary inversely * as the densities or specific 
gravities of the fluids. 

21. The above inferences are immediately deducible from the 
general proposition, but it is probable that the -last may require a 
little illustration ; for which purpose — 

Put p = the pressure sustained by the plane in both the fluids, 
a= the area of the plane or the surface pressed, 
s = the density or specific gravity of one of the fluids, 
d = lhe depth at which the given surface is immersed in it, 
^ = the density or specifie gravity of the other fluid, 
and 3 — the depth of immersion. 
Then, according to the principle indicated by the general equation (2), 
we have, in the case of the first fluid, 



and in the case of the second fluid, it is 
p = £as'; 
but according to the conditions of the question, these expressions are 
equal to one another, for the pressure is the same in both cases ; con- 
sequently by comparison, we have 

das^Sas", 

and this, by suppressing the common factor, becomes 

ds — S/; 

therefore, by converting this equation into an analogy or proportion, 

we shall exhibit the precise conditions of the inference ; hence, we have 

d : i : : / j *. 




CHAPTER II. 



OF THE PRESSURE OF NON-ELASTIC FLUIDS UPON PHYSICAL 
LINES, RECTANGULAR PARALLELOGRAMS CONSIDERED AS INDE- 
PENDENT PLANES IMMERSED IN THE FLUIDS, AND UPON THE 
SIDES AND BOTTOMS OF CUBICAL VESSELS, WITH THE LIMIT TO 
THE REQUISITE THICKNF.SS OF FLOODGATES. 



1. 



E PRESSURE O 



FLUIDS ON PHYSICAL LINES. 



The principle established in the general proposition enables us now 
to proceed with the resolution of a numerous class of curious and 
important problems, which will be found of the greatest practical 
utility, in all cases in which the pressure of watery fluids is concerned. 
These problems we shall accompany by examples, which will untold 
their geometrical and analytical character, and leave no truth in the 
phenomena of this branch of hydrodynamics unrevealed. 
PROBLEM I. 

22. A physical line,* of a given length, is obliquely immersed 
in an incompressible fluid in a state of equilibrium, in such a 
manner that its upper extremity is just in contact with the 
surface; — 

/( is required to determine what pressure it sustains, the 
angle of obliquity being a given quantity. 

Let abc, represent a vertical or upright section of a lake or 
pool of stagnant water, confined by the walls or embankments of 
which e e is a vertical section, and let a b be 
the surface of the water, supposed by the 
problem to be in a state of equilibrium. 

In a b take any point a, and at the point 
a thus assumed, immerse the line a b of the 
given length, and tending downwards at the 
given inclination or angle b a \. 



• A physical line l< 
- ! i =- 1 » -- =.. ■ 1 1 -= I ■ it from a 



lists only in the imagination 






I to 




in m, and through the point m draw inn perpendicular 

, the surface of the fluid ; then, because the centre of gravity 

of a straight line is at the middle of its length, m is the place of the 

centre of gravity, and nn its perpendicular depth below the surface 

; through b draw the straight line be parallel to mn, and c 6 is 

the perpendicular depth of the lower extremity at b. 

Put I —ah, the length of the line whose upper extremity is at a, 
d-=nm, the perpendicular depth of the centre of gravity, 
f=:bac, the angle of inclination, or the given obliquity. 
Then, because m is the centre of gravity of the straight line ab, we 
have am^ J I, and by the principles of Plane Trigonometry, we obtain 
rad. : sin. ft : : §1 : d, 
and since the tabular radius ia expressed by unity, we get 
rf— £ J sin. ft. 
Now, the whole pressure which the line sustains in a direction 
perpendicular to its length, according to the second inference pre- 
ceding, 

Is proportional to its area, drawn into the perpendicular 
depth of its centre of gravity below the upper surface of the 

ji,id. 

But the area of a physical line is simply equal to its length ; 
therefore, if the symbol p denote the pressure, and s the specific 
gravity of the fluid by which it is propagated, we shall have 

P =i,rm.t. (3). 

and this, in the case of water, where the specific gravity is expressed 
by unity, becomes 

p— Ji'sin. ft. 
23. This equation, as well as the more general one from which it is 
derived, is sufficiently simple in its form for practical application ; 
but in order that nothing may be omitted, which tends to render the 
subject intelligible to our readers, wc shall in this, and in all the 
succeeding formula? of a practical or general nature, draw up a rule, 
describing the manner in which the several steps of the process are to 
be performed ; pursuant to this plan, therefore, the rule for the present 
case will be as follows : — 

IRule. Multiply the square of the length by half the specific 
gravity of the fluid, and again by the natural sine of the 
angle of inclination, and the product will express the required 
pressure on the line in the oblique position. 
24. Example 1 . A physical line whose length is 36' feet, is im- 
mersed in a cistern of water, in such a manner that the upper extremity 
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is just in contact with the surface, and the other inclining downwards 
in an angle of 67" 35' ; what pressure does the line sustain, supposing 
the fluid in which it is placed to be in a state of equilibrium ? 

Here by the question, the fluid in which the line is supposed to be 
immersed is water, of which the specific is unity; consequently, 
according to the rule, we have 

p = 36 X 36 X k X sin. 67° 35* ; 
but by the Trigonometrical Tables, the natural sine of 67° 36* is 
.92444 ; hence we get 

j.=1296xiX .92444 = 599.03712. 

In this case, however, the resulting pressure is only relative, the 

absolute pressure being indeterminable, upon a line where length 

merely is indicated and no breadth assigned ; the existence of surface 

being indispensable for the expression of a determinate measure. 

25. If the line were immersed perpendicularly in the fluid, or so 
as to make a right angle with its surface, the equation (3) would 
become transformed into 

j)=J s/'sin. 90°; 

but by the principles of Trigonometry, we have 

sin. 90*= 1; 

hence, by substitution, we obtain 

= ).;•; 



and this, 
becomes 



(4)- 
i the case of water, where the specific gravity is unity, 



Therefore, the relative pressure for a perpendicular immersion, on 
the line, as given in the above example, is 

p = 36 X 36 X i = 648. 

26. If the upper extremity of the line be not in contact with the 
surface of the fluid, but placed as in the 
annexed diagram, then the method of solu- 
tion, and consequently the form of the re- 
sulting equation, will be somewhat different, 

Let a b be the surface of the water or 
fluid in which the line is immersed, and 

I a a c d a vertical section, in whose plane the line a & is situated, e e 
being the corresponding section of the walls or embankments by 
which the fluid is contained. 
Bisect the given line ab in m, and through the point m thus deter- 
mined, draw win perpendicular to a b, the surface of the fluid; and 
through a and b the extremities of the given line, and parallel to mn, 
draw ad and be, and produce ba to meet ab in a, or in any other 
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point, according to circumstances ; then is mn the depth of the centre 
of gravity of the line ab, below the surface of the quiescent fluid, and 
ad, be are respectively the depths of its extremities, b\c being the 
angle which the direction of the given submerged line makes with the 
horizontal tine ab. 

Put d — ad, the depth of the upper extremity of the given line, 
8 = mn, the depth of ihe centre of gravity, 
d= b c, the depth of the lower extremity, 
I ~ a 6, the length of the proposed line, 
p ^ the relative pressure upon it as propagated by the fluid, 
and tjf=bAc, the angle which the given line makes with the horizon. 
Through a the upper extremity of the given line, draw ae parallel 
to ab the surface of the fluid; then is the angle bae equal to the 
angle 4ac, and by the principles of Plane Trigonometry, we have 

a b: h e : : rad. : sin. <p; 

but fee is manifestly equal to be — ad; that is, be—D — d, and 

according to our notation, a 6 — I ,* hence, the above analogy becomes 

( : (d — of ) : : rad. : sin. p, 

or by putting radius equal to unity, we get 

y / ' 

This equation enables us to determine the obliquity of the line, 
when the perpendicular depths of its two extremities are given ; but 
when it is required to determine the relative pressure from the same 
data, we have only to observe, that win the perpendicular depth of 
the centre of gravity, is equal to half the sum of the depths of the two 
extremities ; that is, 

S = Hc + d); 
consequently, we obtain 

Again, if the angle of inclination and the perpendicular depth of 
one extremity of the line are given, together with its length, the per- 
pendicular depth of the other extremity can easily be found ; thus, 
suppose that da is the given depth, then, by the principles of Plane 
Trigonometry, we have 

but by addition, we obtain 

bc = be+ ec; that is, D = I sin. f -f d ; 

consequently, the perpendicular depth of the centre of gravity, is 

$=lls\n.$-\-d; 

and the relative pressure becomes 

p= ji'sin.f. Id. 
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But the equation, in its present form, supposes the specific gravity 
of the fluid to be expressed by unity, which only takes place in the 
case of water ; in order, therefore, to generalize the formula, we must 
introduce the symbol which denotes the specific gravity ; hence, 
we obtain 

p= J/'ssin. $ -\- Isd; 
or by collecting the terms, we get 

y = li(JI»n.^ + iO. (5). 

27. This is the general form of the equation, on the supposition 
that the perpendicular depth of the upper extremity of the line is 
given; it however assumes a different form, when the depth of the 
lower extremity is known ; for by Plane Trigonometry, we have 
as above 

b e = I nia. </>, 

and by subtraction, we obtain 

ec = bc—be; that is, d~ d— J sin. ^ ; 

therefore, the perpendicular depth of the centre of gravity is 

and consequently, the general expression for the pressure becomes 
p=/ S (D-^sm.^). (6). 

28. Therefore, the practical rule for each of these cases, when 
expressed in words at length, is as follows: — 

1. When the perpendicular depth of the upper end is given (5). 

Rule. To half the length of the given line drawn into the 
natural sine of the angle of inclination, add the depth of the 
upper extremity ; then, multiply the sum by the length of the 
line, drawn into the specific gravity of the fluid, and the pro- 
duct will give the pressure sought. 

2. When the perpendicular depth of the lower end is given (6). 

Rule. From the perpendicular depth of the lower extre- 
mity, subtract half the leiujth uf tin: given line drawn into the 
natural sine of the angle of inclination; then, multiply the 
remainder by the length of the line, drawn into the specific 
gravity of the fluid, for the pressure sought. 

29. Examfle2. A physical line, whose length is 56 feet, is immersed 
in a cistern of water, in such a manner that its upper extremity is at 
the distance of 9 feet below the surface, and its direction making with 
the horizon an angle of 58 degrees ; required the relative pressure on 
the line, the water being in a state of quiescence? 

The natural sine of 58 degrees, according tu the Trigonometrical 
Tables, is .8480.5: therefore by the rule, wc have 

28 X .84805 + 9 = 32.7454, the perpendicular 
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depth of the centre of gravity; then, finally, because the specific 
gravity of water is unity, we "have 

p = 32.7454 X 56=1833.7424. 
Let the length of the line and its inclination to the horizon remain 
as above, and suppose the depth of the lower extremity to be 56.4908 
feet ; then, by the rule for the second case, we have 

56.4908 — 28 X .84805 — 32.7454, the depth of the 
centre of gravity, the same as above, from which the relative pressure 
is found to be 1833.7424, as it ought to be. 

30. If the line were immersed perpendicularly, or at right angles 
to the horizon, then sin. f is equal to unity, and the formula for the 
pressure become 

p^ls^l + d), andp = /s(D —$l), 

where it is manifest, that the parenthetical expressions are equal to 

one another, each of them expressing the perpendicular depth of the 

centre of gravity, or the middle point of the given line. 

PROBLEM II. 

31. Two physical lines of different given lengths, have their 
upper extremities in contact with the surface of an incompressible 
and non-elastic fluid in a state of equilibrium : — 

It is required to compare the pressures which they sustain 
at right angles to their lengths, supposing them to be immersed 
at given inclinations to the horizon. 
Let a B c d, represent a vertical section of n 
water, or some other incompressible and non- 
elastic fluid, and suppose the lines ah and c d to 
be situated in the plane of the section, in such a 
manner that the upper extremities a and c are 
respectively in contact with a b the surface of 
the fluid, while their directions make with the 
horizon the angles h a a and dee respectively. 

Through the points b and d, the lower extre- " 
mities of the lines ah and cd, draw be and df respectively perpen- 
dicular to a b the surface of the fluid ; and through in and r, the 
middle points of ab and cd, draw the lines mn and rs respectively 
parallel to the perpendiculars be and df; then are win and rs the 
perpendicular depths of the centres of gravity. 

Put l — ab, the length of the line whose upper extremity is a, 
c d, the length of that whose upper extremity is c ; 
mn, the perpendicular depth of the centre of gravity of the 



vessel filled with 
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S^isr, the perpendicular depth of the 
line erf; 



e of gravity of the 



ip^ba a, the inclination of the line a b to the horizon, 
•p'^= d c ii, the inclination of c d to the horizon, or to the line a b ; 
p:=. the relative pressure upon a b, 
//"the relative pressure upon erf, 
and s = the specific gravity of the fluid. 

Now, because the centre of gravity of a physical straight line is at 
the middle of its length, we have 

a m — |Z, and c r = J V; 
therefore, by the principles of Plane Trigonometry, we obtain from 
the right-angled triangle a m n 

rf=r I I sin. </>, 

and from the right-angled triangle c rs we get 

£ = J I' sin.0. 

consequently, the general expressions for the relative pressures on the 

lines ab and cd, according to equation (5) are 

p z= J Z" s sin. f, and p'=-\ V s sin. $', 
from which, by comparison, we get 
pt/:: (**.*:***.<. 
Inf. 1. Hence it appears, that the pressures on the lines, wlien 
their directions make different angles of inclination with the horizon, 
Are directly as the squares of the lengths, and the sines of 
the inclinations jointly . 

2. Where $=y , that is, when the lines are equally inclined to the 
horizon, whatever may be the magnitude of the inclination, then 

p:p : : I*: I"; 
therefore, when the lines are perpendicularly immersed, or when they 
are equally inclined to the surface of the fluid, with which their 
upper extremities are supposed to be in contact. 

The pressttres which they sustain perpendicular to their 
lengths, are directly proportional to the squares of those 
lengths. 

3, Consequently, if two or more lines are similarly situated in the . 
same fluid, the relative pressures can easily be compared ; thus, for 
example : — 

Suppose two physical lines, whose lengths are respectively 36 and 
56 feet, to be perpendicularly immersed in the same fluid, and having 
their upper extremities in contact with the surface, or equally depressed 
Iwlow it ; then, the pressures sustained by these lines, are to one ano- 
ther as the numbers 1296 and 3136 ; that is, 

p : p' : : 36? : 56? : : 1296 : 3136. 
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But when the lines are differently situated in the fluid, the compa- 
rison of their relative pressures requires a more particular exemplifi- 
cation ; for which purpose take the following example. 

32. Example 3. Two physical straight lines, whose lengths are 
respectively 18 and 27 feet, are immersed in the same fluid, in such 
a manner that their upper extremities are just in contact with its 
surface, and the angles which they make with the horizon arc respec- 
tively equal to 42 and 29 degrees; what is the pressure on the longer 
line, supposing that on the shorter to be expressed by the number 
78.54? 

If we convert the preceding analogy for the oblique lines of different 
inclinations into an equation, by making the product of the mean 
terms equal to the product of the extremes, we shall obtain 

pTsiu.^^p Tsin.^'. 
Now, by assimilating the several quantities in this equation to the 
lines in the foregoing diagram, and according to the conditions of the 
question, it appears that // is the required quantity, all the rest being 
given ; therefore, let both sides of the equation be divided by /* sin. ^, 
and we shall obtain . 



But it is a well-known principle in the arithmetic of sines, that to 
divide by the sine of any arc, is equivalent to multiplying by the 
,t of that arc ; hence we have 



. (p sin.^'coser.f). 



Let therefore the numerical values, as proposed in the example, be 
substituted for the respective symbols in the above equation, and we 
shall obtain 

p' = — (78.54 sin. 29° cosec. 42°) . 
* 18 s 
r, the natural sine of 29°, according to the Trigonometrical Tables, 
is .48481, and the natural cosecant of 42° is 1.49447 ; therefore, by 
substitution, we get 



-X 78.54 x .48481 x 1.49447 = 



nearly ; 

Dquently the pressures on the inclined Hues, are to one another as 
lumbers 78.54 and 128; but bad the inclinations been equal, 

the comparative pressures would have been as 78.54 to 176.72 very 

nearly. 
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RIGHT ANGLED PARALLELOGRAMS CONSIDERED AS INDEPENDENT 
PLANES IMMERSED IN FLUIDS. 

PROBLEM III. 

33. A right angled parallelogram is immersed in a quiescent 
fluid, in such a manner, that one of its sides is coincident with 
the surface, and its plane inclined to the horizon in a given 



/( is required to determine the pressure perpendicular to the 



e of the fluid, c 
e of the fluid, and 



e of incoi 



irface, and 



plane, both when it is inclined to Ike surfac 

when it is perpendicular to it, the natur 

consequently its specific gravity, being km 

Let aicd represent a vertical section of a volui 

fluid in a state of equilibrium, of which abef 

consequently parallel to the horizon; let a b c d he a rectangulai 

plane immersed in the fluid, in such a manner that the upper side a b 

coincides with the surface, and the plane abed is inclined to the 

horizon in a given angle. 

Draw the diagonal ac, which bisect 
in 771, and through m the centre of gra- 
vity of the parallelogram, draw tow 
parallel to ad or be, meeting ab the 
line of common section perpendicularly 
in the point n. 

In the horizontal plane abef, and 
through the pointn, draw nr also at right angles to ab, and from 
m the centre of gravity of the immersed plane abed, let fall the 
perpendicular m r ; then is the angle mnr the inclination of the plane 
to the horizon, and r m the perpendicular depth of its centre of gravity 
below the upper surface of the quiescent fluid. 
Put i=ai, the horizontal breadth of the immersed parallelogram, 
/ = ador b c, the immersed length, 
d— rm, the perpendicular depth of the centre of gravity, 
$ = mnr, the inclination of the plane to the horizon, 
/.- — the pressure on the plane perpendicularly to its surface, 
and s z= the specific gravity of the fluid. 




* I3y the pressure upon any plane o 
(be aggregate of nil the pressures upon 
directions perpendicular to them at en 



rtiliuesl surface, is always understood. 
J point of those surfaces, estimated in 
mint, no part being !ost by obliquity of 
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Then, because the point m is at the middle of ae, and mn parallel 
to ad, it follows, that m n= JZ; and by reason of the right-angled 
triangle m r n, we have, from the principles of Plane Trigonometry, 

rta-fc \l sin.i^ ; 
consequently, the entire pressure upon the plane perpendicularly to 
its surface, is expressed by 

p^bl^tm.^. 
This is manifest from Problem I. (art. 22), for Jf sin. <f expresses 
the perpendicular depth of the centre of gravity, and 6 I the area of 
the surface pressed ; therefore, the solidity of the fluid column is 

1 Zsin.^ X i/rzji/'sin.?., 
and since s denotes the specific gravity of the fluid, the weight of the 
column is 

}J«n.*x&Jx ■=)&***«■>•*; 
but the perpendicular pressure upon the plane, is equal to the weight 
of the fluid column ; therefore, we obtain 

p=lbl , Mtia.t. (7). 

When the plane of the immersed rectangle is perpendicular to the 
surface of the fluid, we have <p = 90", and sin.p — 1 ; consequently, 
by substitution, the above equation becomes 

p = iA>s. (8). 

These equations are sufficiently simple in their form for practical 
application, and we shall show hereafter, that they are extremely 
useful in many important cases of hydros tatical construction. 

34. The practical rules derived from these equations, for determining 
the pressure in the particular cases, may be expressed as follows, 

1, When the plane is oblique to the horizon. (Eq. 7), 

Rule. Multiply the square of the immersed tenr/tk of the 
plane, by the horizontal breadth drawn into the specific 
gravity of the fluid, and again by the natural sine of the 
angle of inclination, and half the product will give the 
pressure sought. 

2. When the plane is perpendicular to the horizon. (Eq. 8). 

Rule. Multiply the square of the immersed length of the 
plane, by the horizontal breadth drawn into the specific 
gravity of the fluid, and half the product will give the 
pressure sought. 

35. Example 4. A rectangular parallelogram, whose sides are re- 
spectively 1 8 and 3 feet, is immersed in a quiescent body of water, in 
such a manner, that, its shorter side is in contact with the surface, 

c 2 



Or THE PRESS1/KE O 



and its plane inclined to the horizon in an angle of 68 degrees; 
required the pressure which it sustains, both in the inclined and the 
perpendicular position ? 

In this example the area of the parallelogram is 18 X 3 = 54 square 

feet, and the longer side is that which is immersed downwards in the 

fluid; therefore, according to the rule for the oblique position, the 

solidity of the column by which the pressure is propagated, becomes 

3 X 18'X*X J ain. 68° = 486 X s sin. 68°. 

Now, in the case of water, the specific gravity is represented by 
unity, and by the Trigonometrical Tables, the natural sine of 68 
degrees, is 0.92718; consequently, by substitution, the pressure 
becomes 

p = 486x .92718 =: 450.60948 ; 
the pressure here obtained, however, is estimated in cubic feet of 
water ; but in order to have it expressed in a more appropriate and 
definite measure, it becomes necessary to compare it with some 
weight ; now, it has been found by experiment, that the weight of a 
cubic foot of water is very nearly equal to 62J lbs. avoirdupois; 
therefore, the absolute pressure upon the plane, is 

p = 450.60948 X 62.5 = 28163.09251bs. 

36. Let the dimensions of the plane remain as in the preceding 
case, which condition is supposed in the example; then, the pressure 
on its surface, when perpendicular to the horizon, is 

p = 3X 18 X 18 X 1 X J = 486 cubic feet 
of water ; but we have stated above, that the weight of one cubic foot 
is equal to 62 J lbs. ; therefore, we have 

p = 486 X 62 J = 30375 lbs. ; 
consequently, the pressures on the plane in the two positions, are to one 
another as the numbers 450.60948 and 486, when expressed in cubic 
feet of water ; but when expressed in pounds avoirdupois, they are as 
the numbers 281G3.0925 and 30375. 

37. If the longer side of the rectangular parallelogram were coin- 
cident with the surface of the fluid, while its plane is obliquely inclined 
to the horizon ; then, the formula for the pressure perpendicular to its 
surface becomes 

p=l&l.ua.f. (9). 

But if the plane of the parallelogram, instead of being inclined to 

the horizon, or which is the same thing, to the surface of the fluid, 

were immersed perpendicularly to it; then, = 90', and sin. * = 1 ; 

hence, the formula for the pressure becomes 

p=ibUs. (10,. 
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Therefore, by retaining the data of the preceding example, the 
absolute pressure on the plane in the oblique position, is 

p = 3 4 X 18 X 62.5 X 1 X -92718 =4693.84875 lbs. 

But when the plane is perpendicularly immersed, the absolute 
pressure on its surface is 

p=3' X 18 X 62.5 X 4 = 5062jlbs. 

Corol. 1. Hence, the pressures on the plane in the oblique and per- 
pendicular positions, are to one another as the numbers 4693.84875 
and 5062 J ; but in order to compare the pressures under the same 
conditions, when the shorter and longer sides of the parallelogram 
are respectively in contact with the surface of the fluid, we have as 
follows, viz. 

2. When the shorter side of the parallelogram is horizontal, the 
absolute pressure in the inclined position is 28163.0925 lbs. ; but 
when the longer side is horizontal, the absolute pressure is 4693.84875 
lbs. ; consequently, the absolute pressures in the two cases are to 
one another as 6 to 1. 

3. Again, when the shorter side of the parallelogram is horizontal, 
the pressure in the perpendicular position is 30375 lbs. ; and when 
the longer side is horizontal, the pressure is 5062 J lbs. ; therefore, the 
pressures in these two cases are to one another as 6 to 1, the same as 
before j from which we infer, that the quantity of inclination affects 
only the magnitude of the pressures, and that in so far as it changes 
the position of the centre of gravity, but it has no effect upon the 
ratio ; therefore, if the plane were to vibrate round its shorter and 
longer sides respectively as axes, the pressures on its surface, in the 
two cases, would be to one another in a constant ratio. 

3. OF THE AGGREGATE PRESSURE EXERTED BY THE FLUID ON THE 
IMMERSED PARALLELOGRAM, AND ON EACH Of THE CONSTITUENT 
TRIANGLES FORMED BY ITS DIAGONAL. 

PROBLEM IV. 

38. Suppose the parallelogram to be placed under the same 
circumstances as in the preceding problem, and let it be bisected 
by one of its diagonals : — 

/( is required to determine the aggregate pressure exerted 
by the Jluid, in a direction perpendicular to the surface of 
each triangle into which the diagonal divides the parallelo- 
gram, and to compare the pressures on the two triangles. 
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Let iiucd represent a vertical section of a mass or collection of 
quiescent fluid, contained by the walls ot embankments indicated by 
the shaded boundary ; and let a b e f be the horizontal surface of the 
fluid, with which one side of the immersed rectangle is supposed to be 
coincident. 

Now, suppose abdc, to be the immersed rectangle, and draw 
the diagonal b d; then are abd and bdc v „ 

the triangles, into which the parallelogram 
abed is divided by the diagonal b d, and 
for which the pressures are required to be 
investigated. 

Draw the diagonal a c, which divide into 
three equal portions in the points m and n; 
then are m and n. respectively the centres of gravity of the constituent 
triangles abd and bdc. 

Through the points m and n, and parallel to a dot b c, the immersed 
sides of the figure, draw me and nf meeting a b perpendicularly in 
the points e and f; then, through the points e and / thus determined , 
and in the plane of the fluid surface, draw er and/j respectively 
perpendicular to ab; then are the angles mer and nfs equal to 
one another, and each of them is equal to the angle which the plane 
of the immersed parallelogram makes with the surface of the fluid. 

From m and n, the centres of gravity of the triangles abd and 
bdc, demit the lines m r and n s respectively perpendicular to e t and 
fs; then are rm and sn the perpendicular depths of the centres of 
gravity. 

Put b ■= ab, the horizontal breadth of the immersed parallelogram, 
I = ud or be, the immersed or downward length, 
d:=rm, the perpendicular depth of the centre of gravity of the 

triangle abd, 
8 = *b, the perpendicular depth of the centre of gravity of the 

triangle bdc, 
d= ac or ba, the diagonal of the parallelogram, 
$ = mer, or nfs, the inclination of the plane to the surface of 

the fluid, 
P~the whole pressure on the parallelogram abed, 
p = tiie pressure on the triangle abd, 
p'-= the pressure on the triangle bdc, 
and s ss the specific gravity of the fluid. 

Then, because the parallelogram abed is rectangular, the triangle 
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adc is right angled at d; therefore, by the property of the right- 
angled triangle, we have 

ac= v'ad' + dc'; 
or by employing the appropriate symbols, we have 

D=y *»+«"• 

But, according to the construction, and by the nature of the centre 
of gravity, we have 

am^jiic, and an—'$ac, 

or symbolically, we obtain 

am = ii/t l +b\ and an = $^l'+ b*. 

Now, by reason of the parallel lines em, fn, and be, the triangles 

a em, a/n, and a be, are similar among themselves ; consequently, by 

the property of similar triangles, we have 

therefore, by separating the analogies, and employing the symbols, 

and again, we have 

from these analogies, therefore, we obtain fn — $1, and cw=$2( 

which is otherwise manifest by drawing the dotted lines m t and ntt. 

Now, in the risrht angled triangles erm and fsn, there are given 
the hypothenuses em and fn, and the equal angles mer and nfs, to 
find rm and sn, the perpendicular depths of the centres of gravity ; 
consequently, by Plane Trigonometry, we have, from the triangle 
*er, 

rad. : sin. <f, :; #r d, 

and from the triangle nfs, it is 

rad. : sin. <j> : : \l ; I, 

and since radius is equal to unity, these analogies become 

d = i,l sin. $, and S = $1 sin. f 

But according to Inf. 2, Proposition (A), the pressure sustained by 

each triangle, in a direction perpendicular to its surface, 

Is expressed by the product of its area, drawn into the 
perpendicular depth of the centre of gravity. 

Now, the area of each triangle is manifestly equal to half the area 
of the given parallelogram, and by the principles of mensuration, the 
area of the rectangular parallelogram is equal to the product of its 
two dimensions ; that is, of the length drawn into the breadth ; there- 
fore, we have for the pressure on the triangle abd, 
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and in like manner, the pressure on the triangle bdc is 
jf = ±br sin. f. 

These equations, however, express the pressures simply by the 
magnitude of a fluid column, whose base is the area pressed, and 
whose altitude is equal to the depth of the centre of gravity below the 
upper surface of the fluid. In order, therefore, to have the pressures 
expressed in general terms, the specific gravity of the fluid must be 
taken into the account ; in which case, the pressure on the triangle 
abd becomes 

p=i«»iiin.f, (11). 

and the pressure on the triangle bdc is 

p' = UZ" S sin.>. (12). 

Corol. Hence it appears, that the pressure perpendicular to the 
plane of a triangle, when its vertex is upwards and coincident with 
the surface of the fluid, is double the pressure on the same triangle, 
when its base is upwards, and placed under the same circumstances. 

39. If the immersed plane be perpendicular to the surface of the 
fluid, then d> i= 90°, and sin. ^i = l; therefore, by substitution, the 
preceding equations become 

p — %bVs, andp'— ibVs; 
here again, the pressure in the one case is double the pressure in the 
other, and the same thing will obtain, whatever may be the inclination 
of the plane, provided only that a b coincides with the surface of the 
fluid ; for then, the perpendicular depths of the centres of gravity will 
vary in a given ratio. 

When the immersed plane is a square, that is, when b and I are 
equal to one another, the equations for the pressures in the oblique 
position become 

pz=£j** sin.fl,, and// ^l^ssin.f,, 
and when the plane is perpendicular to the surface of the fluid, we 
have 

p = \b*£, snAp'-=.^b t s. 

Since the aggregate pressure upon the plane is equal to the sum 
of the pressures on the constituent triangles, the expression for the 
aggregate pressure in the oblique position, becomes in the case of a 
rectangle 
P=p+p"; that is, P=*6Z'ssin.^ + $6/ , jsin.4> = jSJ'ssin.^. 

Corol. Hence it appears, that the pressures on the constituent 
triangles and that on the entire plane, are to one another as the 
numbers 1, 2 and 3; and the same thing obtains in the case of a 
square, whatever may be the inclination of the plane. 
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40. The practical rules for calculating the pressures on the triangles, 
as deduced from the equations (11) and (12) are as follows. 

1. When the base of the triangle is coincident with the surface. 

Rule. Multiply the square of the immersed length, or the 
perpendicular of the triangle, by the base drawn into the 
specific gravity of the fluid, and again by the natural sine of 
the plane's inclination, und one sixth part of the product will 
express the wliole pressure upon the triangle. (Eq. 11). 

2. When the vertex of the triangle is coincident with the surface. 

Rule. Multiply the square of the perpendicular of the 
triangle, by the base drawn into the specif c gravity of the 
fluid, and again by the natural sine of the plane's inclination, 
and one third of the product will express the whole pressure 
on the triangle. (Eq. 12). 

41. Examples. A rectangular parallelogram, whose sides are 
respectively 26 and 14 feet, is immersed in a cistern of water, in such 
a manner, that its shorter side is coincident with the horizontal sur- 
face ; what will be the pressure on each of the triangles, into which 
the parallelogram is divided by its diagonal, supposing its plane to be 
inclined to the surface of the fluid in an angle of 56" 35'? 

Here, by the rule, we have 
p=26"x I* X -83469 x i = 1316.58436 cubic feet 
of water ; but one cubic foot of water weighs 62 J lbs. j therefore, to 
express the pressure in lbs., we have 

p = 1316.68436 X 62J = 82286.5225 lbs. 
The pressure which we have just obtained, refers to that portion of 
the parallelogram which has its base coincident with the surface of 
the fluid ; that is, to the triangle abd, and the pressure on the other 
portion, or the triangle l/dc, is determined as follows. 
j>* = 26* X 14 X .83469 X ■} = 2633.16872 cubic feet of water; 
ox to express the pressure in lbs. we have 
j/= 2633.1687 X 62.5= 164573.045 lbs. 
If the plane of the immersed parallelogram were perpendicular to 
the surface of the fluid, the pressures on the triangles abd and bde 
would be respectively as follows, 

p = 26*X 14 X 62J X £ = 98583* lbs,, and p'— 26' X 14 X 62£x 
-J. = 197 166* lbs. 
Corol. The circumstance of the aggregate pressure on the paral- 
lelogram, being equal to the sum of the pressures on the constituent 
triangles, furnishes a very simple and elegant method of determining 
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the centre of gravity; which method, in so far as respects plane 
figures of particular forms, may, in many instances, be very advan- 
tageously applied. 

It would be foreign to our present purpose to enter into a detail of 
the method alluded to in this place ; nevertheless, for the satisfaction 
of our readers, we shall briefly introduce it, not being aware that it 
has been suggested by any other writer in ancient or modem time3. 

PROBLEM B. 
42. The base and perpendicular of a right angled triangle 
being supposed known : — 

/( is required to determine the position of its centre of 
gravity, or that point on which, if the surface were supported, 
it would remain at rest in any position. 
Let abc be the triangle given, of which it is required to determine 
the centre of gravity. 

Complete the parallelogram abcd, by drawing the r — ~j ; 
dotted lines ad and dc; then, because the entire j\ I 
pressure on the parallelogram abcd, is equal to the j \ G 
sum of the pressures on the triangles abc and acd; \ 

it follows, that the pressure on the triangle abc, is 1 \ 

equal to the difference between the entire pressure on n 
the parallelogram, and that on the triangle acd; consequently, we 
have, by retaining the foregoing notation, 

;> = P — p' ; that is, 
p= |4it— i,bV = \bl\ 
But it has been elsewhere demonstrated, that the pressure on any 
surface, is expressed by the area of that surface, drawn into the 
perpendicular depth of its centre of gravity ; consequently, the per- 
pendicular depth of the centre of gravity, must be equal to the 
pressure divided by the area of the surface. 

Now, in the present instance the pressure is known, and since by 
the problem, the base and perpendicular of the triangle are given, its 
area can easily be found. 

Thus, the writers on mensuration have shown, that the area of a 
triangle is equal to half the product of the base drawn into the per- 
pendicular altitude ; consequently, if a be put to denote the area of 
e abc, we Bhall have 

therefore, by division, the perpendicular depth of the centre of gra- 
vity, is 
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And in like manner it may be shown, that if the side bc were 
horizontal, the perpendicular depth of the centre of gravity would be 

<*=J5; 

therefore, take am and en respectively equal to one third of bc and 

ba, and through the points m aud n, draw wig and sb parallel to ba 

and b c, meeting each other in the point a ; then is g the position of 

the centre of gravity. 

The intelligent and attentive reader will readily perceive that the 
above determination is not legitimate, since it supposes the pressure 
upon the triangle abc to be given; now, this pressure depends 
entirely upon the position of the centre of gravity, and consequently, 
the problem supposes the position of the centre of gravity of the 
triangle adc to be known; the principle, however, will be more 
distinctly indicated when applied to other figures, where the above 

I deter mi nation may be admitted, without infringing on the precepts of 
scientific propriety. 
'. 
«* 
1 
and 



INCOMPRESSIBLE FLUIDS ON DIFFERENT 
SECTIONS OF PARALLELOGRAMS PARALLEL TO THK HORIZON. 

PROBLEM V. 

J 43. A rectangular parallelogram is obliquely immersed in an 
incompressible and non-elastic fluid, in such a manner, that one 
side is just coincident with the surface : — 

/( is required to compare the pressure on tke upper and the 
lower portions, supposing the parallelogram to be bisected by 
a line drawn parallel to tke surface of the fluid. 



e other n 



n-elastic 



Let aeo represent a vessel full of water, t 
and incompressible fluid, of which abef 
is the surface, and suppose one side of the 
vessel to be removed, exhibiting the fluid 
and the immersed rectangle as represented 
by abcd and abed. 

Bisect the parallelogram abed by the 
straight lines ef&n&gk respectively parallel 
to a b and ad; then are abfe and efed, 

the portions on which the pressures are to be compared, and ijh'u the 
line in which the centres of gravity occur. 
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Draw the diagonals df and fa meeting the straight line g h in the 
points to and n ; then are m and n the centres of gravity of the respec- 
tive portions into which the parallelogram is divided by the line ef. 

Through the point g and in the plane of the fluid surface abep, 
draw gsr at right angles to ab, and the angle mgr will be the incli- 
nation or obliquity of the plane ; then, through the points m and n, 
draw the straight lines mr and ns respectively perpendicular to gsr, 
and rm and sn will be the vertical depths of the centres of gravity 
below the upper surface of the fluid. 

Put b — ab, the horizontal breadth of the given parallelogram, 
I =.ad or be, the immersed length tending downwards, 
d^rm, the vertical depth of the centre of gravity of the lower 

portion efed, 
$ =:jb, the vertical depth of the centre of gravity of the upper 

portion abfe, 
ift^mgr, the inclination of the plane to the surface of the fluid, 
P:=the pressure on the whole parallelogram abed, 
p := the pressure on the lower portion efed, 
and p'n the pressure on the upper portion abfe. 

Then, because the straight line yk is bisected in 0, and each of the 
portions g and h respectively bisected in the points n and m ; 
it followB that ijn = J, and gm^z£ of gk ; that is 
gn = \l, and g m — J 1 ; 
consequently, by the principles of Plane Trigonometry, we have 
sh — £ = \l sin. ^, and rm = d= $/ sin.^; 
therefore, since the area of each portion of the parallelogram is 
expressed by J bl, the pressure on each portion is as below, viz. 
The pressure perpendicular to the surface abfe, is 
jf — ibl'sia.^, 
and the pressure perpendicular to the Burface efed, is 

consequently, by comparison, the pressures on the upper and lower 
portions of the parallelogram, are to each other as the numbers 1 and 
3; that iB 

p-:p:: 1:3. 

But according to the third problem, the aggregate pressure sustained 
by the plane, in a direction perpendicular to its surface, is 

P = jM*sin.£; 

consequently, the pressures on the two portions and on the wholt^ 
plane, are to one another as the numbers 1 , 3 and 4. 
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In the preceding values of the pressure, it is supposed, that the 
specific gravity of the fluid in which the plane is immersed,, is repre- 
sented by unity, which is true only in the case of water ; therefore, in 
order to render the formula general, we must introduce the symbol 
for the specific gravity, and then the above equations become, 

1. For the upper half of the parallelogram, 
p' = ibl* ssin. $. (13). 

2. For the lower half of the parallelogram, 
p=ibl , ssm.<i>. (14). 

When the plane is perpendicularly immersed in the fluid, or when 
^ = 90°, then sin. $= I, and the equations (13) and (14) become 
p' rr J6 P s, and p := J6 l*s. 

In which equations the co-efficients or constant quantities remain ; 
therefore, the ratio of the pressure is not varied in consequence of a 
change in the angle of inclination, the variation takes place in the 
magnitude of the pressures only, and not in the ratio, the magnitude 
increasing from zero, where the plane is horizontal, to its maximum 
where the plane is perpendicular. 

44. The practical rules for calculating the pressures, as derived by 
the equations (13) and (14) are as follows. 

1. For the pressure on the first, or upper half of the paral- 
lelogram. 

Rule. Multiply the square of the immersed length, by the 
breadth drawn into the specific gravity of the fluid, and again 
by the natural sine of the angle of elevation ; then, one eighth 
part of the product will be the pressure sought. (En. 13). 

2. For the pressure on the second, or lower half of the paral- 
lelogram. 

Rule, Multiply the square of the immersed length, by the 
breadth drawn into the specific gravity of the fluid, and again 
by the natural sine of the angle of elevation ; then, three 
eighths of the product will be the pressure sought. (Eq. 14). 

45. Example 6. A rectangular parallelogram, whose sides are 
respectively 20 and 30 feet, is immersed in a cistern of water, in such 
a manner, that its breadth or shorter side is just coincident with the 
surface; required the pressures on the upper and lower portions of 
the plane, supposing it to be bisected by a line drawn parallel to the 
horizon, the inclination of the plane being 59° 38* ? 

Here, by operating according to the rule, we have 
jf = 30* X SO X »m. 69" 38* x + i 
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but by the Trigonometrical Tables, the natural sine of 59° 38 1 is 
.86281 ; therefore, we have 

// = 30* X 20 x .86281 X £ = 1941.3225, 

and again, by a similar process we have 

p = 30" X 20 X .86281 x f = 5823.9675. 

Now, these results are obviously expressed in cubic feet of water, 

for they are respectively equal to the solidity of a fluid column, whose 

base is equal to one half the given parallelogram, and whose altitude, 

in the one case, is expressed by ^ sin. ^ = 7.5 x .86281, and in the 

other by |/ sin. £ = 22.5 X .86281; but the weight of one cubic foot 

of water is equal to 62J lbs. ; consequently, the pressures expressed 

in lbs. avoirdupois, are 

p' = 1941.3225 X 62.5 = 121332.65625 lbs. 
and ;> =5823.9675 x 62.5 = 363997.96875 lbs. 
When the plane is perpendicular to the surface of the fluid, the 
pressure is a maximum, and in that case, the respective pressures on 
the two portions of the parallelogram, are 

/ = 30'x 20 X 62.5 x ft = 1406251ns. 
andp = 30' X 20 X 62.5 x i = 421875 lbs. 
and the sum of these, is obviously equal to the whole pressure on the 
plane ; hence we get 

P = 140625 + 421875 = 562500 lbs. 
Corol. If the plane, instead of being immersed in the fluid, as we 
have hitherto supposed it to be, should only be in contact with it, as 
we may conceive the surface of a vessel to be in contact with the fluid 
which it contains ; then, the pressure will be the same ; for the quan- 
tity of pressure at any given depth upon a given surface, is always the 
same, whether the surface pressed be immersed in the fluid or just in 
contact with it, and whether it be parallel to the horizon, or placed in 
a position perpendicular or oblique to it. 

5. OE RECTANGULAR PABALLELOGRAMS IMMERSED IN NON-ELASTIC 
FLUIDS, AND DIVIDED INTO TWO PARTS SUCK THAT THE PRESSURES 
OF THE PLUID UPON THEM SHALL RE EQUAL BETWEEN THEMSELVES. 

PROBLEM VI. 

46. A rectangular parallelogram is obliquely immersed in an 
incompressible and non-elastic fluid, in such a manner, that one 
side is j ust coincident with the surface : — 

/( is required to divide the parallelogram into two parts by 
a line drawn parallel to the horizon, so that the pressures on 
the two parts shall he equal to one another. 
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Let aed represent a rectangular vessel filled with water, or some 
other incompressible and non-elastic fluid, j, R 

of which abef is the surface, and abcd 
e fluid as exhibited in the vessel, on the 
supposition that one of its upright sides is 
removed. 

Let abed be the immersed parallelo- 
gram, having its upper side ab coincident 
with the surface of the fluid, and its plane 

tending obliquely downwards in the given angle of inclination. 
Bisect ab in g, and through g draw the straight line gh parallel 
to ad or be, the side of the given immersed rectangle, and let ef 
parallel to ab or cd, denote the line of division; then, by the 
problem, the pressure on the rectangle abfe, is equal to the pressure 
on the rectangle efed. 

Draw the diagonals df and fa, cutting the bisecting line gh in the 
points m and n; then are m and n respectively, the places of the 
centres of gravity of the spaces efed and abfe. Through the point 
g and in the plane of the fluid surface, draw g r at right angles to a b, 
and from m and n demit the straight lines mr and ns, respectively 
perpendicular to the horizontal line gr; then are sn and rm the 
perpendicular depths of the centres of gravity of the rectangles a bfe 
and efed on which the pressures are equal. 

Put b = ab, the horizontal breadth of the proposed rectangular plane, 
l=ad or 6c, the immersed length of ditto, or that which tends 

downwards, 
d = rm, the vertical depth of the centre of gravity of the lower 

portion efed, 
£ = sn, the vertical depth of the centre of gravity of the upper 

portion a bfe, 
ifi—mgr, the inclination of the plane to the surface of the fluid. 
P^= the pressure on the entire parallelogram, 
p = the pressure on each of the portions into which the paral- 
lelogram is divided, 
s — the specific gravity of the fluid, 
and x — ae, the immersed length of the upper portion abfe. 

Then is odrrJ — x; gn = \x, and gtn = x -+- 1(1 — x) ; con- 
sequently, by the principles of Plane Trigonometry, we have 

=J=l*iin.f 1 «ndrii = d={*+4y — *) } «™-*. 

and moreover, by the principles of mensuration, the area of the upper 

portion is expressed by 6 i, and that of the lower portion by l> (I — x) ; 
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consequently, the absolute pressures as referred to tlie respective 
portions, are 

p = i6x'*ain.^, mdp=bs(l — x) {x + ^l — *)J sin. 9 ; 

but according to the conditions of the problem, these pressures are 

equal to one another ; hence by comparison, we have 

lx>={l-x) {* + !(/-*) J, 

and this by a little farther reduction, becomes 

2x' = f. (15). 

present form, suggests a very simple geometri- 
,ce /* is equal to twice x*, it is manifest, that I 
e of which the side is x ; hence 



47. The equation in it 
cal construction ; for si 
is the diagonal of a squa 
the following process, 
v the straight lin 



b of the s 




side of the given parallelogram, and bisect j 

pendicularly in c by the straight line cd; on j 

diameter, and about the centre c describe the s 

circle adb, cutting the straight line c d in the point 

d; join An, and about the point a as a centre, with 

the distance a d, describe the arc de meeting ab in e ; then is F the 

point of division sought. 

Upon a b and with the given horizontal breadth, describe the paral- 
lelogram ahhg, and through the point e, draw the straight line ef 
parallel to AG or bii ; then will ef divide the parallelogram, exactly 
after the manner required in the problem. The truth of the above 
construction is manifest ; for by the property of the right angled 
triangle, we have 

jd"-ac"+cd'; 
but ac is equal to en, these being radii of the same circle, hence 
we get 

ad' — 2ac s ; 
but by the construction, we have 



consequently, by substitution, It is 

and doubling both sides of the equation, we get 

now ac is equal to one half of ab, and it is demonstrated by the 

writers on geometry, that the square of any quantity is equal to four 

times the square of its half; consequently, we have 

4*c' — ab"; 

therefore, by substitution, we obtain 

2 a E 5 — All', 
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being the very same expression as that which we obtained by the 
foregoing analytical process, a coincidence which verifies the pre- 
cedin 

the equation numbered (15), and extracting the square 
root of both sides, we obtain 

IV /2 = Z; 
and by division, we have 

*=J*V«- (16). 

48. The practical rule for determining the point of division, as 
supplied by the above equation, is extremely simple; it may be thus 
expressed : 

Rule. Multiply hulf the length of the immersed side of 
the parallelogram by the square root of 2, or by the couslaitt 
iber 1.4142, and the product will express the distance 
downward from the surface of the fluid. 

A rectangular parallelogram, whose aides are 
respectively 14 and 28 feet, is immersed in a cistern of water, in such 
a manner, that its shorter side is just coincident with the surface; 
through what point in the longer side must a line be drawn parallel 
to the horizon, so that the pressures on the two parts, into which the 
parallelogram Is divided, may be equal to one another? 

Here, by operating according to the rule, we have 
z= J (28 X 1.4142)= 19.7988 feet. 
50. If the point through which the line of division passes, were 
estimated in the contrary direction ; that is, upwards from the lower 
extremity of the immersed side of the parallelogram ; then, the ex- 
pression for the place of the point will be very different from that 
which we have given above, as will become manifest from the follow- 
ing process. 

Recurring to the original diagram of Problem 5, and putting 
x = ed, the rest of the notation remaining, we shall have by sub- 
traction, 

consequently, sn the depth of the centre of gravity of the rectangle 
abfe, is 

and in like manner, it may be shown, that mi, the depth of the centre 
of gravity of the rectangle efed, is 

<*==<*— i2)th.f 

Now, according to the writers on mensuration, the area of the 
rectangle abfe is expressed by /> {I — x). and that of the rectangle 
efed by bx; consequently, the respective pressures are 
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p= i b(l — xfl sin.^, and p— fix (f — J a) s sin.^, 
but by the conditions of the problem, these pressures are equal ; 
lie nee we get 

K*— »F= «(*—*«), 

and this, by reduction, becomes 

consequently, the root of this equation is 

and more elegantly, by collecting the terms, it becomes 

51. This is manifestly the same result as would arise, by subtract- 
ing the value of a; in equation (16), from the whole length of the 
parallelogram ; and the rule for performing the operation is simply 
as follows : 

Rule. From unity subtract one half the square root of 1; 
then multiply the remainder by the length of the parallelo- 
gram, and the product will be the distance of the point 
required from the lower extremity of the immersed dimension. 
Therefore, by taking the length of the parallelogram, as proposed 
in the preceding example, we shall have for the distance from its 
lower extremity, through which the line of division passes, 
x = 28(1 — \ V2) = 8.2012 feet. 
Corol. It is manifest from the equations (16) and (17), that the 
solution is wholly independent of the breadth of the parallelogram, its 
inclination to the horizon, and the specific gravity of the fluid ; these 
elements, therefore, might have been omitted in the investigation ; 
but since it became necessary to express the pressure either absolutely 
or relatively, we thought it better to exhibit the several quantities, of 
which the measure of the pressure is constituted. 



PROBLEM VII. 

52. A given rectangular parallelogram ie immersed in a fluid, 
in such a manner, that one side is coincident with the surface, 
and its plane tending obliquely downwards at a given inclination 
to the horizon : — 

It is required to draw a straight line parallel to one of the 
diagonals, so that the pressures on the parts into which the 
parallelogram is divided, mini hi equal to one another. 




INC EQUAL runvui! 

i cistern filled with 
is the surface, sup- 
posed to be perfectly quiescent, and con- 
sequently, parallel to the horizon; and lei. 
abcd be a vertical section of the cistern, 
exhibiting the fluid with the immersed 
rectangle abed. 

Draw the diagonal ac, and in ad take 
any point e; through the point e thus 

assumed, draw the straight line ef parallel to ac the diagonal of the 
parallelogram; then is edf the triangle, on which the pressure is 
equal to that upon the polygonal figure eabef. 

Take dn and dt respectively equal to one third of de and df, and 
through the points n and t, draw ntn and tm respectively parallel to 
all and ad, the sides of the parallelogram, and meeting one another 
in the point m ; then, according to problem B, m is the place of the 
centre of gravity of the triangle e df. 

Produce tm directly forward, meeting ah the upper side of the 
parallelogram perpendicularly in s; then, through the point s, and in 
the plane of the fluid surface, draw the straight line sr also at right 
angles to ab, and from m, the centre of gravity of the triangle edf, 
demit the line mr perpendicularly on sr; then is rtu the perpendicular 
depth of the centre of gravity of the triangle edf, and msr is the 

e of inclination of the plane to the horizon. 
Put 6 — a&, the horizontal breadth of the given parallelogram, 
/ — ad, the length of the immersed plane tending downwards, 
d~ rm, the perpendicular depth of the centre of gravity of the 

triangle efd, 
p zz the whole pressure perpendicular to its surface, 
^ — wij 1 , the angle which the immersed plane makes with the 

horizon, 
s — the specific gravity of the fluid, 
and xzzed, the perpendicular of the triangle edf, of which the base 

hdf. 

Then, by reason of the parallel lines ac and ef, the triangles adc 
and edf are similar to one another, and consequently, by the property 
of similar triangles, we have 

ad : dc : : ed : df, 

which, by restoring the symbols, becomes 

l:b::x:df, 

and from this analogy we have 



therefore, by the principles of mensuration, the r 



Now, according to the construction, dn is equal to one third of erf, 
and an is equal to ad minus dn ; but sn is obviously equal to an ; 
hence we have 

,n = l-i„ 

and by the principles of Plane Trigonometry, it is 

T m = d=(l — J a) sin. f; 

consequently, the pressure on the triangle ed/becomes 

6^*(3l — «)■!■>■» 

F ~ 61 

and this, by the conditions of the problem, is equal to half the pres- 
sure on the entire parallelogram ; therefore, and by equation (7), we 
have 

bx* s (3/ — x) sin. f _ bl i s sin, y , 

6/ — 4 ' 

hence, by expunging the common quantities, we get 

2x'(3l — »)=»**, 

and furthermore, by separating and transposing the terms, it is 

%x' — GI&- — 31', 

and dividing all the terms by 2, we obtain 

^ — 3W — — l.5l 3 . (18). 

It is somewhat remarkable, that the solution of a problem appa- 
rently so simple, should require the reduction of a cubic equation; 
but so it happens, and it may be proper to observe, that in the present 
instance, it cannot be resolved by means of an equation of a lower 
degree. 

Now, in order to determine the value of j: from the above equation, 
we have only to substitute the numerical value of I as given in the 
question, and then to resolve the equation by the rules given for that 
purpose. 

513. ExamplbS. Suppose the immersed length of the rectangle, or 
that tending downwards, to be 20 feet ; how far below the surface of 
the fluid must the point be situated, through which a line drawn 
parallel to the diagonal, will divide the piirallelogram into two parts 
sustaining equal pressures? 



SUSTAINING EQUAL PRESSURE! 



Here the given length is 
respectively for / and / s I 



a 20 ; therefore, by substituting 20 and 20", 
i the above equation, we shall obtain 
a 3 — 60*' = — 12000. 
In order, therefore, to take away the term — 60 a;* and prepare the 
equation for solution, we must put x = z 4- 20, and then by involu- 
tion, we have 

x*=z 3 + 602*+ 1200z + 8000 
— 60 * 3 — — 60 a* — 2400 z — 24000, 
from which, by summing the terms, we get 
a'— 60 3* = z'— 1200z — 16000=— 12000; 
therefore, by transposition, we obtain 
r »_1200z=4000. 
Now, since the equation falls under the irreducible case of cubics, 
it is manifest, that its solution cannot be effected by Cardan's formula ; 
we must therefore have recourse to some other method, and in the 
present instance, it will be convenient to adopt the concise and 
elegant theorem of the Chevalier de Borda. 

For which purpose, put a=: any arc such, that cosec.3n ^-^— ^jm; 
then, we shall have 

z=r — 2 ,/±msm,a, (19). 

where m is the co-efficient of the second term, and n the absolute 
number; consequently, by substitution, we obtain 

2 x 1200 

3"1T4000^ 400 = 4 - 
therefore, by the Trigonometrical Tables, we have 



cosec. 3a= 



3 a ■=. 14* 1 
ind by division, we 
= 4" 49' 33". 

But the natural sine of 4° 49' 33" to the radius unity, is 0.0S412, 
and V*n~40Q; consequently, by equation (19), we have 
z = — 40 X 0.08412 = — 3.3648; 
now, we have seen above, that 
x = z 4- 20 ; 
therefore, by substitution, we obtain 
x = — 3.3648 + 20 = 16.6352. 
CoaoL. Hence it appears, that if we take 3.3648 feet downwards 
from the surface of the fluid, or 16.6352 feet upwards from the lower 
side of the plane, and through the point thus determined in either 
case, let a straight line be drawn parallel to the diagonal ; then shall 
the rectangle be divided as required in the problem. 



CENTRE ( 


F GRAVITY 


F MIXED SPACE 




METHOD OF FINDING 


[•HE POSITIO 


OF THE CENT! 


E OF GRAVITY 


DF ANY MIXED SPACI 


OF RECTI I. 


NEAR FIGURES 


IMMERSED IN 


NON-ELASTIC FLUIDS. 









54. Since the pressure on the entire parallelogram, is equivalent to 
the sum of the pressures on the two parts into which it is divided by 
the line ef; it follows from thence, that the position of the centre of 
gravity of the figure abcfe can be determined, as is shown in what 
follows. 

Let abcfe be the figure, of which the centre of gravity is required 
to be found, the angles at a, b and c being right 
angles ; join the points a and f by the straight line 
a f, dividing the figure into two parts, one of which is 
the triangle ape and the other the trapezoidal space 

ABCF. 

Now, almost every writer on mechanical science 
has given the method of finding the centre of gravity - B * c 
of those figures separately, from which that of the compound space 
may easily be determined ; but we are not aware of any method that 
has been proposed, for the direct discovery of the centre of gravity 
of the mixed space abcfe, and that is what we are now about to 
investigate. 

Produce the sides ae and cf till they meet in d ; then, because 
the angles at a, b and c are right angles, the angle at d is also a right 
angle; from the point d, set off du and r>&, respectively equal to 
one third of de and df, and through the points a and b, draw am 
and bm parallel to da and dc, which produce directly forward to d 
and c ; then are C7n and dm respectively, the perpendicular depths of 
die centre of gravity of the triangle edf, according as the side ab or 
bc is supposed to be coincident with the surface of the fluid. 
Put b= ab, the breadth of the rectangular parallelogram abcd, 

(=*d, the length of ditto, 

(i-zz df, the base of the right angled triangle edf, 

/' — de, the corresponding perpendicular, 

d— cm, the perpendicular depth of the centre of gravity of the 
triangle edf, when the side ab is horizonlal, 

1 = dm, the perpendicular depth of the centre of gravity m, when 
the side bc is horizontal, 

p= the pressure perpendicular to the surface of the triangle edf, 

/i'=lhe pressure on the irregular figure abcfe. 







Pr: the pressure on the entire parallelogram abcii, 
x~= rn, the perpendicular depth of the centre of gravity of the 
figure a isc rr., when the side ab is horizontal, 
and y= sn, the perpendicular depth, when the side bc is horizontal. 
Then, because the sides ae and cr are given quantities, it follows, 
that de and df are also given, and consequently, a« or cm, and cfi 
or dm are given; therefore, the perpendicular pressure on the triangle 
edf can easily be ascertained. 

Now, ab is manifestly equal to the difference between a d and a d, 
and by the construction a d, is equal to one third of de; therefore, by 
restoring the analytical representatives, we have 
cm = d = l — \l'. 
Again c b is equal to the difference between c d and d b ; but d b by 
the construction, is equal to one third of df ; hence, by restoring the 
analytical symbols, we shall obtain 

dm — h = b — J/3. 
But, according to the writers on mensuration, the area of the 
triangle edf is equal to half the product of the base df by the per- 
pendicular de ; that is 

consequently, if we suppose the plane to be perpendicularly immersed 
in the fluid, while the side ab is coincident with its surface; then, the 
pressure on the triangle edf becomes 

Now, the pressure on the irregular figure abcfe, is obviously 
equal to the difference between the pressures on the entire paral- 
lelogram abcd, and the triangle edf; but the pressure on the entire 
parallelogram, according to equation (8), is 

? = bbt*s; 
consequently, by subtraction, the pressure on the figure abcfe, 
becomes 

j.' = j6i»«— t0I'*(8<— J*}; 
but its area is also equal to the difference between that of the 
parallelogram and triangle; therefore, we obtain J(2fiZ — fil') for 
the area of the irregular figure abcfe; consequently, by division, 
the perpendicular depth of the centre of gravity below the line ab, 
becomeB 

3^bl—/il') 
and if we suppose the fluid in which the plane is immersed to be 
water, the specific gravity of which it unity, we finally obtain 
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_ 3bl*—j3l'(Zl—t') 
*— 3(2 H — 00 ' (20). 

Again, if we suppose the side 11c to be horizontal, the area of the 
triangle remains the same, and the pressure which it sustains in a 
direction perpendicular to its surface, becomes 
p = i/lf« (3 4-/)). 
But the pressure on the whole parallelogram ahcd, on the suppo- 
i that the side nc is horizontal, according to what has been 
proved in Problem 3, is 

P = lbUs; 
consequently, the pressure on the irregular figure a bcfe, becomes 
p' = £ b' I % — \$ t s (3 b — (i). 
Now, the area of the figure corresponding to the above pressure, is 
obviously the same as we have previously determined it to be ; that is, 
the difference between the areas of the triangle and the entire paral- 
lelogram ; consequently, by division, we shall obtain 

V ~ 3~(2£7=-/30 (21). 

The equations (20) and (2!) are manifestly symmetrical ; if there- 
fore, we carefully attend to the conditions of the problem, from which 
they are respectively derived, the position of the centre of gravity of 
the figure abcfe can easily be ascertained byresolvng the equations. 

55. The practical rules for determining the co-ordinates which fix 
the position of the centre of gravity, may be expressed in the follow- 
ing manner : 

1. When the side ab is horizontal, as indicated by equation (20). 

Rule. From three times the vertical length of the given 
rectangular parallelogram, subtract the perpendicular of ike 
triangle, and multiply the remainder by twice its area; then, 
subtract the product from three times the square of the length 
of the parallelogram drawn into its breadth, and the remain- 
der will be the dividend. 

Divide the dividend above detei-mined, by three times the 
differerice between twice the area of the parallelogram, and 
twice that of the triangle, and the quotient will give the 
co-ordinate of the line a B. 

2. When the side bc is horizontal, as indicated by equation (21). 

Rule. From three times the vertical breadth of the paral- 
lelogram, subtract the base of the triangle, and multiply the 
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r remainder by twice its area ; then, subtract the product from 
three times the square of the breadth of the parallelogram 
drawn into its length, and the remainder will be the dividend. 
Divide the dividend above determined, by three times the 
difference between twice the area of the parallelogram, and 
twice that of the triangle, and the quotient will give the 
co-ordinate of the line bc. 
56. Example 9. The sides of a rectangular parallelogram are 
respectively 28 and 50 feet, and from one of the lower corners, is 
separated a right angled triangle, by means of a straight line ter- 
minating in the adjacent sides; it is required to determine the 
position of the centre of gravity of the remaining part, the base and 
perpendicular of the separated triangle, being respectively equal to 
20 and 42 feet ? 

I Here then, by operating as directed in the first rule, we have 
3 X 50 — 42 = 150 — 42 = 108, 
and by the principles of mensuration, twice the area of the triangle, is 
42 X 20 = 840 square feet ; 
therefore, by multiplication, we obtain 
108 x 840 = 90720. 
Again, three times the square of the length of the parallelogram , is 
3x 50' = 7500, 
which being multiplied by its breadth, gives 
7600 X 28 = 210000; 
consequently, by subtraction, the dividend is 
210000 — 90720= 119280. 
Now, twice the area of the parallelogram, is 2 x 50 x 28 = 2800 
square feet, and twice the area of the triangle, is 42 x 20 = 840 
square feet; therefore, by the second clause of the rule, we obtain 
__ 119280 



- =20.286 feet nearly. 



3 (2800 — 840) 
Hence it appears, that the co-ordinate of the line ab, according to 
the proposed data, is very nearly 20.286 feet; and by operating as 
directed in the second rule, we shall have 

3 x 28 — 20 = 84—20 = 64, 

and by the principles of mensuration, twice the area of the triangle, is 

42 x 20 = 840 square feet ; 

therefore, by multiplication, we obtain 

64 x 840 = 53760. 

Again, three times the square of the breadth of the parallelogram, is 






: 10.857 feet; 



which being multiplied by its length, gives 
2352X50=117600; 
consequently, by subtraction, the dividend becomes 
117600 — 53760 = 63840. 
Now, the second clause of the second rule, being the same as the 
second clause of the first rule, it follows, that the divisor must here 
be the same, as we have found it to be in the preceding case ; conse- 
quently, by division, we obtain 

_ 63840 _ 
S ~ 5880~" 

therefore, from the numerical values of the co-ordinates as we have 
just determined them, the position of the centre of gravity of the 
proposed figure can easily be found, in the following manner. 

57. Let abcd represent the rectangular parallelo- 
gram, of which the side ab is 28 feet, and the side ec ■£ 7— ' ' 

50 feet; and let kdc be the right angled triangle, l,\ i 
whose perpendicular ed is 42 feet, and its base df 20 \\"~ ' 

feet, all taken from the same scale of equal parts. \A 

From the angle b, and on the sides bc and ba, set \\ 

off bs and Br respectively equal to 20.286 and 10.857 » *" I 
feet; then, through the points s and r, draw the lines sn and rn, 
respectively parallel to ab and bc, and the point n is the centre of 
gravity of the figure abcfe, which remains after the right angled 
triangle ede is separated from the parallelogram abcd. 

If the line of division, or hypothenuse of the triangle bf, were 
parallel to ac the diagonal of the parallelogram, as is distinctly speci- 
fied in the foregoing problem, the solution would become much more 
simple ; for then, in order to determine the position of the centre of 
gravity, it is only necessary to reduce one of the equations, and it is 
altogether a matter of indifference which of them it is, provided that 
the conditions of the equation be strictly attended to. 

Supposing e d the perpendicular of the triangle, to remain as above ; 
then the base, when the hypothenuse is parallel to the diagonal of the 
rectangle, will be found by the following analogy, viz. 
50 : 28 : : 42 : 23.52. 
Then, by'calculating according to rule first, or equation (20), our 
dividend and diviBor are 103313.28 and 5436.48 respectively; con- 
sequently, we get 

103313.28 



.l«(.i.-l* 



zz 19 feet nearly; 
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of ; 

therefore, by analogy, we obtain 
50 : 19 ::28 : y = 10.64 feet. 

Here, the whole process of calculating the second co-ordinate, is 
replaced by the simple analogy above exhibited. 

The example now before us, affords a striking instance of the 
advantages to be derived from this mode of considering the centre of 
gravity ; in the case of the triangle illustrated under Problem (B), its 
immediate utility was not so conspicuously displayed ; but we are 
convinced, that in figures of more difficult and complicated forms, its 
usefulness will become still more evident. 

In the investigation of the formulae, we have thought it necessary 
to consider the pressure on the surface whose centre of gravity is 
sought; but in the actual application of the resulting equations, the 
consideration of pressure does not enter; for it is manifest, that 
besides the dimensions of the figure and constant numbers, no other 
element is found in the equations, and consequently, the reduction 
depends upon them alone. 
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PROBLEM VIII. 

58. A given rectangular parallel ogram is immersed in an 

incompressible and non-clastic fluid, in such a manner, that one 

of its sides is coincident with the surface, and its plane tending 

downwards at a given inclination to the horizon : — 

It U required to draw a straight line from one of the upper 
angles to the lower side, so that the pressures on the two 
parts into which the parallelogram is divided, may be 
equal to one another. 
Let aet> represent a rectangular cistern filled with water, ot some 

other incompressible and non-elastic fluid, 

of which abef is the horizontal surface, 

and suppose one of the upright sides, as 

abcd to be removed, exhibiting the fluid 

together with the immersed rectangle abed. 
In dc the lower side of the immersed 

parallelogram, take any pointy, and draw 

af to represent the line of division; then 

the triangle adf, and the trapezoid abc.f, 

are the figures into which the parallelogram is divided, and on which 

the pressures are equal. 




44 PARALLELOGRAM DIVIDED TO SUSTAIN 

From the angle d, set off (In and dt respectively equal to one third 
of da and df, and through the points n and r, draw nm and tm 
parallel to df and da the sides of the triangle, and meeting each 
other in the point m ; then, according to what has been demonstrated 
in Problem (B), m is the centre of gravity of the triangle adf. 

Produce tm directly forward, meeting ab at right angles in the 
point r, and through the point r and in the plane of the fluid surface, 
draw ts also at right angles Xa ab, and demit ms meeting rs perpen- 
dicularly in s; then is mrs the inclination of the plane to the horizon, 
and sm the perpendicular depth of the centre of gravity of the triangle 
adf below the upper surface of the fluid. 

Put b = ab, the horizontal breadth of the parallelogram abed, 
I — ad, the immersed length tending downwards, 
p = the pressure perpendicular to the surface of the triangle a df. 
P^z the pressure on the entire parallelogram abed, 
ty^zmrs, the angle which the immersed plane makes with the 

horizon, 
d~»ra, the perpendicular depth of the centre of gravity of the 

triangle adf, 
s = the specific gravity of the fluid, 
and i — df, the distance between d and the point through which the 
line of division passes. 
Then, according to the principles of Plane Trigonometry, the per- 
pendicular depth of the centre of gravity of the triangle a df, becomes 

d — -,-l sin. is ; 

consequently, the pressure on its surface, is 
p = it*xssin.$; [see equation. (10) }. 
But according to equation (7) under the 3rd problem, (art. 33), the 
pressure on the entire rectangle, is 

P = J6Ps8in. ? ; 
and by the conditions of the present problem, the pressure on the 
triangle, is equal to one half the pressure on the entire parallelogram ; 
therefore, we have 

p=JP; that is 

iPxtsin.f = $b P s s'm.<p, 

from which, by expunging the common terms, we get 

4x = 3b; 

consequently, by division, we obtain 

_3b 

J - 4 ■ (22). 



£9. This equation is too simple in its arrangement to require any 
formal directions for its resolution ; nevertheless, the following rule 
may be useful to many of our readers, 

Rule. ;Take three fourths of that side of the given rec- 
tangular parallelogram, in which the line of division terminates, 
and the point thus discovered, is that through which the line 
of division passes. 

60. Example 10. A rectangular parallelogram, whose sides are 
respectively equal to 24 and 42 feet, is immersed in a cistern full of 
water, in such a manner, that its shorter side is coincident with the 
surface of the fluid, and its plane inclined to the horizon in an angle 
of 52 degrees; it is required to determine a point in its lower side, 
to which, if a straight line be drawn from one of the upper angles, the 
parallelogram shall be divided into two parts sustaining equal pres- 
sures; and moreover, if a straight line be drawn from the same point 
in the lower side, to the other upper angle, it is required to assign the 
pressure on the triangle thus cut off? 

Here, by operating according to the rule, the point of division is 

x = $ X 24 = 18 feet. 

In the next place, to determine the pressure sustained by the 

triangle bef, cut off from the parallelogram abed, by means of the 

line/5 drawn from the point / to the angle at b, we have according 

to equation (12), (Problem 4), 

p'=rHi.-aK S sm. ? , 
where (b^x) in this equation, takes place of b in the one re- 
ferred to. 

The natural sine of 52 degrees according to the Trigonometrical 
Tables, is .78801 ; hence, by substituting the respective data in the 
above equation, we shall have 

p'~{ (24 — 18) X 42' X .78801 = 2746.09928 cub. ft. of 
water; consequently, the pressure expressed in lbs. avoirdupois, is 
p' — 2746.09928 X 62.5 = 181631.2051bs. 
This seems to be an immense pressure, on a triangle whose surface 
is only 126 square feet ; it is however but one sixth part of the pres- 
sure on the entire parallelogram ; this is manifest, for the pressure on 
the triangle adf, is three times the pressure on the triangle bef, since 
the base df is equal to three times the base cf, and the altitudes of 
the triangles, as well as the perpendicular depths of the centres of 
gravity, are the same; but the pressure on the parallelogram abed. 




according to the problem, is double the pressure o 
hence we have 

P = 2p — 6p' = 1089787.23 lbs. 

61. If the line of division were drawn from one of the lower angles 
to a point in the immersed length, after the manner represented in the 
annexed diagram ; then, the equation (22), would assume a different 
form, as will become manifest from the following investigation. 

From the angle d on da and dc the sides of the 
parallelogram, set off dn and dt, respectively equal to f «&• j » ' 
one third of df and dc, and through the points n and j *r "^s# 
t thus found, draw the straight lines nm and tm \ / 

parallel to dc and df, the base and perpendicular of n JJ, 

the triangle fdc, and meeting one another in m, the \ 

place of its centre of gravity. & * 

Produce tm directly forward, meeting ab, the hori- 
zontal side of the given parallelogram perpendicularly in the point r ; 
at the point r in the straight line mr, make the angle mrs equal to 
the angle of the plane's inclination, and draw m s perpendicularly to 
ts; then is sm the perpendicular depth of the centre of gravity of the 
triangle fdc. 

Let therefore, the notation of the preceding case be retained, and 
put x zz df; then we have 

a« = rra= V— \x, and consequently sm zz d = (l — ^a;)sin.^; 
but the area of the triangle fdc is expressed by ^bx; therefore, the 
pressure perpendicular to its surface, is 

p = jfizs(3J — a)sin.0; 
now, according to the conditions of the problem, the pressure on the 
separated triangle is equal to half the pressure on the entire paral- 
lelograin ; consequently, we obtain 

ibx s(3 l — x) sin.0 = lb F s sin.?, 

and this, by expunging the common quantities, becomes 

2 * (3 1— m) =z 3 1\ 

or dividing by 2 we get 

x(3l — x)—\.5l\ 

and from this, by separating and transposing the terms, we have 
x' — 3lx = — 1.5/*. (23). 

If the equations (18) and (23) be compared with one another, it 
will readily appear, that they are precisely similar in form, but dif- 
ferent in degree ; the former being an incomplete cubic, wanting the 
first power of the unknown quantity, and the latter an adfected 
quadratic, having all its terms. Indeed, the diagrams from which the 
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two equations are derived, as well as the specified conditions of the 
problems, are nearly similar, the difference consisting simply in the 
position of the dividing line, it being- parallel to the diagonal of the 
parallelogram in the one case, and oblique to it in the other. 

62. Let the quantity 1\P be added to both Bides of the preceding 
equation, and we shall obtain 

from which, by extracting the square root, we get 

x—iil = +llV3; 

therefore, by transposition, we have 

*=jr(3 — ^3). (24). 

The practical rule by which the point of division is to be determined, 
may be expressed as follows : 

Role. Multiply the difference between 3 and the square 
root of 3, by half the length of that side of the parallelogram 
in which the line of division terminates, and the product will 
be the distance of the required point from the lower extremity 
of the given length. 

63. Example 11. Let the numerical data remain precisely as in 
the preceding case; from what point in the length of the paral- 
lelogram, must a straight line be drawn to the opposite lower angle, 
so that the parallelogram may be divided into two parts sustaining 
equal pressures ; and moreover, if a straight line be drawn from the 
same point, to the opposite upper angle, what will be the pressure on 
the triangle thus cut off? 

Here, by proceeding as directed in the above rule, we have 
x = 21 (3— y 3) =26.628 feet. 
In order to find the pressure on the triangle a bf cut off by the 
line bf, we have af=l — a:, and ae zz rp-=. \ (I — x) ; conse- 
quently, vp = ${l— x) sin.^, where it must be observed, that ep 
and vp are respectively parallel to ab and sm. 

Now, the pressure perpendicular to the surface of the triangle abf, 
is found by multiplying its area into vp, the perpendicular depth of 
its centre of gravity ; hence, we have 

but the value of x, according to equation (24), is 
a: =.6341; 
consequently, by substitution, we have 
p' = %b ? s (1 — .634/ sin.^, from which, by substituting the 
several numerical values, we obtain 

p' = 4 X 42' X 62.5 X .366' x -78801 = 46551 .35 lbs. 
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64. With respect to the centre of gravity of the figure abcf, which 
remains after the triangle adf, or fdc has been separated from the 
parallelogram, it is in this particular instance very easily determined ; 
for, since the area of trapezoids, whose parallel sides and perpendi- 
cular breadths are equal each to each, are also equal ; it follows, that 
the centre of gravity must occur in the straight lice which bisects the 
parallel sides ; it is therefore, only necessary to investigate the theorem 
Tor calculating one of the co-ordinates, the other being determinable 
from the circumstance just stated. 

Let abcf be the trapezoid, having the angles at b and c respec- 
tively right angles, and of which the position of the centre of gravity 
is required. 

Produce the side cf directly forward to any convenient length at 
pleasure, and through the point a, draw the straight line ad parallel 
to bc, the longer side of the trapezoidal figure, and 
meeting c f produced perpendicularly in the point D. 

Then, the pressure upon the trapezoid abcf, is 
manifestly equal to the difference between the pressure 
on the parallelogram a h c d, and that upon the triangle 
adf, and its area, is also equal to the difference be- 
tween their areas. Bisect the parallel sides ab and CF 
in the points a and b, and join ab; then, according to 
what has been demonstrated by the writers on mechanii 
of gravity of the trapezoid abcp occurs in the straight line at. 

Suppose it to occur at m, and through the point m draw mr and 
tns respectively parallel to bc and ba, meeting ab and bc perpen- 
dicularly in the points a and b ; then are rm and sm the co-ordinates, 
whose intersection determines the position of the point m. 
Put b ™ a b, the breadth of the parallelogram a BCD, 
I =ab, or bc, its corresponding length, 

8 = mr the depth of the point m as referred to the line ab con- 
sidered to be horizontal, 
o = ms, the depth of the point m as referred to the line nc under 
similar circumstances, 
and £=df, the base of the triangle adf. 



Then, by conceiving the plane to be immersed perpendi 
fluid whose specific gravity is expressed by unity, the pressu 



larly 



the entire surface abc d, according to equation (8) under the third 
problem, becomes 

P=rJ&P; 
and moreover, by equation (12) under the fourth problem, the general 
expression for the pressure on the triangle adf, is 

p — -Sj3fssin.fi; 
but according to the particular case now under consideration, the 
above expression becomes 

the terms j and sin.^, being each equal to unity, they disappear in 
the equation. 

Now, according to what we have stated above, the pressure on the 
trapezoid abcf, is equal to the difference between the pressure on the 
entire parallelogram aicd, and that on the triangle adf; that is 

p' — V-p-lbP-HiP; 
or, by reducing the fractions to a common denominator and collecting 
the terms, we obtain 

p' = V(3i — »». 

By the principles of mensuration, the area of the trapezoid abcf, 

is equal to the product that arises, when half the sum of the parallel 

sides 11 aridcF, is multiplied by bc the perpendicular distance 

between them ; that is, 

bcX j(" B + cf)=iU2i-/l), 
and the perpendicular depth of the centre of gravity, is equal to the 
pressure on the surface, divided by the area of the figure; conse- 
quently, we obtain 

l(3b — 2(5) 
— 3(26 — p) ' (25). 

The form of this equation is extremely simple, but it may be arrived 
at independently of the preceding investigation, by having recourse 
to equation (20) under Problem 6 ; for according to the conditions of 
the question, the line of division if originates at the angle a, and 
consequently, the perpendicular of the triangle and the length of the 
parallelogram are equal ; therefore, by putting I instead of V in equa- 
tion (20), the above expression immediately obtains. 

Now, by talcing the length and breadth of the parallelogram, as 
given in the preceding example, and the base of the triangle as com- 
puted by equation (22), we shall obtain, 

a= 48(3x24-gXl8) _ 16Jftelj 
3(2x24—18) 
65. Having thus determined the magnitude nf the co-ordinate us 
>r rm from the equation {25), the magnitude of the corresponding 
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co-ordinate Br or sin, can very easily be found; for through the 
point 6 the bisection of re, draw fin parallel to bc and meeting ab 
perpendicularly in n; then, the triangles ban and mar are similar to 
one another, and the sides fin, mr and an, are given to find ar, and 
from thence the rectangular co-ordinate Br or sm; consequently, 



therefore, by subtraction, 



Now, fic~Bn, is obviously equal to half the difference between 
oc, the breadth of the parallelogram, and DF.the base of the triangle 
a of; therefore, we have 

B n = j(6-/3); 
but«n =ob — bm; that is, «»= J/3, and 

;.,fl.. '(3»-»/3) .„. 

'■••■■ 3(26 — 0) 
therefore, by reducing the analogy, we get 
_ gg«— 1» 

"— 6(21-f3) ' 

hence, by subtraction, we obtain 

,, 3 6 ( fi — ffl + ff 

S - 3(2 6-0) (26). 

After the same manner that equation (25) is deducible from equa- 
tion (20), by putting f= I ; so also, is equation (26) deducible from 
equation (21), by means of the same equality ; we might therefore have 
dispensed with the preceding investigation, and derived the expression 
from principles already established ; we however preferred obtaining 
it as above, for the purpose of exhibiting that agreeable variety which 
gives additional embellishment to scientific investigations. The method 
of establishing the formulce, on the supposition that the side bc is 
horizontal, is sufficiently obvious from what has been done in the 
sixth problem preceding, and therefore, it need not be repeated here. 
Corol. By substituting the numerical values of b and /3, as given 
in the preceding example, we shall have from equation (26) 



«': 



.3x24(24—18)+! 



8.4 feet. 



3(2 X 24— 18) 

Therefore, from the point b, set off b* and bj- respectively equal to 
16.8 and 8.4 feet ; and through the points s and r, draw sm and rm 
parallel to ab and nc, the perpendicular sides of the given trapezoid, 
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i the required place 






and meeting one another in the point » 
of the centre of gravity. 

66. In computing numerically the values of the rectangular co- 
ordinates mr and ins, we have supposed, that nr the base of the 
applied triangle, is determinable by the application of equation (20) ; 
this supposition however is perfectly unnecessary, for the base of the 
triangle is always equal to the difference between the parallel sides of 
the given trapezoid ; and moreover, the equation ('20), applies only to 
the particular case for which it has been deduced, viz. when the 
pressure on the applied triangle and that on the trapezoid to which it 
is applied are equal to one another. 



i so DIVIDED, ■ 



9. when the p 

ON THE TWO PARTS ARE T 



67. In the sixth, seventh and eighth problems preceding, we have 
supposed the given rectangular parallelogram to be divided into two 
parts, such, that the pressures upon them shall be equal between 
themselves, and the investigation has accordingly been limited to that 



particulai 

consider the division to be 

parts may be to one anothci 



to render the solution general, we shall 
■} effected, that the pressures on the two 
in any ratio whatever, such as that of 



For which purpose then, by referring to the fifth problem, where the 
given parallelogram is divided horizontally, we find, that the pressure 
on the upper portion is expressed by JJjr'ssin.^, and that on the 
lower portion, by { | (f — *)* + x (* — x) } bssin.$; but these ex- 
iis in their present state are equal to one another, and they 
v required to be reduced in the ratio of m to n ; consequently, 

|*»: { |<|— af + mQ— »>J ;:»:*. 

ind this, by expanding the second term, becomes 

x*: P— 3>::m :»; 

or by equating the products of the extremes and means, we obtain 



therefore, by transposition, we get 
and finally, by division and evolution, we hai 



'=••: 



+ « 



» 
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-3lx' = — ~ 



68. Again, in the case of the sixth problem, where the given paral- 
lelogram is divided by a line drawn parallel to the diagonal ; we find, 
that the pressure on the triangle cut off by the lino of division, is 
expressed by bx*s(3l — j;)sin.^-j- 6 I, and consequently, by sub- 
traction, that on the remaining portion is expressed by issin.^ 
{3P—x'(3l — x)}x-i-6l) now, these expressions, by the con di- 
tions of the problem, are equal to one another; but in the present 
case, they are to be reduced in the ratio of m to n ; for which purpose 
we have 

x*(3i — x) : 3P — x'(3l— x) : : m : n ; 
therefore, by equating the products of the extreme and mean terms, 
we get 

n x* (3 I — i) = 3 m I" — m x % (3 I — x) ; 

and from this, by transposition, we shall obtain 

(m + n)(3lx* — x s ) = 3mP; 

therefore, by dividing and transposing the terms, we have 

3mP 

(28). 

Now, in order to reduce the above equation, there must be substi- 
tuted the numbers which express the given ratio, together with the 
length of the parallelogram, and then; the value of x will be obtained 
by any of the rules for resolving cubic equations. 

s above, by referring to the eighth problem, 
)gram is divided by a line drawn from one of 
ingles, and terminating in the lower side ; we find, that the 
i the triangle cut off by the line of division, is expressed by 
i, and consequently, by subtraction, the pressure on th 
ing portion is expressed by £fssin.p(36 — 2a:); and thes 
expressions, according to the conditions of the problem, are equal b 
one another; but in the present instance, they are to be reduced in 
the ratio ofraton; hence, we have 

consequently, by equating the products of t 
terms, we get 

2»x=3fim — 2 mar, 
from which, by transposition, 
2(m + n)x — 3bm, 
and finally, by division, 



69. In like 
where the give 
the upper 
pressure c 



i extreme and r 



e obtain 






34m 



■lim 



(29). 



Ihe 
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Hence then, the equations (27,) (28,) and (29,) express generally 

the relation between the parts of division, which in the several pro- 
restricted to a ratio of equality ; and it is presumed, that by 
paying a due attention to the examples that have been proposed and 
illustrated, the diligent reader will find no difficulty in resolving any 
example that may present itself under one or other of the general 
forms above investigated. 

In all the above cases, we have supposed the breadth, or that side 
of the parallelogram which is denoted by b to be horizontal, and 
coincident with the surface of the fluid; but it is manifest, that 
equations of the same form would be obtained from the other side, 
having b in place of /, and I in place of b. 



10, OF RECTANGULAR PARALLELOGRAMS DIVIDED INTO SECTIONS 
SUSTAINING EQUAL PRESSURES; WITH THE METHOD OF DETER- 
MINING A LIMIT TO THE NECESSARY THICKNESS OP FLOOD-GATES, 
AND OTHER CONSTRUCTIONS OF A SIMILAR NATURE, 

PROBLEM IX. 
70. A given rectangular parallelogram, is immersed in an 
incompressible and non-elastic fluid, in such a manner, that one 
of its sides is coincident with the surface, and its plane inclined 
at a given angle to the horizon : — 

/( is required to divide the rectangle by lines drawn 
parallel to the horizon, into any number of parts, such, 
that the pressures on the several parts of division shall be 
equal to one another. 
t aed represent a rectangular cistern filled with water, or some 
other transparent and incompressible fluid 
in a state of rest ; one side of the vessel 
being removed, for the purpose of exhibit- 
ing the fluid and the immersed parallelo- 
gram, together with the several subordinate 
lines on which the investigation depends. 

Suppose e, I, g and i to be the several 
points of division, and through these points 
draw the lines em, If, gk and ik, respec- 



tively } 
the sidi 
zigzag 



lively parallel to a 
the sides ah and dc ii 
zigzag diagonals am, 



the horizontal 
the point! 
^l, Ik, ki and 



and 




i of the figure 

join gh, and draw ihe 

cutting the bisecting line 
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gii in tlie points z, rj, p, o and n, which points are the respective 
centres of gravity of the several parts into which the given parallelo- 
gram is divided, and on which the pressures are supposed to be equal 
amo n g them sel v es . 

Through the poiut a, and in the plane of the horizon, draw the 
straight line g r at right angles to ab, making the angle rou equal to 
the given angle of the plane's inclination, and from the points n, o,p, 
<j and z, let fall the perpendiculars zv, qu, pt, os and nr, meeting 
the line Gr respectively in the points v, a, (, s and r; then are the 
lines zv, qu, pt, os and nv, the perpendicular depths of the centres 
of gravity of the several portions into which the proposed rectangle is 
divided, the points of division being estimated from the surface down- 
Put b — a6 or dc, the horizontal breadth of the given parallelogram 
abed, 
I SS ad or be, the entire immersed length, or that tending down- 

f ■=. re 11, the given angle of inclination, 

d =vz, the vertical depth of the centre of gravity of the parta&nje, 

d' =.uq, the vertical depth of emfl, 

d"= tp, the vertical depth of — {fkff, 

3 = *o, the vertical depth of ykhi, 

I' = rn, the vertical deptli of- ihed; 

n = the number of parts into which the parallelogram is divided, 

P =tlie entire pressure on the parallelogram abed, 

p =z the pressure, common to each of the parts into which the 

given parallelogram is divided, 
i> =af, the required length of the upper portion abme, 
w = el, the length of the second portion e mfl, 
x = Iff, the length of the third portion If kg, 
y =gi, the length of the fourth portion gkhi, 
z —id, the length of the fifth portion iked. 

Then, according to equation (7) under the third problem, the entire 
pressure on the parallelogram ubed, is 

V = \bFssm.$; 
therefore, the pressure on each part of the divided figure, is 



But because the value of £, the angle of inclination, and ■ the 
specific gravity of the fluid, are the same for all the parts; those 
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quantities may be omitted in the equation, and then the element of 
comparison, or the »"' part of the total pressure becomes 
_bl* 
P ~2ii (30). 

Now, according to the principles of Plane Trigonometry, the lines 
vz, utj, tp, so and rn, are respectively as below, viz. 

d = Gzsin.f; d" — g q sin.^ ; d" — G^isin.^ ; 

I :- <icsii!..;j, and I -- G u -in.... : 

but the lines ox, 07, oy, 00 and en, when expressed in terms of the 
respective lengths, are as follows, viz. 

az = iv; oq — v + ^w; ap = v + w + ^x; 
GO = u + ifl-L.;r-|-jy, andG*=:» + to + x +y + je ; 
therefore, by substitution, the above values of the vertical depths of 
the respective centres of gravity, become 

-J„sin.0; d , ={9 + lv)m.f, d" ={v + w + J»)lln^; 
£ = (» + w + 1 + J»)«o.#, and 3' = (v + w + r + y + Jz)sin.*. 
Consequently, by throwing out the common factor sin.^ and 
neglecting the specific gravity of the fluid, the value of p, or the 
pressure sustained by each of the parts, may be expressed as follows, 
viz. 
The pressure on the part abme, is p-=. 'feu*, (1). 

emfl, isp = bw{v + lw), (2). 

//iff, i* P = bx{v + w+lx), (3). 

gkhi, isp = by(e + w + x+ly), (4). 

—ihcd, izp = bz (*>+w + »-fff+§*).(5). 

Now, according to the conditions of the problem, all these expres- 
sions for the value of p, are equal to one another, and each of them is 
equal to the element of comparison, as given in the equation (30) ; 
hence, from the first of the above equations, or values ofp, we have 



by expunging the common factor, J6, we obtain 




therefore, by extracting the square r 
/ _ 
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Again, by comparing equation (30), with the second of the fore- 
going expressions for the value of p, we shall have 

4 »(„ + }»)=!£. 

and substituting the value of v in terms of I and n, we obtain 

from which, by dividing by n, we get 

therefore, if this be reduced by the rule which applies to the resolution 
of adfected quadratic equations, we shall obtain 

Proceed as above, by comparing the equation (30), with the third 
of the preceding expressions for the value of p, and we shall have 

»*(»+» + !*)=—. 

and if the above values of v and w, as ei 

be substituted instead of them in this equation, it w 

and dividing by n, we get 
11 y/2n __^_. 

therefore, by completing the square, evolving and transposing, v 
obtain 



s of / and n 
s\l\ become 



By pursuing a similar mode of comparison, and reasoning in the 
same manner, with respect to the fourth value of p foregoing, we 
shall have 

let the values of v, w and x, as determined above, be respectively 
substituted in this equation, and it becomes 



complete the square, and we obtain 
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and from tliis, by evolution and transposition, we get 

y = -i-{Vto-,/S~}- 

Pursuing still the same mode of induction for the fifth value of p, 
and substituting the respective values of v, w, x and y, as we have 
determined them above in terms of I and n ; then we shall have 



t = — {,/5n — ^4n}. 

And in like manner we may proceed for any number of divisions at 
pleasure ; but what we have now done is sufficient to exhibit the law 
of induction. 

The formulae which we have investigated, for determining the 
several sections of the given parallelogram, may now be advantage- 
ously collected into one place ; for it is manifest, that by exhibiting 
them in juxta- position, the law of their formation is more easily 
detected, and the difference which obtains between the co-efficients of 
the successive terms becomes at once assignable. 

The several equations therefore, when arranged according to the 
order of the corresponding sections, will stand as under, viz. 

3 - X = —W^-V^>, (31,. 

4 - y = — (</*n — v'Sn). 

5 - z = ^r w&i—vto). 



&c.&c.z= &c. &c. 

71. The practical rule for determining the points of section, in 
reference to their respective distances from the upper extremity of the 
parallelogram, may be expressed in words, as follows, via. 

Rule. Multiply the number of parts into which the paral- 
lelogram isproposed to be divided, by the number that indicates 
the place of any particular section ; then, multiply the square 
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root of Ike product by the length of the parallelogram, and 

divide by the whole number of sections, and the quotient will 

express the distance of any particular point from the upper 

extremity of the divided length. 

If the length of any particular section, or the distance between any 

two contiguous points should be required, which is the condition 

expressed by each of the above equations ; then. 

Calculate for each of the points according to the preceding 

rule, and the difference of the results viill give the length of 

the required section. 

72. Example 12. A rectangular parallelogram whose length is 25 

feet, is perpendicularly immersed in a fluid, in such a manner, that 

its breadth or upper side is just in contact with the surface ; now, if 

it be proposed to divide the parallelogram by lines drawn pnrallel to 

the horizon, into five parts sustaining equal pressures ; it is required 

to determine the distance of each point of section from the surface of 

the fluid, and the respective distances between the several points? 

Here then, we have given 1 = 25 feet, and n = 5 an abstract 
number ; therefore, by proceeding according to the rule, we shall have, 
for the distance of the first point, 

25y/5-i-5= 11.18034 feet. 
For the distance of the second point, we get 

25</Tx~5 -r 5 =3 15.81139 feet. 
For the distance of the third point, we obtain 

25^3 X 5 ■*• 5= 19.36492 feet, 

and for the distance of the fourth point, it is 

26^4 X 5 -^-5 = 22.36068 feet. 

The preceding is all that is necessary to be calculated, for the 

distance of the fifth point is manifestly equal to the whole length of 

the parallelogram, and consequently, by the question, it is a given 

quantity. 

Having thus determined the distances of the several points of 
section below the upper surface of the fluid, the respective distances 
between them, or the breadths of the several sections can easily be 
ascertained, since they are merely the consecutive differences of the 
quantities above calculated ; hence, we have 

Distances 11.18034, 15.81139, 19.36492, 22.36068, 25. 
Differences 4.63105, 3.55353, 2.99576, 2.63932 ; 
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: sections, estimated in order 




therefore, the breadths of the respecti 
from the surface of the fluid, are 

11.18034, 4.63155, 3.55352,2.99576, 2.63932 feet. 
Let a bcd be the rectangular parallelogram, whose length 
bc is equal to 25 feet, and tbe breadth ab or dc 
of any convenient magnitude at pleasure. Upon 
the length a u, set oil' the distances ae, ah, \b 
and ac, respectively equal to the preceding num- 
bers, taken in the order of their arrangement, 
and through the points e, a, b and c, draw the 
straight lines be, af, be and cd, respectively 
parallel to as or dc the horizontal sides of the parallelogram ; then 
are the rectangular spaces af, ac, bd and cc, the respective portions 
into which the given parallelogram abcd is divided, and on which, 
according to the conditions of the problem, the perpendicular pres- 
sures are equal among themselvea. 

OF THE REQUISITE THICKNESS OF FLOOD- GATES, &C. 

73. The problem which we have just resolved is a very important 
one; by it we can determine a limit to the requisite thickness of 
flood-gates and other constructions of a similar nature, and also the 
form which the section ought to assume, in order that the strength in 
every part may be proportional to the pressure sustained. 

For according to the preceding notation, and by equation (7) under 
the third problem, the pressure on the rectangle abpe, is 
p = \bfum.f, 
and the pressure on the whole rectangle abcd, is 

P=j5Z'ssin.^i 
consequently, by analogy and comparison, we get 

And in like manner it may be shown, that the same relation 
obtains in respect of any other rectangle ab/«, when compared 
with the entire figure abcd; consequentlv, the pressures are uni- 
versally as the squares of the depths, the breadth being constant ; 
therefore, the thickness should be as the square of the depth, being 
greatest at the bottom and decreasing upwards to the surface of the 
fluid. 

Thus for example, let the flood-gate be of the same depth as the 
rectangle in the foregoing question, and let the thickness at the 
bottom be equal to one foot or twelve inches ; then, the corresponding 
thicknesses for the several feet of ascent estimated upwards, will be as 
follows. 



I 




74. Having calculated the numerical values of the thicknesses or 
ordinates, corresponding to each foot in length, estimated front the 
bottom where the pressure is a maximum, upwards to the summit 
where it vanishes ; we shall now proceed to construct the section, in 
order to exhibit the particular form which the preceding theory assigns. 

Let the straight line aji represent the perpen- 
dicular depth of the flood-gate supporting the 
fluid f, and whose vertical section is denoted by 
the flgure abc, the exterior boundary of which is 
the curve line abc, and the greatest thickness, 
ir that at the bottom, equal to bc. 

Divide the depth ab into twenty five equal 
parts, having an interval of one foot for each ; 
then, through the several points of division, and parallel to the horizon, 
draw straight lines, beginning at the bottom and proceeding upwards, 
making these lines respectively equal to 12, 1 1.06, 10.156, 9.292, Sec. 
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inches, according to the numbers in the foregoing tablet, and through 
s of the several ordinates, trace the curve line 
ADC, which will mark the exterior boundary of the section. 

The intelligent reader will readily perceive, that in the actual con- 
struction of the above figure, it has been found impossible to preserve 
the proper proportion between the several abscissae and their corre- 
sponding ordinates; if this had been attempted, the figure must either 
have been enlarged to an inconvenient size, or the ordinates would 
have been so small as to render the general appearance of the section 
very indistinct. 

We have therefore thought it preferable to preserve the line of the 
abscissas within moderate bounds, and to enlarge the ordinates in a 
given constant ratio ; by this means the form of the curve is correct, 
and the whole diagram is sufficiently distinct for practical illustration. 

In all that has hitherto been done respecting the rectangular 
parallelogram, we have constantly considered it as being an inde- 
pendent, plane immersed in the fluid, and having its upper side 
coincident with the surface ; but we must now observe, that whatever 
relations have been shown to esist on such a supposition, the same 
will hold, if the plane be considered as the side of a vessel filled with 
the fluid by which the pressure is propagated. 

We have already alluded to this principle, at the conclusion of our 
illustration of the fourth problem ; it therefore only remains to deter- 
mine by it, the pressure on the bottom and sides of a vessel filled with 
a fluid of uniform density, on the supposition that the bottom and the 
sides are respectively rectangular planes. 



II. METHOD OF COMPARING THE PRESSURE ON THE PERPENDICULAR 
SIDES AND ON THE BOTTOM OF ANT RECTANGULAR CISTERN, BASIN, 
OR CANAL LOCK. 



PROBLEM X. 

75. Suppose that a vessel in form of a rectangular paral- 
lelopipedon, is filled with fluid of uniform density, and placed 
with its sides perpendicular to the horizon : — 

It is required to compare the pressure on the upright sides 
with that upon the bottom, both when, the sides are all equal, 
and when the opposite sides only are equal. 



In the solution of the present problem, it will be unnecessary to 
exhibit the construction of a separate diagram ; because, the bound- 
aries when considered individually, being rectangular parallelograms, 
the investigation for each would be similar to that required in Pro- 
blem 4, and the resulting formulae would coincide in form with that 
exhibited in equation (8). 

Therefore, put b := the horizontal breadth of the greater opposite 

ft := the horizontal breadth of the lesser ditto ditto, 

I — the perpendicular depth of the fluid, whose den- 
sity is uniform, 

P= the aggregate, or total pressure on the upright 
surface, and 

p = the pressure on the bottom. 

Then, according to equation (8) under Problem 3, the pressure on 
each of the narrower sides is expressed by ^fSPs, and that on each of 
the broader sides by J^bl's; consequently, the entire pressure on the 
upright surface, is 

P=C(|J + »), 
and by the third inference to Proposition (A), the pressure sustained 
by the bottom of the vessel, is 

p=ib(ils; 

consequently, by analogy, we obtain 

P:p::l(Ji + b):(ib. 



Therefore, 
ire equal to c 



'ben the opposite sides of the rectangular vessel only, 



The total pressure on the upr.^ 
on the bottom, as half the area of the former 
the latter. 

If 6 — /), or if all the sides of the vessel are equa 

then, the entire pressure on the upright sides, is 

P = 2bl>s, 

and that on the bottom, is 

p=b*ls; 

therefore, by analogy, we obtain 

P ; P : : It : h. 



'face, is to the pressure 
r is to the area of 
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Consequently, when all the four sides of the rectangular vessel are 
equal to one another, 



or FLUID 

Conseqt 
equal to 01 

The total pressure on the upright surface, is to the 
pressure on the bottom, as twice the length of the side is 
its breadth. 
Again, when all the sides of the vessel have the same breadth, and 
the length I equal to the breadth b ; then, the vessel becomes a cube, 
and the total pressure on the upright surface, is 
P = 2fr , s, 
and that on the bottom, is 

therefore, by analogy, we obtain 
P :p:: 2 : 1. 
Hence it appears, that when the vessel is a cube, that is, when the 
bottom and the four upright sides are equal to one another. 

The total pressure upon the four sides, is to the pressure on 
the bottom, in the ratio of 2 to 1. 
Since the pressure on the upright surface of a cubical vessel, is 
double the pressure on the base ; it follows, that the entire pressure 
which the vessel sustains, is equal to three times the pressure upon its 
bottom ; that is, 

IP+p = 3&V (32). 

But the expression 6"s is manifestly equal to the weight of the 
fluid ; consequently, the total pressure upon the sides and base of 
the vessel, 
b, 
b«l 
,b, 
to 
tra 
cot 



Is equal to three times the weight of the fluid which it 
contains. 

Now, in the case of water, where the specific gravity is represented 
by unity, the equation marked (32) becomes 

P + p = 3 b> ; 

but when the dimensions of the vessel are estimated in feet, and 
the pressure expressed in pounds avoirdupois, of which 62 j are equal 
to the weight of one cubic foot of water; then, the above equation is 
transformed into 

p' = 187.5 J\ (33). 

Cohol. This equation in its present form implies, that if the solid 
content of the vessel in cubic feet, be multiplied by the constant 
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co-efficient 187.5, the product will express the number of lbs. to 
which the pressure on the bottom and the four upright sides is 
equivalent. 

76. Example 13. Suppose the length of the side of a cubical 
cistern to be 35 feet ; what is the pressure sustained by it, when it is 
completely filled with water ? 

Here we have given, 6 = 35 feet; therefore, by proceeding accord- 
ing to the composition of the foregoing equation, we shall obtain 
p' = 35 X 35 X 35 X 187.6= 8039062.5 lbs. 
Hence it appears, that the aggregate pressure upon the bottom 
and the upright surface of a cubical vessel whose side is 35 feet, 
b 8039062.5 lbs. or 

8039062.5 ^- 2240 = 3588.867 tons, 
while the absolute weight of the contained fluid, is only 
of that quantity, or 

35 X 35 X 35 XI 

77. Example 14. Let the 
preceding example, and suppose it 
specific gravity is .96, instead of wi 
what pressure does it then sustain ? 

For the weight of a cubic foot of wine, we have 

1 : 62.5 : : .96 : 60 lbs. 

and the pressure on the bottom and sides of a vessel containing a 

the 



a third 

2240 = 1196.289 tons. 

of the vessel remain as in the 
to be filled with wine, of which the 
ter, whose specific gravity is unity, 



cubic foot is 60 X 
bottom and sides of 



180 lbs. ; consequently, the pressui 
vessel whose side is 35 feet, is 
p ' = 35 X 35 X 35 X 180 = 7717500 lbs., 
and this, by reducing it to tons, is 

,_ 77 17500 _ 
P ~ 2240 
hile the absolute weight of the contained fluid, is only o 



- = 3445.3125 tons, 



that quantity, i 

35 X 35 X 35 X £ 



-i- 2240= 1 148.4375 tons. 




EXEKTEI) 11V NON-ELASTIC FLUIDS UPON 
: PLANES IMMERSED IN THOSE FLUIDS, WITH THE 
METHOD OF FINDING THE CENTRE OF GRAVITY OF THE SPACE 
INCLUDED BETWEEN ANY RECTANGULAR PARALLELOGRAM AND 
ITS INSCRIBED PARABOLIC PLANE. 



1. WHEN THE AXIS OF THE PARABOLIC PLANE IS PEBPEN DICULAR TO 
THE HORIZON, AND ITS VERTEX COINCIDENT WITH THE SURFACE 
OF THE FLUID. 

PROBLEM XI. 

77. If a parabolic plane be just perpendicularly immersed 
beneath the surface of an incompressible fluid :- — 

/i is required to compare the prt ta urt upon it, with that 
upon its circumscribing rectangular -parallelogram, and to 
determine the intensity of pressure, according as the vertex 
or the base of the parabola is in contact with the surface 
of the fluid. 

First, when the vertex of the parabola i 
contact with the surface of the fluid; let acb 
he the parabolic plane, of which ab is the 
base or double ordinate parallel to the hori- ' 
zon, and en the vertical axis just covered by 
the fluid whose surface is ep, and let abfe < 
be a rectangular parallelogram circumscribing ] 
the parabola. 

Now, it is demonstrated by the writers on 
mechanics, that the centre of gravity of a parabolic plane is situated 
in the vertical axis, and the point where it occurs, is at the distance 
of three fifths of that axis from the summit of the figure. 

Therefore, if the axis c » be divided at m, into two parts such, that 
:m is to Dm as 3 is to 2, then is m the centre of gravity of the 



i uppermost, and just in 
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parabolic space ac b ; and if the axis c u be bisected in the point n ; 
n is the centre of gravity of the circumscribing rectangular parallelo- 
gram ABEF. 

Put J — ab, the base of the parabola, or the horizontal breadth of its 
circumscribing rectangular parallelogram, 
(—cu, the vertical axis of the parabola, or the depth of its sur- 
rounding rectangle, 
rfrrcn, the depth of the centre of gravity of the parallelogram 

abpe below the upper surface of the fluid, 
3 = cm, the depth of the centre of gravity of the parabola acd, 
P= the pressure on the circumscribing rectangle, 
p ~ the pressure on the parabolic plane, 
A = the area of the parallelogram, 
a s the area of the parabola, and 
s — the specific gravity of the fluid . 
Then, according to the writers on mensuration, the area of the cir- 
cumscribing rectangular parallelogram, is 
A = bl; 
ola, is equal to two thirds of the area of its 
; therefore, we have 
a = $bl. 

Now, S — $1 by the construction, and we have shown in Proposition 
(A), that the pressure upon any surface, 

Is expressed by the area of that surface, drawn into the 
perpendicular depth of its centre of gravity, and also into the 
specific gravity of the fluid. 
Consequently, the pressure perpendicular to the surface of the 
parabolic plane, is 

P =\bl y. $l y. s = ib&i. (34). 

But in order to compare the pressure on the parabola, as repre- 
sented by, or implied in the above equation, with thai upon its cir- 
cumscribing parallelogram, we have only to recollect, thatd~JZ, 
and consequently, the pressure on the rectangle, is 

P = bly ltys=lbFs; 

consequently, by omitting the common factors, and rendering the 



but the area of a parah 
circumscribing rectangle 



fractions similar, 



: have 



78. Now, the practical rule for determining the pressure on the 
parabolic plane, as deduced from the equation (34), or from the pre- 
ceding analogy, may be expressed in words, as follows. 
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Rule. Multiply two fifth s of the base of Ike parabola, by 
the square of the length of its axis drawn into the specific 
gravity of the fluid, and the product will express the pressure 
sustained by the parabolic plane, in a direction perpendicular 
to its surface. Or thus : 

Find the pressure on the circumscribing rectangular paral- 
lelogram, according to the second case of the rule under the 
third problem, and four fifths of the pressure so determined, 
will express the pressure perpendicular to the parabolic 
„,fac. 
79. Example 14. A parabolic plane, whose base and vertical axis 
are respectively equal to 28 and 42 feet, is perpendicularly immersed 
in a reservoir of water, so that its vertex is just in contact with the 
surface ; what weight is equivalent to the pressure on the plane, the 
weight of a cubic foot of water being equal to 62 J lbs. ? 
Here, according to the rule, we have 
p = \ X 28 X42* X 621= 1334800 lbs., 
or by the second clause of the rule, it is 
p = J X 28 x 42 s X 62j X i = 1234800 lbs. 
Either of these methods is sufficiently simple for every practical 
purpose ; but it will be found of essential advantage, to bear in mind 
the relation between the pressure on the parabola and that on its 
circumscribing rectangle ; for which reason, the latter method may 
probably claim vlie preference. 

2. METHOD OF FINDING THE CENTRE OF GRAVITY OF THE SPACE 
BETWEEN - ANY RECT lK(t IILA R PA II ALLELOORAM AND 



80. It is a principle almost self-evident, that the centre of gravity, 
and the centre of magnitude of a rectangular parallelogram, exist in 
one and the same point; consequently, admitting the position of the 
centre of gravity of the rectangle to be known or determinable a priori, 
the position of the centre of gravity of the inscribed parabola can 
very readily be found. 

For by knowing the position of the centre of gravity of a rectangu- 
lar surface, the pressure upon it can easily be ascertained, : 



: 



have shown above, that the pressure upon a parabolic plane, : 
upon the surface of Its circumscribing parallelogram, are 
another in the ratio of 4 to 5 ; hence, when the pressure 



id that 



I 
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rectangular parallelogram is known, the pressure on the inscribed 
parabola is also known, being equal to four fifths of that upon the 
parallelogram. 

Now, it has already been demonstrated, that the pressure upon any 
surface, whatever may be its form, is always equal to its area, drawn 
into the perpendicular depth of the centre of gravity, below the upper 
surface of the fluid ; therefore, conversely, the perpendicular depth 
of the centre of gravity of any surface, is equal to the pressure which 
it sustains, divided by the area. 

But from what has been demonstrated above, it is manifest that 
the area of the parabola and the pressure upon it, are respectively 
expressed by 

$bl, and AfiPs; 
consequently, by division, we obtain 



2 = 



\bl 



'-its, 



b get 



and when s is expressed by unity, as in the case of water, ' 

S = il. 

Now, because the parabola acb is symmetrically divided by the 
axis cd, it follows, that the centre of gravity occurs in that line, and 
we have just shown, that it occurs at the distance of three fifths of its 
length from the vertex ; hence, the position is determined, and that 
independently of computing the corresponding horizontal rectangular 
co-ordinate, whose intersection with the axis fixes the place of the 
centre sought. 

The aggregate pressure upon the two equal and similar spaces a ec 
and bpc, is obviously equal to the difference between the pressures 
on the rectangular parallelogram abfe, and that on the inscribed 
parabola a c d ; that is, 

p=P — p=lbt>s — (ft ft =-,1*4 fc; 
where p' denotes the pressure on the spaces a ec and bpc 
Again, the area of the spaces aec and bfc, is equal to the dif- 
ference between the area of the parallelogram abfe, and that of the 
inscribed parabola acb; therefore, if a' denote the area of the trian- 
gular spaces, we have 

o'=a— <*=«— ibi=m. 

But the depth of the centre of gravity of any surface, is equal to 
the pressure upon that surface divided by its area; consequently, the 
depth of the centre of gravity of the figure aecfu, which is composed 
of the two triangular spaces aec and bfc, is 
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hence, if the specific gravity of the fluid be expressed by unity, we gel 

(35). 

,. It therefore appears, that the centre of gravity of the space, 

included between any rectangular parallelogram and its inscribed 

parabola, is situated in the axis, at the distance of three tenths of its 

length from the vertex. 

The preceding investigation determines the place of the centre of 
gravity to be at three tenths of the axis below a tangent line passing 
through the vertex of the parabola, and that it is situated in the axis 
is manifest; for the spaces aec and bfc are equal, and they are 
similarly and symmetrically placed with respect to the axis c d ; there 

n therefore be no reason, why the centre of gravity should occur at 
a point, which is nearer to the one than it is to the other; it conse- 
quently occurs at a point which is equally distant from both, and that 
point must obviously be found in the axis of the figure. 

The above is a valuable proposition in the practice of bridge build- 
ing ; for by it, we can readily assign the position of the centre of gravity 
of the arch with all its balancing materials, and consequently, many im- 
portant particulars respecting the weight and mechanical thrust, may 
be determined and examined with the greatest facility : all of which will 
be investigated and applied in our treatise on Hydraulic Architecture. 



De dc 
in con 
itisp 



3. WHEN THE PARABOLIC PLANE PERPENDICULARLY IMMERSED HAS 
ITS BASE COINCIDENT WITH THE SURFACE OF THE FLUID. 

81. What has hitherto been done under the present problem, applies 
only to the case, in which the parabola is perpendicularly immersed in 
the fluid, and having its vertex coincident with the surface ; but when 
the parabolic plane is perpendicularly immersed, and having its base 
coincident with the fluid surface, the circumstances will be something 
different, as will become manifest from the following investigation. 

Let abfe be a rectangular parallelogram immersed in a fluid, with 
its plane perpendicular to the plane of the 
horizon, and having its upper side coincident 
with the surface of the fluid ; and let a c u he 
a parabola described upon the rectangular 
plane, in such a manner, that its vertex may 
be downwards, ils axis vertical, and its base 

contact with the surface of the fluid in which 
placed. 
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Draw the diagonal af intersecting co, tlie vertical axis of the 
jiiirabola in the point « ; then is it the centre of gravity of the rectan- 
gular parallelogram asfe; and because, as we have stated in the 
construction of the preceding case, the centre of gravity of a parabolic 
plane is situated in the axis, at the distance of three fifths of its length 
from the vertex ; it follows, that if the axis DC be divided in the point 
m, into two parts such, that Dm is to mc in the ratio of 2 to 3; then 
shall m be the centre of gravity of the parabola acb. 
Put b~ aii, the horizontal breadth of the rectangular parallelogram 
aiife, or the base of its inscribed parabola acb, 

l — uc or ae, the vertical axis of the parabola, or the depth of 
its circumscribing rectangle, 

dz^vn, the depth of the point », below ab the surface of the fluid, 

£=r Dni, the depth of the point m as referred to ab, 

P=the pressure on the surface of the rectangle abfe, 

p— the pressure on the parabolic surface acb, 

a= the area of the rectangular parallelogram, 

a = the area of its inscribed parabola, and 

s z= the specific gravity of the fluid. 
Now, it is manifest from the principles of mensuration, that the 
area of a rectangular paial lei o gram, is equal to the product that 
arises when the two dimensions of length and breadth are multiplied 
into one another ; that is, 

A = bl, 

and according to the writers on conic sections, the area of a parabola 
is equal to two thirds of the area of its circumscribing rectangle; 
therefore, we have 

a = $bl. 
Referring to the construction of the figure, we find that the axis 
dc is divided at m, into the two parts am and mc, having to one 
another the ratio of 2 to 3 ; it therefore fellows, tbat 

consequently, the pressure on the parabolic surface acb, is 

p = $l>l X|iXs=A&i**. (36). 

Again, since af the diagonal of the parallelogram, bisects dc the 
axis of the parabola in the point » ; it follows, that 

therefore, the pressure perpendicular to the surface of the rectangular 
parallelogram ahfe, becomes 

P = blx llXs=lbl's; 
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hence, by analogy, we obtain 

p: P:: T \bPs: IbFs, 

and this, by omitting the common quantities, b, f and s, becomes 

p:P:: T V:J, 

and finally, by reducing the fractions in this analogy to a common 

denominator, we shall obtain 

p : P :: 8 : 15. 
82. Having thus established the formula for determining the pres- 
sure on the parabolic plane, and also the ratio which compares the 
said pressure with that upon the circumscribing rectangular paral- 
lelogram ; we shall in the next place deduce the rules, by which the 
numerical process is to be performed, when the principle is applied to 
the actual determination of the pressure in reference to cases of prac- 
tice. The rule, as derived from the equation numbered (36), may be 
expressed in the following manner. 

Rule. Multiply the base of the parabola by the square of 
its vertical axti, and again by the specific gravity of the 
fluid; then, four fifteenths of the product will express the 
pressure perpendicular to the surface of the parabolic plane. 

The rule for determining the pressure on the surface of a parabola, 
as deduced from the analogy of comparison investigated above, may 
be expressed in words in the following manner. 

Find the pressure perpendicular to the surface of the 
circumscribed rectangular parallelogram, after the manner 
described in the second case of the rule under the third 
problem ; then, eight fifteenths of the pressure so determined, 
will express the pressure on the parabolic plane. 



83. Exai 



■ 15. The data remaining ; 



i the preceding c 



what will be the pressure on the parabolic plane, its c 
cal, and its base in contact with the surface of the fluid ? 
28 X 42 X 42 X 62J = 3087000, 

and four fifteenths of this, is 

3087000 X 4 -f- 1 5 = 823200 lbs. 

ThiB result is derived from the first of the above rules, or that which 

corresponds to the equation (36) ; and the process as performed by the 

second rule, or that obtained from the ratio of comparison, will stand 

as below. 

I X 28 X 42 X 42 X 62 j X A = 823200 lbs. 



Hence, the pressure on the plane in this ease, is only two thirds of 
what we found it to be in the foregoing case, where the vertex is in 
contact wilh the surface of the fluid. 

With respect to the position of the centre of gravity in this case, it 
is manifest, that the mode of discovering it, is similar to that which 
we employed in the case immediately preceding, where the axis of the 
parabola was supposed to be vertical, and its summit in contact with 
the surface of the fluid ; it is therefore unnecessary to repeat the 
investigation, but there is another condition of the figure remaining 
to be considered, in which a knowledge of the position of the centre 
of gravity becomes of more importance, as will readily appear from 
the circumstances which present themselves in the solution of the 
following problem. 



WHEN THE BASE OF THE PARABOLIC PLANE IS PERPENDICULAR TO 
THE HORIZON, ITS AXIS HORIZONTAL, AND THE PRESSURE UPON 
IT IB TO BE DETERMINED AS COMPARED WITH THAT UPON ITS 
CIRCUMSCRIBING RECTANGULAR PARALLELOGRAM. 



to b< 

Jo 

then 



PROBLEM XII. 

84. If a parabolic plane be perpendicularly immersed in an 
incompressible fluid, in such a manner, that its base may be 
vertical, and just in contact with the surface: — 

It is required to determine the pressure upon it, and to 
compare it with that upon its circumscribing rectangular 
parallelogram. 

Let abef be a rectangular parallelogram immersed in a fluid, with 
its plane perpendicular to the plane of the 
horizon, and its upper side ab coincident 
with the surface of the fluid in which it i* 
immersed. 

Bisect af and be in the points d and c; 
join dc, and upon af as a base, with the 
corresponding axis dc, describe the parabola 
acp, touching ab the surface of the fluid in 
the point a; then is acf the surface for which the pressure is require 
to be investigated. 

Join bf, intersecting dc the axis of the parabola in the point n 
the centre of gravity of the rectangular parallelogram abki 




d two parts Dm and cm such, that Dm is to 
1 of 2 to 3 ; and the point m thus determined, is the 
place of the centre of gravity of the parabola acp. Through the 
points m and n, draw the straight lines nir and ns respectively per- 
pendicular to the axis dc; then are mr and ns, the perpendicular 
depths of the points m and n below a b, the surface of the fluid, and 
which in the present case are equal to one another. 
Put J — ab, the horizontal breadth of the rectangular parallelogram 
abef, or the axis of its inscribed parabola ACf, 
/ —at, the length of the circumscribing rectangle, or the base 

of the inscribed parabola, 
d^rm or sn, the vertical depths of the centres of gravity, below 

ab the surface of the fluid, 
P=the pressure on the rectangle abep, 
p — that on the inscribed parabola acf, 

a of the circumscribing rectangular parallelogram, 
a of the parabola, and 
* —the specific gravity of the fluid in which they are immersed. 
Then, according to the principles of mensuration, the area of the 
rectangular parallelogram abef, is equal to the product of the 
b drawn into the depth a f ; that is, 
a = 8Ij 

and by the property of the parabola, its area is 
a =: *} t. 
But the pressure perpendicular to the surface of the rectangular 
parallelogram, is, as we have already frequently stated, expressed by 
the area drawn into the perpendicular depth of the centre of gravity ; 
and this being the case, whatever may be the form of the surface 
pressed, it follows, that the pressure on the rectangle abef, is 
P = bl XdXt = bdls; 
and that on the parabola acf is 
p = \bl xd Xs — ^bdls. 
Now, it is manifest from the nature of the figure, and from the 
principles upon which it is constructed, that rm and sn are each of 
them equal to Jaf ; that is, d— 11; therefore, let §1 be substituted 
for d in each of the above equations, and we shall obtain 
For the rectangle abef, 
P = ibFs; 
ind for the parabola acf, it is 

p — ibft. (37). 
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Consequently, by analogy, the comparative pressures on the para- 
bola and its circumscribing rectangle, are as fallows : 

p:P::+6P*: JftP*; 
and from this, by casting out the common quantities and assimilating 
the fractions, we get 

p : P :: 2 : 3. 

Corol. Hence it appears, that when the axis of the parabola is 
horizontal, and its base perpendicular to the horizon ; the pressure 
perpendicular to its surface, when compared with that on its circum- 
scribing parallelogram, bears precisely the same relation, that its area 
bears to the area of the rectangle by which it is circumscribed. 

85. The practical rule for determining the pressure on the parabolic 
plane, when placed in the position specified in the problem, may be 
expressed in words at length in the following manner. 

Rule. Multiply the horizontal axis, by the square of the 
vertical base or double ordinate, and again by the specific 
gravity of the fluid; then, take one third of the product for 
the pressure perpendicular to the surface of the parabolic 
plane. 

Or thus, Calculate the pressure on the circumscribing 
rectangle, and take two thirds of the result for the pressure 
on the parabola. 

86. Example 16. The data remaining as in the example to the 
foregoing problem, it is required to determine the pressure on the 
parabolic plane, supposing its axis to be horizontal, its base or double 
ordinate vertical, and the upper extremity of the base in contact with 
the surface of the fluid, which, according to the conditions of the 
previous question, is water, whose specific gravity is expressed by 
unity, and the weight of one cubic foot of which is equal to 62J lbs. 
avoirdupois ? 

Referring the uumerical data to the same parts of the figure, as iu 
the preceding cases, we have given fi^ 42 feet; I ~ 28 feet, and 
s = 62 Jibs.; therefore, by proceeding according to the rule, we have 
42 X 28 X 28 X 62J 55 2058000, 
which being divided by 3, gives 
p = 2058000 -t-S — 686000 lbs. 
Hence it appears, that the total pressures perpendicular to the 
parabolic surface, according to the several positions in which we have 
placed it, are to one another respectively as the numbers 
3087, 2058 and 1715; 
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the first two of which, by reason of the parts of the figure being the 
same in each, are obviously dependent upon one another; but the 
third, in which the parts of the figure are reversed, is wholly inde- 
pendent and distinct from the other two. 

87. Cobol. 1. Admitting therefore, that the pressure upon the 
parabolic surface, under the three circumstances of position in which 
we have considered it, is represented by the equations (35), 36) and 
(37) ; it follows, that the situation of the centre of gravity can easily 
he ascertained; for the pressure in each case, as we have elsewhere 
i by the area of the figure, drawn into the per- 
pendicular depth of its centre of gravity ; consequently by reversing 
the process, the depth of the centre of gravity will become known, if 
the pressure be divided by the area of the surface on which the fluid 
presses. 

!. Since the parabola is a figure symmetrically situated with 
respect to its axis, it is obvious, that the centre of gravity of its surface 
■ i occur at the same point, in whatsoever position it may be placed; 
but when the place of its centre is referred to the surface of the fluid 
in which it is immersed, the distance varies for each particular case : 
thus, 
In the first instance, the perpendicular distance, is — iths of the axis, 

- second, = *-ths 

- third, = A the base. 

udt as we have just stated, the centre Of* gravity of tin- p.iiiibolic sur- 
face as referred to its vertex, or any other fixed point, in all these cases, 
remains unaltered, in whatever position the figure itself may be placed. 

NG THE PRESSURE OF THE FLUID UPON 



THE METHOD OF : 

A SEMI-PARABOLIC PLANE AS COMPARED WITH THAT ON THE 

38, When the semi-parabola only is considered, the determina- 
tion of its centre of gravity, and consequently, of the pressure on 
its surface becomes more difficult ; for, since the figure is not sym- 
metrical with respect to its axis, we are under the necessity of com- 
puting the two rectangular co-ordinates, whose in- 
tersection determines the place of the required centre. 

Let cbd be a semi- parabola, perpendicularly 
immersed in a fluid, so that its axis cd is vertical, 
and the vertex in contact with c p the surface of the 
fluid, and let cfbb be the circumscribing rectan- rijjj 
gular parallelogram. 
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Now, since by Problem XI, it has been proved that the pressure on 
the entire parabola with its axis vertical, is equal to four fifths of that 
upon its circumscribing parallelogram ; it follows, that the pressure 
on the semi -parabola in the same position, is also equal to four fifths 
of that upon its circumscribing 1 parallelogram, it being manifestly 
equal to half the pressure on the whole parabola. 

Divide the axis ci> into two parts, such, that dim and cm shall be 
to one another in the ratio of 2 to 3 ; and in like manner, let the 
ordinate or base bd be divided into two parts, such, that nn and Bra 
shall be to one another in the ratio of 3 to 5* ; then, through the 
points m and n, and respectively parallel to db and dc, draw the 
straight lines tog and kg, meeting each other in g, the centre of 
gravity of the semi- parabola dcb. 

Put J^crorDB, the horizontal breadth of the rectangle ceed, or 
the base of the semi-parabola cbd, 

I — cd or rs, the vertical depth of the rectangle, or axis of its 
inscribed semi-parabola, 

Senior eg, the perpendicular depth of the centre of gravity, 

P=the pressure on the rectangular parallelogram cfbd, 

p = the pressure on its inscribed semi -parabola, 

a r: the area of the parallelogram, 

a 5S the area of the semi -parabola, and 

* — the specific gravity of the fluid in which they are immersed. 
Then, according to the principles of mensuration, the area of a 
rectangle is expressed by the product of its two dimensions ; that is, 
by its length drawn into its breadth ; therefore, we have 

A=bl, 

and by Proposition (A), the pressure exerted by a fluid, perpendicu- 
larly to any surface immersed in it, or otherwise exposed to its 
influence. 

Is equal to the area of the surface pressed, drawn into the 
perpendicular depth of its centre of gravity, and again into 
the specific gravity of the fluid. 
Consequently, the pressure on the circumscribing rectangular paral- 
lelogram cfbd, becomes 

P = blxilXs = ibfs. 



* Jt ia demonstrated by die writers on mochuniih, tlmt Lin; ri>iitn> of gravity of a 
semi-parabola is situated in its piano, at the distance of three eighths of the ordinate 

from tbe axis, ami two fifths cf tin 1 ins lYum il nlmn.'. nr i hr.-.- fifths of tbe anil 

from its vartai. 



OF THE PARALLELOGRAM AND ITS INSCRIBED PARABOLA. 77 

Now, since the pressure on the semi-panibiilii is equal to lour fifths 
of the pressure on its circumscribing parallelogram, we shall obtain 

fP = £X£6J*s = *6rj— p. (38). 

The expression which we have here determined for the pressure on 
the surface of the semi-parabola dcis, is precisely the same as that which 
we have given in equation (35) for the entire figure ; only in the pre- 
sent instance, the value of b, the horizontal breadth of the parallelogram, 
is but one half the value as applied to the parabola, when placed 
under the conditions specified in the eleventh problem foregoing. 

89. If the symbol b retain its former value, that is, if it be referred 
to the base of the entire parabola, or to the breadth of the parallelo- 
gram circumscribing the entire parabola, then, the pressure on the 
semi- parabola, becomes 

p = il>Ps. (39). 

Consequently, the practical rule for determining the pressure on the 
semi-parabola as deduced from this equation, may be expressed as 
follows. 

Rule. Multiply one fifth of the base, or double ordinate of 
the whole parabola, by the square of the length of its axis, 
and again by the specific gravity of the fluid, and the product 
will express the pressure on the semi-parabola in a direction, 
perpendicular to its surface. 
But if the symbol 6 refer to the ordinate, or base of the semi- 
parabola, then, the rule as deduced from the equation (38), will be 
precisely the same as that which we have given under the equation 
numbered (35) in Problem XI, to which place the reader is referred 
for the purpose of avoiding a direct repetition. 

90. Example 17. A plane in the form of a semi-parabola whose 
base or ordiaate is 16 feet, and its axis 40 feet, is perpendicularly 
immersed in a cistern of water, in such a manner, that its axis is 
vertical, and its vertex in contact with the surface of the fluid ; what 
pressure does it sustain, the weight of a cubic foot of water being 
equal to 62 J lbs.? 

The equation in its present state, supposes the ordinate, or base of 
the semi-parabola to be given, and therefore, the pressure is deter- 
mined by the rule to the equation (35) or (38), in the following 
manner : 

p=£ X 16 X 40 s X 621 = 640000 lbs. 

But in order to determine the pressure by the rule immediately 
preceding, we must suppose the breadth or base of the figure to be 
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doubled, in which case it will hove reference to the whole parabola, 
and the pressure will be reduced to that upon its half, by employing 
the constant i instead of i- according to the rule, thus, 
p = | x 32 X 40' X 62J = 640000 lbs. 

9 1 . If the axis of the semi-parabola were horizontal and its ordinate 
vertical, as in the annexed diagram ; then, 
the area of the semi -parabolic figure, as well iff 
as that of its circumscribing parallelogram, 
will remain the same, but the pressures 
perpendicular to their respective surfaces -igir=r= 
will be very different. 

Divide bu in n, in such a manner, that gn and vn may be to one 
another in the ratio of .5 to 3 ; and in like manner, divide CD in m, 
so that cm and dm shall be to each other in the ratio of 3 to 2. 

Through the points n and m, and parallel respectively to bf and 
bd, draw the straight lines no and mg, intersecting one another in 
the point g, and produce mo to e; then, by the note to the pre- 
ceding case, the point o is the centre of gravity of the semi-parabola 
dcb, and eg is its perpendicular depth below bf, the horizontal 
surface of the fluid. 

Therefore, let the preceding notation rema 
symbols refer to the same parts of the figure as 
disregarding the change of position which kis 
before, the area of the parallelogram bfcd, is 

A=bl, 

and the pressure perpendicular to its surface, is 
V=\Pls. 
For draw the diagonals bc and fd intersecting each other in the 
point r, and through r draw rs parallel to bd or ewi ; then, r is the 
centre of gravity of the rectangle bfcd, and sr its perpendicular 
depth below bf the surface of the fluid ; but according to our notation 
st— ££, and we have seen above, that a — hi; now, the pressure on 
any surface, whatever may be its form. 

Is equal to the product that arises, when the area of the 

surface pressed, is drawn into the perpendicular depth of its 

centre of gravity, and again, into the specific gravity of the 

fluid. 

Consequently, the pressure perpendicular to the surface of the 

rectangular parallelogram bfcd, is 

? = blx J6x *=i* s **. 



, and let the several 
n the preceding case, 
aken place; then, as 
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Again, the area of the semi-parabola bcd, is equal to two thirds of 

its circumscribing rectangular parallelogram bfcd; therefore we have 

o = J X bl=$bl, 

and the pressure perpendicular to its surface, is 

p = T \b*ls. 

This is manifest, for according to the construction and the nature 
of the figure of the parabola, Bn or eg is equal to five eighths of bi> ; 
therefore, we have 

p = $bl X |A X s = ^b'ls; (40). 

consequently, by analogy, we obtain 
p : P : : fyb"ls : JS'is. 
Therefore, by suppressing the common factors, and rendering the 
fractions T \ and J similar, we shall get 

p : P : : 5 : 6 ; 
hence it appears, that when the ordinate of the semi-parabola is 
vertical, and its upper extremity in contact with the surface of the 
fluid :— 

The pressure upon the semi-parabola, is to that upon its 
circumscribing rectangular parallelogram, as 5 is to 6, or as 
I is to 1.3. 

92. Consequently, the practical rule for determining the pressure 
in the present instance, as deduced from the equation marked (40), 
or from the above analogy, may be expressed as follows. 

Rule. Multiply the square of the given ordinate by the 
axis of the semi-parabola, and again by the specific gravity 
of the fluid; then, Jive twelfths of the result will give the 
pressure sought. Or thus, 

Find the pressure on the circumscribing parallelogram, and 
take five sixths of the pressure thus found, for the pressure on 
the semi-parabola. 

93. Example 18. Let the numerical values of the axis and ordi- 
nate remain as in the preceding example ; what will be the pressure 

i the surface of the semi-parabola, supposing the axis to be hori- 
zontal, the ordinate vertical, and its remote extremity in contact with 
the surface of the fluid ? 

If the operation be performed according to the rule deduced from 



i (40), ■ 
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p=16*X 40 X 62£ X T * T = 26fi6(i6$ lbs. 



but if the operation be performed according to the rule derived from 
the analogy of comparison, we shall have 

p = bP; thatis,p=jxl6 , X40 x 62 j X * = 2666665- lbs. 
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94. By means of the pressure on the semi- parabola, as we have 
investigated it in the two foregoing cases, we are enabled to determine 
the pressure on the space cfb, and from thence, the position of its 
centre of gravity. 

This is an important inquiry in the practice of bridge building, for, 
in determining the thickness of piers necessary to resist the drift or 
shoot of a given arch, independently of the aid afforded by the other 
arches, it becomes requisite to find the centre of gravity of the span- 
drel or space bfc, which is used for the purpose of balancing the arch 
and filling up the haunches or flanks. 

Now, the method which has generally been employed for the deter- 
mination of this centre is extremely operosc, and in many cases it 
involves considerable difficulty, requiring the calculations of solids 
and planes, which are by no means easy ; but the method which we 
are about to employ, requires no such tedious and prolix operations, 
as will become manifest from the following investigation, which refers 
to the space comprehended between a semi-parabola and its circum- 
scribing rectangle. 

Let bcd be a semi-parabola, having the 
corresponding ordinate D b is horizontal, and 
let bdcf be the circumscribing rectangular 
parallelogram. 

Suppose the point d to remain fixed, and 
conceive the semi-parabola bcd to revolve 
about the point d until it comes into the 
position aed, where the axis de is horizon- 
tal, and the corresponding ordinate da vertical; then it is manifest, 
that the circumscribing rectangular parallelogram adeii in thif 
latter position, is equal to bdcf in the former, and consequently, 
the space a he comprehended between the sides of the rectangle 
ah, he and the curve ae, is equal to the space bfc similarly con- 
stituted. 



dc vertical while the 
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t ia further manifest, that while the semi-parabola revolves about 
the point d, from the position bcd to that of aed, the points n and c, 
the extremities of the ordinate and axis, describe respectively, the 
circular quadrants ba and ce, while the point f describes another 
quadrant, whose containing radii are the diagonals r 

Put 6 — bd or ad, the ordinate of the semi-parabola ii 

/ = coor ed, the corresponding axis, 

d = nG, the depth of the centre of gravity of the space bfc, 

when the axis is vertical, 
3 ~ m g, or a b, the depth of the centre of gravity of the space 

ahe or bfc, when the axis is horizontal, 
P= the pressure on the circumscribing rectangular parallelogram 



p = the pressure on the inscribed semi-parabola, and 
f'— the pressure on the space comprehended between 

parabola and its circumscribing rectangular 

gram. 

Then, according to equation (8) under the third problem, the 
pressure on the circumscribing rectangular parallelogram when the 
length is vertical, is 

P = i6Ps; 
and agreeably to equation (38) under the eleventh problem, 
pressure on the inscribed semi-parabola with the axis vertical, 

consequently, by subtraction, the pressure upon the space b 
prehended between the sides of the parallelogram bf, fc and the 
curve of the parabola bc, is 

Ip' = P— p=JfcP» — ±bPs; 
hence, by suppressing the symbol for the specific gravity, we get 
it=br$— f)=TV*p- (4i). 

Now, according to the writers on mensuration, the area of the 
semi-parabola is equal to two thirds of the area of the circumscribing 
parallelogram ; it therefore follows, that the area of the space bfc, is 
equal to one third of the rectangle bdcf; that is, 
bl — %bl — ibl. 
But it has been demonstrated, that the 'pressure upon any surface, 
is equal to the area of that surface, drawn into the perpendicular 
depth of the centre of gravity; consequently, 
vor,. i. g 
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p' = }bdl; 
and we have shown above in equation (41), that when the axis of the 
semi-parabola is vertical, the pressure on the space bfc is 

consequently, by comparison, we obtain 

ibdl=-frbP, 
and finally, dividing by \bl, we shall have 

d=J- v bl t + ^1 = ^,1. (42). 

Again, when the axis of the semi -parabola is horizontal, as indicated 
by a ed, the pressure on the circumscribing rectangle, according to 
equation (10) under the third problem, is 
P = Jfi*/», 
and the pressure upon the inscribed parabola, according to equation 
(40) under the eleventh problem, is 

p = M t l*l 
therefore, by subtraction, the pressure upon the space comprehended 
between the rectangular parallelogram and its inscribed semi- parabola, 

p , = P—p = ib>ls — fyb , ls, 
and by suppressing the symbol for the specific gravity, we have 

• =**•!. 

Now, the area of the inscribed semi-parabola is, as we have seen 

above, equal to two thirds of its bounding rectangle, and the area of 

the space comprehended between the rectangle and the semi-parabola, 

is therefore, equal to one third of the same quantity ; that is, 

bl— *bl = ibli 

consequently, the pressure on the irregular space a he, is 

p'=+bSl; 

hence, by comparison, we shall have 

therefore, by division, we obtain 

S—i>rb'l-~ibl=ib. 

Having thus determined the values of the rectangular < 

as represented by the equations (42) and (43), the position of the 

centre of gravity can easily be found; for, from the point f, set off 

F;n equal to three tenths of the axis CD, and Pre equal to one fourth 

■f the ordinate bd, or its equal fc ; then, through the points m and n, 

l parallel respectively to the ordinate no and axis en, draw the 
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straight lines ma and «g, intersecting each other in the point g ; and 
the point g thus determined, is the position of the centre of gravity 
of the space comprehended between the semi-parabola and its circum- 
icribing rectangular parallelogram. 

This method of determining the position of the centre of gravity of 
;he space comprehended between the curve and its circumscribing 
parallelogram, will be illustrated and applied in all its generality, 
when we come to treat on the subject of Hydraulic Architecture, to 
which it more properly belongs ; and for this reason, we shall take 
no further notice of it in this place, but proceed with our inquiry 
respecting pressure, which is more immediately the object of our 
research. 



JF DIVIDING A PARABOLIC PLANE PARALLEL TO ITS BASE, 
r THE FLUID PRESSURES ON EACH PART MAY BE EQUAL 



PROBLEM XIII. 

95. If a parabolic plane be immersed perpendicularly in an 
incompressible fluid, in such a manner, that its vertex is just in 
contact with the surface : — 

// is required to determine at what distance from the 
vertex, a straight line must be drawn parallel to the base, so 
that the figure may be divided into two parts, oh which the 
pressures are equal to one another. 

Let acb be the given parabola, immersed in the fluid after the 
manner specified in the problem, and let uab6 be the circumscribing 
rectangular parallelogram, 

Take cm for the distance from the vertex 
through which the line of division passes, and 
draw HI parallel to the base ab; then are 
the spaces abfe and ecf, the parts into 
which the parabola is divided, and on which, 
by the conditions of the problem, the pres- 
sures are equal. 

Through the points e and f, the extremities of the line of division 
draw ec and Yd respectively parallel to cu the axis of the figure 
then is CEPd, the rectangular parallelogram circumscribing the para 
bola f.cf. 




theni 

bola f 
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Put 24 — .1 [i oi ab, the base of the parabola acb, or the horizontal 
breadth of the circumscribing parallelogram oabI, 

i =cd or aA, the vertical axis of the parabola acb, or the 
depth of the rectangle by which it is encompassed, 

2y = ee or cd, the base of the parabola Ecr, or the breadth of 
the rectangle cEFd, 

x — cmorci, the axis of the parabola ecf, or the depth of its 
circumscribing rectangle cEi'd, 

P ™ the pressure on the rectangular parallelogram oabS, cir- 
cumscribing the parabola acb, 

p 5 the pressure on the inscribed parabola, 

P' = the pressure on the rectangular parallelogram CEFd, cir- 
cumscribing the parabola ecf, 

p' ™ the pressure on the inscribed parabola, and 

a rr the specific gravity of the fluid. 

Then since ab = 24 and EF=2y, it follows, that ad:=4 and 

Em =: y ; therefore, by the property of the parabola, we have 

1 : 4" : : x : f ; 
and consequently, by equating the products of the extreme and mean 
terms, we shall obtain 

ly t =b t x, 

and by division, it is 

and this, by extracting the square root, becomes 

and finally, multiplying by 2, we obtain 

EF = 2y = 24y/-^, 

Now, the pressure perpendicular to the surface of the rectangular 
parallelogram <jab6, according to equation (8) under the third 
problem, is 

P = bFs; 
but we have seen elsewhere, that the pressure on the surface of a 
parabola, is equal to four fifths of that upon its circumscribing paral- 
lelogram ; consequently, the pressure on the parabola acb, is 

p=ibPs, (44). 
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Again, the pressure perpendicular to the surface of the rectangular 
parallelogram cerd, is 



Vt 



and the pressure upon the inscribed parabola ecf, i 
the pressure on the circumscribing rectangle ; that is, 



,' = ib,:^/-t.: 



but according to the conditions of the problem, 
p = \p ; hence we ha»e 

* 4 *' S V / T = * S^, '• 

and by suppressing the common factors, we get 

from which, by squaring both sides, we obtain 

consequently by extracting the fifth root of both sides, we i 

but according to the arithmetic of surd quantities 

therefore, by substitution, we shall bare 

x = gft#8 "; 
now, the sursolid, or fifth root of 3, is 1.51571; hence we get 

a=. 75785/. (46). 

96. The practical rule supplied by this equation is extremely 
simple ; it may be expressed in words at length in the following 
manner. 

Rule. Multiply the axis of the given parabola by the 
constant number .75785, and the product will give the distance 
from the vertex through which the line of division passes. 

97. Example 19. The axis of a parabola is 29 feet, and its plane 
is perpendicularly immersed in a cistern of water, in such a manner, 
that its vertex is just in contact with the surface ; through what point 
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e, so that the pres- 
3 divided, may be 



in the axis must a line be drawn parallel to the b 
sures on the two parts into which the parabola 
equal to one another? 

By operating according to the preceding rule derived from equation 
(46), we shall have for the distance from the vertex 
* = . 75785 X 29 = 21 .97765 feet. 

In the case which we have investigated above, the parabola is 
divided into two parts on which the pressures are equal ; but in order 
to render the solution general, we must so arrange it, that the parts 
of division may bear any ratio to one another, as denoted by the 
symbols m and n; that is, 

p:p — p'::m:n. 

Now, we have seen in equation (44), that the pressure on the entire 
parabola acb, is 

and according to equation (45), the pressure on the parabola 



»*•)/+■» 



but the pressure upon the space j 
difference of these; that is, 



nifestly equal to the 



consequently, we obtain 

Vt ! »Vt) !!> ■•' 

and from this, by equating the products of the extreme and mean 
ia, we shall obtain 

which, by transposing and collecting the terms, becomes 

from which, by division, we shall get 






therefore, by involving or squaring both sides of this equation, > 
shall obtain 

~(m + *)*'• 
and by extracting the sursolid root, we get 




V (« + »)■■ (47). 

the preceding case, then 



If m and n be equal to one another 
it is obvious that the equation becomes 

and if any other numerical ratio be proposed, such as 4 to 5 ; then 
we shall have 

*=<nf. 

Thus for example; let the axis of the parabola remain as in the 
foregoing question, and let it be required to find a point, through 
which a line must be drawn parallel to the base, bo that the pressure 
on the part above the dividing line, may be to that below it in the 
ratio of 4 to 5? 

Here we have 

* = 29 ^ii = 20.967 feet. 
Hence it appears, that if a point be taken in the axis of the given 
parabola at the distance of 20.967 feet from the vertex, and if through 
that point, a line be drawn parallel to the base, the parabola will be 
divided into two parts, on which the pressures are to one another 
as 4 to 5. 



CHAPTER IV. 



OF THE PRESSURE OF INCOMPRESSIBLE FLUIDS ON CIRCULAR 
PLANES AND ON SPHERES IMMERSED IN THOSE FLUIDS,— THE 
EXTREMITY OF THE DIAMETER OF THE FIGURE BEING IN EACH 
CASE IN EXACT CONTACT WITH THE SURFACE OF THE FLUID. 



PROBLEM XIV. 

98. Suppose a circular plane to be immersed perpendicularly 
in an incompressible fluid, in such a manner, that the extremity 
of the diameter is just in contact with the surface: — 

ft is required to draw from the lowest point of the circular 
plane, that chord on which the pressure shall be a maximum. 

Let abc be the circular plane immersed in the fluid according to 
the conditions of the problem ; draw the ver- n -g 

tical diameter bc touching the surface of the 
fluid in the point r>, and let ca be the chord 
required. 

Bisect the chord ca in the point m, and 
through the point m thus determined, draw 
mn parallel to bc the vertical diameter, meeting the surface of the 
fluid inn; then is n m the perpendicular depth of the centre of gravity 
of the chord a c, below the surface of the fluid in which it is immersed ; 
draw also ae and mn respectively perpendicular to the diameters 

Now, we have already demonstrated in the first Problem, that the 
pressure upon a physical line, is equal to the product of its length by 
the perpendicular depth of its centre of gravity, and again by the 
specific gravity of the fluid ; consequently, we have 




Put d- 



c, the diameter of the immersed circular plane, 

n, the perpendicular depth of the centre of gravity of the 
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I ~ ac, the length of the chord on which the pressure is a 

maximum, 
p = the pressure ou the chord ac, 
i^cd, the perpendicular height of the centre of gravity of the 

chord a c above the lower extremity of the diameter, 
and s rzthe specific gravity of the fluid. 

Then we have $ = d — x; ce = 2i, and by the property of the 
circle, the length of the chord becomes 

/= T/ldx; 
consequently, the pressure upon it is 
p = (d — x)$y/'2dxi 
but this, according to the conditions of the problem, is to be a maxi- 
mum; therefore, by putting the fluxion of the expression equal to 
nothing, we obtain 

Zdi(d' — 4dx + 3x t ) = 0; 
therefore, by omitting the common factors 2d i and transposing, we 
shall have 

3i* — Ux — — d% 
and this quadratic equation being reduced, we get 

x = $d. (48). 

Cotioj., 1. Consequently, to determine the chord by construction, 
make be equal to one third of the vertical diameter bc, and through 
the point e, draw the straight line ea at right angles to bc, and 
meeting the circumference in the point a; then from c T the lower 
extremity of the diameter, inflect the straight line ca, and the thing 
is done. Or thus: 

2. Find $ an angle such, that tan. ^ =: J v/2"=:.707n, which 
happens when ^= 35° 15' 51" ; therefore, at c the lower extremity 
of the diameter, make the angle bca equal to 35° 15' 51", and the 
straight line ca will be the chord required. 

It has been shown above, that according to the property of the 
circle, the length of the chord is Z= t/2rfx; if, therefore, the value 
of x as determined in equation (48), be substituted instead of it, in 
the foregoing value of /, we shall have 

l=idi/6. (49). 

99. This is the proper form of the expression when adapted for 
numerical operation, and the practical rule which it supplies, may be 
expressed as follows. 



90 or FLUID PRESSURE ON CIRCCIAR PLANES AND ON 

Kule. Multiply one third of the diameter of the given 
plane by the square root of 6, and the product will be the 
length of the chord required. Or thuB : 




Multiply the given diameter by the constant number 
.81647, and the product will be the length of the chord 
required. 

100. Example 20. A circular plane whose diameter is equal to 
36' feet, is perpendicularly immersed in a fluid, so that the upper 
extremity of the vertical diameter is in contact with the horizontal 
surface; what is the length of a chord, which being inflected from 
the lower extremity of the diameter, sustains a greater pressure than 
any other chord which can be drawn from the same point ? 
Here by the rule, we have 
l = i X 36 x V6 = 29.3929 feet, 
and by the second part of the rule, we have 
I = 36 X .81647 —29.3929 feet. 



PROBLEM XV. 

101. If two spheres or globes of different diameters, be 
immersed in a fluid, in such a manner, that the uppermost point 
on their surface is just in contact with the horizontal surface 
of the fluid :— 

It is required to determine the pressure on each of the 
spheres, and to compare the pressures with one another. 

Let abd and ah d be the two spheres, whose diameters a 
have their upper extremities a and a in 
contact with ef, the horizontal surface of 
the fluid. 

Bisect the diameters ab and a b, respec- 
tively in the points c and c ; then are the 
points C and c, the centres of magnitude of 
the respective spheres ; but in a sphere, the centre of magnitude and 
the centre of gravity occur in the same point; therefore, c and c are 
the centres of gravity of the spheres abd and abd, and ac and 
ac are the perpendicular depths below the surface of the fluid. 



B and ab, 




Put d=ab, the diameter of the greater sphere a b d, 
d ~ ab, the diameter of the lesser sphere abd, 
Jd = ac, the radius of the greater sphere, or the perpendicular 

depth of its centre of gravity, 
\d BE ac, the radius of the lesser sphere, or the perpendicular 
depth of its centre of gravity, 
S ~ the surface of the greater sphere abd, 
P = the pressure perpendicular to its surface, 
S = the surface of the lesser sphere abd, 
p — the pressure perpendicular to its surface, 
and x = 3.1416, the circumference of a circle whose diameter is 
i by unity. 



Then, according to the principle; 
sphere or globe — 



the surface of a 



Conseqt 
expressed 



It equal tofou: 
r that whose pla. 

!ntly, the cor 
s follows. 



times the area of one of its great circles, 
e passes through the centre of the sphere. 

ex surface of the greater sphere abd, is 



S = 3.1416d', 

and that of the lesser sphere abd, is 

£' = 3.1416 J. 

But the pressure perpendicular to any surface, is equal to the area 

of that surface multiplied by the perpendicular depth of the centre of 

gravity, and again by the specific gravity of the fluid ; consequently, 

when the specific gravity of the fluid is denoted by unity, we have for 

the pressure on the surface of the greater sphere, 

P = 3.1416d* X Jdz=1.5708d\ (50). 

and for the pressure on the lesser sphere, it is 
;) = 3.1416(T X i<*=r 1.5708 <*■; 
hence, by comparison, we shall have 
P : p : : a' : d*. 
Consequently, if two spheres of different diameters be placed in a 
fluid under similar circumstances, the pressures perpendicular to their 
surfaces, are to one another as the cubes of their diameters. 

By the principles of mensuration, the solid content of a sphere or 
globe, is equal to the cube of the diameter multiplied by the constant 
number ,5236 ; therefore, if c denote the solid content, we have 
c=.5236d', 
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or multiplying both sides of the equation by 3, we get 

30 = 1.5708 0°; 

consequently, by equation (50), we have 

P = 3c; 

or if s denote tbe specific gravity of the fluid, we shall obtain 

Vs=3cs. 

Corol. Hence we infer, that if a hollow sphere or globe be filled 

with an incompressible and non-elastic fluid : — 

The whole pressure sustained by the internal surface of the 
sphere is equal to three times the weight of the fluid which it 
contains. 
102. Example 21. A hollow spherical shell or vessel, whose inte- 
rior diameter is equal to 30 feet, is completely rilled with water ; what 
weight is equivalent to the pressure sustained by its internal surface ? 
Here, by operating according to the process indicated in equation 
(50), we have 

P=1.5708 X 30» = 42411.6cub.ft. 
Now, since the fluid with which the vessel is filled, is water, giving a 
weight of 62 J lbs. to a cubic foot, we have 

P = 42411.6 X 62 J — 2650725 lbs.; 
but 2240 lbs. are equal to one ton; therefore, the pressure on the 
internal surface of a hollow spherical vessel whose diameter is 30 feet, 
when completely filled with water, is 

P —2650725 -^ 2240 = 1 183 |H tons. 



PROBLEM XVI. 
103. Suppose a sphere or globe to be immersed in an incom- 
pressible and non-elastic fluid, in such a manner, that the upper 
extremity of the vertical diameter is just in contact with its 
surface : — 

/( is required to determine through what point of the axis 

a horizontal plane must pass, so to divide the sphere, that the 

pressure on the convex surface of the lower segment, ?nay be 

equal to the pressure on the convex surface of the upper. 

Let adde represent the sphere in question, go placed, that a the 

upper extremity of the vertical diameter, is just in contact with to 

the surface of the fluid. 
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Suppose that p is the point in the vertical 
diameter through which the plane of division 
passes, separating the sphere into the seg- 
ments dae and dbe, sustaining equal pres- 
sures on their convex surfaces. 

Bisect a p and b p in the points m and n ; 
then are m and n, the points thus determined, 

respectively the centres of gravity of the surfaces of the spheric seg- 
ments dae and dbe,* and am, am are their perpendicular depths 
below t g the horizontal surface of the fluid. 
Put d~ad, the vertical diameter of the sphere or globe a dbe, 

d s: Am, the depth of the centre of gravity of the surface of the 

upper segment dae, 
S = aji, the depth of the centre of gravity of the surface of the 

lower segment dbe, 
S = the surface of the upper segment, 
P z= the pressure upon it, 
S = the surface of the lower segment, 
P zzz the pressure upon it, 
s sr the specific gravity of the fluid, 
x~ av, the perpendicular depth of the point through which the 

plane of division passes, and 
»■= 3.1416, the circumference of the circle whose diameter is 

Then, according to the principles of mensuration, the convex sur- 
face of a spheric segment : — 

Is equal to the circumference of the sphere, drawn into the 
verted sine or height of the segment whose surface is sought. 
And moreover, the circumference of a sphere, or the circumference 
of any of its great circles : — 

Is equal to the diameter multiplied by the constant quantity 

w, ot the number 3.1416. 

consequently, the convex surface of the upper segment dae, is 

5= D*-a: = 3.1416 d*, 

and that of the lower segment dbe, is 

s' = d*(d — *) = 3.1416 d{d — at). 



* II is demonstrated by the wri 
the surface of a spheric aettment, i 
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a of grarity of 




But the pressure perpendicular to any surface, whatever may be its 
form, as we have already sufficiently demonstrated : — 

Is equal to tke aren of the surface multiplied by the 
perpendicular depth of the centre of gravity, and again by 
the specific gravity of tke fluid. 
Therefore, the pressure perpendicular to the convex, surface of the 
upper segment dae, is 

P = 3.1416 ox X Ja X* = 1.5708 dsx\ (51). 

and the pressure perpendicular to the convex surface of the lower 
segment dbe, is 

pz=3.1416D(D-»)X(*+l(»-«l)X»=3.14I8Di{(D-*)je + i(D-«) , J 

(52). 
Now these two expressions, according to the conditions of the 
problem, are equal to one another; consequently, by comparison, 
we get 

1.5708 dsx* = 3.1416 dj{(d-i)i + J(d- *)*}, 
and from this, by suppressing the common quantities, we have 

i' = 2{(o-i)i + j(o-*)'}i 

therefore, by expanding the terms, we obtain 

2a-* = D' ; 

consequently, by division and evolution, we get 

* = Jd,/2. (53). 

104. The ultimate form of this equation is extremely simple, and 
the practical rule which it supplies, may be expressed as follows. 

Role. Multiply tke radius, or half the diameter of the 
sphere by the sgvare root of 2, and the product will give 
the point in the vertical diameter through which tke plane of 
division passes, estimated downwards from tke surface of tke 
fluid. 

105. Examine 22. A sphere or globe, whose diameter is 18 inches, 
is immersed in a fluid, in such a manner, that the upper extremity is 
just in contact with the surface ; through what point of the diai 
must a horizontal plane be made to pass, so to divide the sphere, that 
the pressures on the curve surface of the upper and lower segments 
may be equal to one another ? 

The square root of 2, is 1.4142, and half the given diameter is 9 
inches; consequently, by the rule we have 

z=1.4142 X 9= 12.7278 inches. 
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106. The preceding investigation applies to the particular case, in 
which the pressures on the curve surfaces of the segments are equal 
to one another ; bat in order to render the solution general, we must 
investigate a formula to indicate the point of division, when the 
pressures are to one another in any ratio whatever; for instance, that 
of m to n. 

By expunging the common factors from the equations (51) and 
, we obtain 

! ':l{(.-.).4-l(.-.n ; :. ; .; 
therefore, by equaling the products of the extreme and mean terms, 
»e get 

2*{<d— *)«+|(i> — «y} = «r\ 
which, by expanding the bracketted expression, becomes 

or by transposition, we obtain 

(». + »)»•=„»■, 

and finally, by dividing and extracting the square root, we have 



x = D V / ^r a - 



(54). 

107. The general equation just investigated, is sufficiently simple 
in its form for every practical purpose that is likely to occur ; it may 
therefore appear superfluous to reduce it to a rule, yet nevertheless, 
that nothing may be wanting for the general accommodation of our 
readers, we think proper to draw up the following enunciation. 

Role. Divide the first term of the ratio by the sum of the 
terms, and multiply the square root of the quotient by the 
diameter of the sphere ; then, the product thus arising, will 
express the distance below the surface of the fluid, of that 
point through which the plane of division passes. 
is unnecessary to propose an example for the purpose of illus- 
trating the above rule ; that which we have already given, where the 
values of m and n are equal to one another, being quite sufficient. 




)P THE PRESSURE OF NON-ELASTIC OR INCOMPRESSIBLE FLUIDS 
AGAINST THE INTERIOR SURFACES OF VESSELS HAVING THE 
FORMS OF TETRAHEDRONS, CYLINDERS, TRUNCATED CONES, 



1. WHEN TUP, VESSEL IS IN THE FORM OF A TETRAHEDRON. 

PROBLEM XVII. 

108. Suppose a vessel id the form of a tetrahedron, or equi- 
lateral triangular pyramid, to be filled with an incompressible 
and non-elastic fluid : — 

/( is required to compare the pressure on the base with that 
vpon the sides, and also with the weight of the fluid ; the base 
of the vessel being parallel to the horizon. 

Let abcd be the tetrahedron filled with fluid, of which abc is the 
base parallel to the horizon, and abd, n 

cbd and adc the sides or equal contain- 
ing planes. 

From d the vertex of the figure, let fall 
the perpendicular dp, upon the base or 
opposite side abc; then will dp be the 
vertical depth of the centre of gravity of 
the base abc, below the horizontal plane passing through d, the 
summit of the figure, or highest particle of the fluid. 

Bisect ad and An, two of the adjacent edges of the figure, in the 
points m and n ; draw the straight lines sm and on, intersecting 
each other in the point r; then is r the centre of gravity of the 
triangular plane abd. 

Through the point r draw rs perpendicular to dp, the altitude of 
the vessel or pyramid; then is d*. the perpendicular depth of the 
centre of gravity of the triangular plane adb, below the vertex d, or 
the uppermost particle of the fluid. 
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By the m 



ture of the figure, the three containing planes «db, adc 
e equal to one another, and they are also equally inclined 
to, or similarly situated with respect to the base abc ; consequently 
ii, the perpendicular depth of the centre of gravity, is common to 
them all. 

Now, by the property of the centre of gravity, we know, that nr is 

equal to two thirds of d« ; therefore, by reason of the parallel lines 

»p and rs, ds is also equal to two thirds of dp. 

Put a := the area of the base and each of the other containing planes, 

I ^z the length of the side of each triangular plane, or the edges 

of the figure, 
(( — dp, the perpendicular depth of the centre of gravity of the 

base abc, 
$ — ds, the perpendicular depth of the centre of gravity of the 

side a d b ; 
P = the pressure upon the base, 
p ~ the pressure upon one of the sides, 
uj— the weight of the fluid contained in the vessel, and 
s = the specific gravity. 
Then, by the principles of Plane Trigonometry and the property of 
the right angled triangle, we have 



T>p = rf = — vM-se 
but by the arithmetic of sines, v 
sec* 30°— H; 
consequently, by substituiioi 



<* = 



-V6. 



Now, according to the construction of the figure and the properly 
of the centre of gravity, it follows, that vs is equal to two thirds of 
; hence we get 



ly the nature of the figui 
the triangular sides is equal 
ciples of mensuration : — 

The area of an equilab 
the square of the side, 

VOL. I. 



it is manifest, that the area of each of 
the area of the base ; and by the prin- 



%l triangle, is equal to one fourth 
mltiplied by the square root of 
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Consequently, the area of the base, and each of the containing 
sides of the vessel, is expressed by 



. of the thn 



therefore, the a 
planes, becomes 

hence, for the pressure upon the base, 

P = JZV3V +V6 X *= JPsV2. 

and the pressure upon the three containing planes, is 

P = iPi/3 X |IV6X j = £W2; 

consequently, by analogy, we shall have 

P :p liyft^S": \Psi/Z; 

and this, by suppressing the common factors, becomes 



If the two equations marked (55) and (56) be added together, the 
sum will express the aggregate pressure upon the vessel ; therefore 

V+p=p , =a+i)Psy/2 = $l>sJ2. (57). 

According to the principles of mensuration, the solid content of a 
tetrahedronal vessel, is equal to the area of its base, multiplied by one 
third of its perpendicular altitude ; therefore, we have 

now, the weight of the contained fluid, is manifestly equal to its 
magnitude multiplied by the specific gravity ; consequently, we 
obtain 

w= T \Fs 1 /2; (58). 

hence, by analogy, we get 

P : w : : Jf s ^2 : T \Ps j$, 

and this, by suppressing the common factors, gives 

P : w :: 3: 1. 

Corol. It therefore appears, that the pressure upon the base, is to 
the pressure on the three sides, in the ratio of 1 to 2, and to the 
weight of the contained fluid in the ratio of 3 to 1 ; consequently, the 
weight of the fluid, the pressure on the base, and the pressure on the 
sides, are to one another as the numbers 1 , 3 and 6. 




PROBLEM XVIII. 

If a cylindrical vessel be completely filled with an 
incompressible and non-elastic fluid, and so placed, that its 
bottom may be parallel to the horizon:— 

It is required to compare the pressure against its* bottom, 
with that against its upright surface, and also with the 
weight of the fluid which it contains. 
Let abcd be a vertical section of a cylindrical vessel, filled with 
an incompressible and non-elastic fluid, whose 
surface ab is horizontal, and let it be required 
to compare the pressure exerted by the fluid on 
the bottom no, with that upon the whole upright 
surface. 

Draw the diagonals ac and bd intersecting 
one another in the point p, and through the point n *" 

p, draw the vertical line mn, meeting dc the 

bottom of the vessel in the point m, and ab the surface of the fluid in 
n ; then is m the position of the centre of gravity of the bottom, and 
xm its perpendicular depth below the surface a b. 

Bisect ah in e, and through t draw ep parallel to *nor dc, and 
meeting the vertical line mn in p ; then is p the position of the centre 
of gravity of the upright surface, and n p its perpendicular depth below 
ab the surface of the fluid. 

Put D = a b or dc, the diameter of the cylindrical vessel proposed, 
I = nm, the perpendicular depth of the centre of gravity of the 

bottom nc, below ab the surface of the fluid, 
i = ip, the perpendicular depth of the centre of gravity of the 

upright surface, 
\— the area of the base or bottom of the cylinder, 
P— the pressure upon it, 
i — the area of the curved or upright s 
' e pressure upon it, 



irface. 



zthe 



'i-l'i, 



and s z= the specific gravity of the fluid. 

Then, by the principles of mensuration, the area of the base < 
bottom of the cylindric vessel, is 
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and that of the upright surface, is 

a = 3.Ul6od; 

consequently, the pressure on the bottom becomes 

P = .7854d*(**, (59). 

and for the pressure upon the upright surface, we have 

p = 3.14l6Dd3s; (60). 

therefore, by analogy, we obtain 

P :j>::.7854dVs: 3.l4\GodBs: 

from which, by omitting the common factors, we get 

P :p:: d :4S; 

now, by the construction of the figure, we have 3= Jrf; therefore 

4t = 2d, and by substitution, we obtain 

P : p : : d : 2d : : £d : d. 
Hence it appears, that the pressure upon the bottom of a cylindrical 
vessel, is to the pressure upon its upright surface, as the radius of the 
base is to the perpendicular altitude. 

Since the entire pressure sustained by a cylindrical vessel, is equal 
to the sum of the pressures on the bottom and the upright sides, it 
follows, that 

P + p=p' = .7854 (d 4- «) nds, 
or substituting \d for S, we shall obtain 

p* = -7864(d + Id) vd*. (61 ). 

It is demonstrated by the writers on mensuration, that the solid 
content of a cylinder, is equal to the area of its base, drawn into its 
perpendicular altitude ; therefore, we have 
C = .7854D*rf, 
where C denotes the solid content of the cylinder. 
Now, it is manifest, that the weight of an incompressible and non- 
elastic fluid, is equal to its magnitude drawn into its specific gravity; 
hence we have 

w = .7854d^*; 
but this is precisely the expression which we have given in equation 
(59), for the pressure perpendicular to the bottom of the vessel ; con- 
sequently, the weight of the fluid, and the pressure on the bottom of 
the vessel, are equal to one another; hence, the following inference. 

1 1 0. Wheu the sides of a vessel of any form whatever, are perpen- 
dicular, and its base parallel to the horizon : — 
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The pressure perpendicular to the base of the vessel, is 
equal to the whole weight of the fluid which it contains. 

This is manifest, for the whole pressure of the fluid is sustained by 
the base and the sides together, and the sides being in the direction 
of gravity, sustain no part of the pressure which is exerted perpendi- 
cularly downwards ; consequently, the whole weight of the fluid is 
sustained by the base. 



3. WHEN THE PRESSURE t 



E ANNULI OF A CYLINDER IS TO I 



cave surface, into any 
)ich a manner, that the 
qual to the pressure oh 



PROBLEM XIX. 

111. If a cylindrical vessel whose bottom is parallel, and 
sides perpendicular to the horizon, be filled with an incom- 
pressible and non-elastic fluid : — 

It is required to divide the 
number n of horizontal annuli, 
pressure on each annulus shall 
ike bottom of the vessel. 

Let abcd be a vertical section, passing along the axis of the 
cylinder, or vessel containing the fluid, whose surface 
is ab; draw the diagonals ac and bd intersecting 
one another in the point p ; then is p the centre of . 
gravity of the cylindrical surface. 

Through v the point of intersection, draw the ver- 
tical line m parallel to ad or bc, and let a, b and c 
be the points, which with the extremities a and d of 
the side ad, terminate the several annuli : then, through the points 
a, b and c, and parallel to A b or dc, draw the straight lines af, 
be and erf, cutting bc the opposite side of the section in the points 
/, e and d. 

Draw the zigzag diagonals a/, fb, bd and do, intersecting the 
vertical line mn in the points k, i, h and g ; then are the points thus 
determined, respectively the centres of gravity of the several annuli, 
into which the concave surface of the vessel is supposed to be divided ; 
and nk, ni, nh and n<j, are the respective depths below the surface 
of the fluid, »r being the depth of the centre of gravity of the whole 
upright surface of the cylindrical vessel, and «m the vertical depth 
of the bottom. 




102 




F FLUID PRESSURE UPON THE ANNULI OF A CYLINDER, 






Put d := ab or dc, the diameter of the proposed cylindrical vessel, 
a = the area of its bottom, 
d = mm, the whole perpendicular depth, or altitude of the 

cylinder, 
x ^ae, the breadth of the first annulus, 
x' = a b, the breadth of the second, 
x" =z be, the breadth of the third, 
*'"=cd, the breadth of the fourth, and s 

of annuli n, 
P s: the pressure on the concave surface of the cylinder, or the 

sum of the pressures on the several annuli into which 

it is divided, 
p sr the pressure on the bottom of the vessel, and each of the 

several annuli, 
■k =3.1416 the ti re u inference of a circle whose diameter is 

unity, and 
s sz the specific gravity of the fluid, 
Then we have, »* = j*; *t =r *+■ jar 1 ; nh = x +^c' + J**, 
and n g — x -+- x' -f- x" + J*'" ; and by the principles of mensuration, 
the area of the bottom of the vessel, is 

and by Proposition (1), the pressure upon it, is 

j>=i*-D*ds=. 7854 »'<**, (62). 

Again, by the principles of mensuration, the concave surfaces of the 
TespecLive annuli are as follows, yiz. 

For the first annulus, we have wax =3.1416 di, the surface, 

second wax' ~3.1416d«', 

third kdx" =3.1416Da", 

fourth . *■»»"' = 3.1416 d*"', 



-Sec. 



-&c. 



= &c. 



And by Proposition (1), the pressures perpendicular to these sur- 
aces, are respectively as below, viz. 
r or the first annulus, the pressure isp^rl.STOSDa; 1 *, 

second p=3.1416D*' s(x+ix'), 

third p=3.Ul6j>x"s(x+x , +lx»), 

fourth p=3.14\6i>x"'s(x+x'+x"+lx-"), 






- &c. 



&c. 



Now each of these pressures, according to the conditions of the 
problem, is equal to the pressure upon the bottom, exhibited in the 
equation (62) ; consequently, by comparison, we have 
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I.fi708 Dz** = .7854 D*d», 

and casting out the common factors, we get 



therefore, by division and evolution, we have 

x=$V / 2d* (63). 

y proceeding- in a similar manner for the breadth of the second 
annul us, we shall obtain 

3.Ul6vx's(z + £»') = . 7854 D*dj, 

and this, by expunging the common terms, becomes 

4x'( X -\-ix')z=Bd; 

therefore, by substituting for x, its value as expressed in equation (63), 

we shall get 

at* + v /2 D d.x' = |Bd; 

complete the square, and we have 

** -f JfrTdx' + Jd<*= d<*; 

and finally, extracting the square root and transposing, we obtain 

«' = i<8— V3)V54 (64)- 

Again, by performing a similar process for the breadth of the third 
annulus, we shall hare 

3.1416D *** (a + *' -f- Ja") = -7854D-ds, 
from which, by casting out the common quantities, we get 

therefore, by substituting for x and x', their values as expressed in the 
equations marked (63) and (64), and we shall obtain 

4x" {j V2orf+ j(2— S) V^~d+ £*"} = *<*. 
and this, by a little reduction and proper arrangement, gives 
z" ! + 2 1 /'^d.x" = iDd; 
complete the square, and we obtain 
a* 8 +2 ,/^d.x" + i>d=lDd; 
consequently, by extracting the square root and transposing, we get 
x" = MQ—2)JTd. (65). 

Pursuing a similar train of reasoning for the breadth of the fourth 
annulus, we shall obtain 

3,14J6e*"'#(a + x' + x" + J*'") = .7854dMs, 
and by suppressing the common factors, we have 
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sustitute in this equation, the valui 
the equations marked (63), (64), i 



of a: 



:' and a 



s I'i'juvsi'ii 



(.-■(I ii 



md (65), and we get 
2*'"{ v 'W+(2 — i/2) i/i>d + W6 — 2) 1 /Dd+x"} = t>d, 
and this, by a little Further reduction, becomes 

x"-> + v>6nd.x"' = lDd; 
therefore, by completing the square, we obtain 
x" s + ^tTDd.x"' + $T>d = 2nd; 
and finally, by extracting the square root and transposing, we have 
»'" = J(2^- V 6) ifod. (66). 

112. And thus we may proceed to any extent at pleasure; that is, 
to any number of annuli within the limit of possibility ; for it is mani- 
fest, from the nature of the problem, that impossible cases may be 
proposed, but the limit can easily be ascertained in the following 
manner. 

It is obvious, that the sum of the breadths of the several annuli, is 
equal to the whole depth of the vessel ; and that the sum of the 
pressures is equal to the pressure on the concave surface ; but in the 
problem immediately preceding, we have demonstrated that the pres- 
sure on the bottom of a cylindrical vessel, is to that upon its upright 
surface, as the radius of the base is to the perpendicular altitude. 

Now, according to the conditions of the question, the pressure on 
each annulus is equal to that upon the base ; consequently, in order 
that the problem may be possible, the depth of the vessel must be 
equal to the radius of the base, drawn into the number of annuli. 

If instead of d the diameter of the cylindrical vessel, we substitute 
"2 it its equivalent in terms of the radius, the preceding equations (63), 
(64), (65), and (66), will become transformed into 



1 = (t/l — t/O) Varf, 


(67). 


r' = (</1 — x/l) v'Rrf, 


(68). 


c" = (v*3— 1/2) i/Rd, 


(69)- 


r" , = ( v /4— ^3) Varf, 


(70). 



From these equations the law of induction becomes manifest, and 
the general expression for the breadth of the it'* annulus, is 
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1 13. And from the above general form of the equation, the follow- 
ing practical rule may be derived, for calculating the breadth of any 
proposed annulus, independently of the breadths of those which pre- 
cede it. 

Rule. From, the square root of the number which expresses 
the place of the required annulus, subtract the square root of 
that number minus unity ; then, multiply the remainder by 
the geometric mean between the altitude of the vessel and the 
radius of its base, and the product will give the breadth of the 
required annulus. 

114. Example. A cylindrical vessel has the radius of its base, and 
its perpendicular depth, respectively equal to 4 and 24 feet; now, 
supposing the concave surface to be divided into 6 horizontal annuli, 
such, that the pressure upon each shall be equal to the pressure upon 
the base ; required the breadth of the fourth annulus? 

By performing the operation as directed in the preceding rule, we 
shall obtain 

**"=(^4— <S3)xV* X 24 = 2.625 feet nearly. 
The annulus which we have just determined, corresponds to the 
fourth of the preceding class of equations, or that marked (69), and 
the distance of its centre of gravity below the surface of the fluid, or 
its position with respect to the bottom or top of the vessel, can easily 
be ascertained. 

The area of the cylinder's base, is 

a=: 3.1416a*; 

the pressure which it sustains, is 

p = 3.1416 n*d = 1206.3744, 

and this is equal to the pressure on the annulus. 

Now, according to the writers on mensuration, the area of the 

annulus, or the curved surface of a cylinder, whose radius is 4 feet 

and its perpendicular altitude 2.625 feet, is expressed as follows, viz. 

6.2832 X 4 X 2.625 == 65.9736. 

If therefore, we divide the pressure on the base of the vessel, by the 

area of the annulus, the depth of its centre of gravity will become 

known ; thus, we have 

„ 1206.3744 



65.9736 



: 18.28 feet nearly. 




WHEN THE VESSEL ASSUMES THE FORM OF A TRUNCATED CONE, 
THE BASE OF WHICH IS ALSO THE BOTTOM OF THE VESSEL, AND 
ITS AXIS PERPENDICULAR TO THE HORIZON. 



n the extremities 



i vessel in the form of the 



PROBLEM XX. 

115. If a vessel in the form of the frustum of a cone, be 
filled with an incompressible and non-elastic fluid, and have its 
axis perpendicular to the horizon: — 

It is required to compare the pressure on the bottom of the 
vessel with that upon its curved surface, and also with the 
■weight of the fluid which it contains, both when the sides of 
the vessel converge, and when they diverge fro, 
of the bottom. 

Let abcd represent a vertical section of a 
frustum of a cone, and filled with an incom- 
pressible and non-elastic fluid whose horizontal 
surface is ab ; produce ab both ways, to any 
convenient distance, and through d and c the 
extremities of the bottom diameter, draw do 
and c6 respectively perpendicular to dc, and 
meeting ab produced in the points a and 6; 
then is aficn the vertical section, passing 
along the axis of the cylinder which circumscribes the conic frustum. 

Bisect ab and dc respectively in the points m and n, and draw 
the straight line mn ; then, because the figure abcd is symmetrical 
with respect to the axis mn, it follows, that mn bisects the figure 
or trapezoid abcd, and consequently passes through its centre of 
gravity. 

Draw the diagonal ac, dividing the figure abcd into the two 
triangles abc and adc; then it is manifest, that the common centre 
of gravity of the two triangles, and that of the trapezoid constituted 
by their sum, must occur in one and the same point ; therefore, bisect 
the diagonal ac in the point t, and draw ak and or intersecting each 
other in the point r, and cm, b( intersecting in s; then ar< 
the centres of gravity of the triangles adc and abc ; draw rs inter- 
secting mn in g, and g will be the centre of gravity of the trapezoid 
abcd. 

Now, it is demonstrated by the writers on mechanics, that the 
centre of gravity of the surface of a conic frustur 
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Is situated in the axis, and at the same distance from its 

extremities, as is the centre of gravity of the trapezoid, which 

is a vertical section passing along the axis of the solid. 

Therefore, since by the construction, the point g has been shown to 

be the centre of gravity of the trapezoid, it is also the centre of gravity 

of the surface of the conic frustum, and mo is its perpendicular depth 

below the surface of the fluid. 

Put a = the area of the base or bottom of the vessel, whose diameter 



d=z mn, the perpendicular depth of its centre of gravity, or the 

length of the axis of the vessel, 
a — the curve surface of the conic frustum, 
d = niQ, the perpendicular depth of the centre of gravity, 
/3= dc, the diameter of the base or bottom of the vessel, 
S = ab, the diameter of the top, 
P= the pressure on the bottom, 
p s: the pressure on the curve surface, 
w^the weight, and s the specific gravity of the fluid. 
Then, according to the principles of mensuration, the ar 
lower base of the conic frustum, or the bottom of the vessel 
the fluid presses, becomes 

a =.7854/3*, 
and consequently, the pressure which it 
P ST .7854/3 , d*. 

In the next place, the area of the curved surface of the conic 
frustum, or the sides of the vessel containing the fluid, is 
a = 1 .5708 03 + S) X V^~+iW^f I 
and therefore, the pressure which it sustains, is 

p = 1.57OB(0 + a)dj^i>*+i</J — if. (73). 

Now, according to the writers on mechanics, the depth of the centre 
of gravity of the trapezoid abcd, below the horizontal line ah, is 
obtained in the following manner : 

3 OS + S) : d : : 2/3 + B : d, 

and by equating the products of the extremes and means, we get 

M(/3 + J) = d(2/3 + J), 



of the 



(72). 



therefore, dividing by 3 + £), < 
"- 3(3 + J) ' 



; obtain 
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Let this value of d be substituted instead of it, in the equation 
marked (74), and we shall have for the pressure on the curved surface 




p = .5236 D*(S/J + 3)Vi* + i(0-«> , i (75). 

consequently, by comparing the equations (72) and (74), we get 
P : p : : .78540*0 s : .5236d* (2/3 + X) v / n i + i ifi — Sf, 
and this, by suppressing the common factors, becomes 

P : p :: 3/F : 2 (2/3 + *),/■>■ + 4 03-))\ (76). 

If 3, the upper diameter of the frustum vanishes, the figure becomes 

a complete cone, and consequently, the pressure upon the base, is to 

that upon the curve surface, as three times the diameter of the cone, 

is to four times its slant height ; that is 

P:j.::3jS:4V'rf + iP. (77). 

According to the principles of solid geometry, the capacity of the 
conic frustum, or the quantity of fluid which the vessel contains, is 
c = .26\8b({? + $» + ?), 
where c denotes the solid content of the vessel. 
But the weight of any quantity or mass of fluid, varies directly as 
the magnitude and specific gravity conjointly; consequently, the 
weight of fluid in the vessel, is expressed by 

w = .261Bd«(0' + /3»+*). (78). 

Hence, if the equations marked (72) and (78), be compared with 
each other, we shall obtain 

P : w : : 3j? : (/3* + (3 i +3»), (79). 

and when & vanishes, the vessel becomes a complete cone, and conse- 
quently, we get 

P:w::3tl, (80). 

It therefore appears, that the pressure against the bottom of a 

conical vessel, when filled with an incompressible and non-elastic 

fluid, (the bottom being downwards) : 






Is equivalent to three times the we\ 
contains. 



of the fluid which it 

The solidity of the cylinder circumscribing the conic frustum, of 
which a&cn is a vertical section, is 

c'=.78540*n, 
where c' denotes the capacity of the cylinder circumscribing the vessel; 
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and because the weight of any quantity or mass of fluid, is propor- 
tional to the magnitude and specific gravity jointly ; it follows, that if 
w' denote the weight of the circumscribing column of fluid, we obtain 
w' = .7854(Pbi. (81). 

Corol. Now this expression is precisely the same, as that which we 
obtained for the pressure on the bottira, indicated by the equation 
marked (72) ; hence it appears, that when the sides of the vessel 
converge from the extremities of the diameter of its base towards each 
other : — 

The pressure on the base or bottom of the vessel, is equal to 
the weight of a column of the fluid, of the same magnitude 
as the cylinder circumscribi/iy the conic frustum, or the vessel 
by which the fiuid is contained. 

But the circumscribing cylinder is manifestly greater than the conic 
frustum ; consequently, (he pressure upon the base or bottom of the 
vessel, is greater than the weight of the fluid which it contains ; and 
it is obvious, that the additional pressure arises from the re-action of 
the converging sides. 



i. WHEN THE VESSEL .REPRESENTS AN 

WITH ITS AXIS PEUPENDICULAR TO THE HORIZON. 

116. If the sides of the vessel diverge from the extremities of the 
iase, as represented in the subjoined diagram; then, it may be 
shown, that the weight of the fluid which the vessel contains, exceeds 
the pressure upon its base. I 

Jet abcd be a vertical section, passing 
along the axis of a vessel iu the form of a 
conic frustum, and which is filled with an 
incompressible fluid whose horizontal surface 
is ab ; the greater base of the frustum being 
uppermost, or which is the same thing, the 
sides diverging from the extremities of the lower diameter. 

Bisect the diameters a b and c d respectively in the points m and n ; 
draw m7i, and through the points u and c, the extremities of dc, draw 
the straight lines on and c b respectively parallel to mu, and meeting 
ab in the points a and b\ then is abcu a vertical section passing 
along the axis of the inscribed cylinder. 

Draw the diagonal ac, dividing the trapezoid abcd, into the two 
triangles abc and adc; bisect the diagonal ac in the point I, and 
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draw ai and d/, which will be intersected by the straight lines cm 
and an in the points r and s ; then are r and s respectively the 
centres of gravity of the triangles abc and adc. 

Join the points r and s, by the straight line rs, intersecting mn in 
the point c. ; then it is obvious, that the common centre of gravity of 
the triangles abc and adc, (which coincides with that of the trapezoid 
a bcd), must occur in the line rs, which joins their respective centres. 

Now, because the trapezoid abcd is symmetrically situated with 
respect to the axis mn, it follows, that its centre of gravity must occur 
in that line ; but we have shown above, that it also occurs in the line 
rs, it consequently must be situated in the point g, where these lines 
intersect one another ; hence, the centre of gravity of the surface of 
the conic frustum occurs at the point o, and mo is its perpendicular 
depth below ab the upper surface of the fluid. 

Put a = the area of the lower base or bottom of the vessel, whose 
diameter is dc, 
P = the pressure perpendicular to its surface, or the weight of a 

quantity of fluid equal to the inscribed cylinder, 
D = mn t the axis of the frustum, or the perpendicular depth of 

the centre of gravity of the bottom, 
a = the area of the curve surface of the vessel or conic frustum, 
p = the pressure perpendicular to the curve surface, 
d = big, the perpendicular depth of its centre of gravity, 
3 = dc, the diameter of the lower base or bottom of the vessel, 
ji = ab, the diameter of the top or upper base, 
K>=r the weight, and s the specific gravity of the contained fluid. 
Then, by the principles of mensuration, the area of the lower base 
of the conic frustum, or the bottom of the vessel on which the fluid 
presses, is 

a, = .7854 J 1 , 
and consequently, the pressure upon it, is 

P = .7854 3*ds. (82). 

This equation, having 3' instead of ft, is the same as that which we 
obtained for the pressure on the bottom in the preceding case, when 
the greater base of the vessel was downwards ; it therefore follows, 
since our notation is adapted to the same parts of the vessel, that not- 
withstanding the inversion, the pressure on the curved surface of the 
conic frustum, will still be expressed as in the equation marked (73) ; 
consequently, we have 

P :p::.78543'ns: : 1 .5708 (/S + 3) d s J r>' -f J (0 — ))«, 



I 
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or by expunging the common quantities, we get 



: 



P :p -. :3-d : 2(0 + 3) dy/n* + i(fi — 2?. 
But the writers on mechanics have demonstrated, that the depth of 
the centre of gravity of the trapezoid arcd, below the horizontal line 
AD, is expressed as follows, viz, 

D(0-H2J) 

3</S + 3»' (83). 

let therefore, this value of d be substituted instead of it in the above 
analogy, and we shall obtain 

P : p : : 3S> : 2 + 23) V^ + Kfi—Hf- 
If i, the diameter of the bottom or lower base should vanish, the 
vessel becomes a complete cone with its vertex downwards, in which 
case, the value of d as expressed in the equation marked (83), is 
d(£+2_x0) 
"— 3(/3 + 0) -♦"• 
Let this value of d be substituted instead of it, in the equation 
marked (73), and suppose 3 to vanish ; then, the pressure on the con- 
cave surface of a conical vessel with its vertex downwards, becomes 

p = .5236 DsV^'-f 40". (84). 

The solid content of the inscribed cylinder, of which the vertical 
section passing along the axis is abco, becomes 

c' = .7854J"d, 

and as we have already stated, its weight is proportioned to its mag- 
nitude drawn into the specific gravity; hence we have 

w' = .78543*ds; 
but this is the same expression which indicates the pressure on the 
bottom, as exhibited in the equation marked (82) ; hence it follows, 
that the pressure on the bottom or lower base of the conic frustum, 
when the sides diverge from the extremities of its diameter, 

Is equal to the weight of a column of the fluid, of the same 
magnitude as the cylinder inscribed in the conic frustum. 

But the solid content of the inscribed cylinder, and consequently 
its weight, is manifestly less than the content of the vessel ; hence we 
infer, that when the sides of the vessel diverge from the extremities of 
the diameter of its bottom, the pressure on the bottom is less than 
the weight of the fluid which it contains, the remaining weight being 
supported by the resistance of the diverging sides. 
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1 17. In order to compare the pressure on tlie bottom of the vessel, 
with the weight of the fluid which it contains, we must again have 
recourse to the principles of solid geometry ; from which we learn, 
that the solid content of a conic frustum, whose diameters are denoted 
by /3 and 3, and its perpendicular altitude by d, is 
c = .2618D(/? + /3S-f-3*), 
and consequently, its weight becomes 

w = .2618 Dsf/y + 3 + 3 s ) ; (85). 

therefore, by comparing this equation with that marked (82), we get 

P : w::3y :Q3' + 13 i + 3 1 ). (86). 

Again, if we compare the equations marked (73 aud (85) with one 

another, we shall have 

P : w :: 1.5708 (j3 + J) ds^v'+KP—t) : .2618 d*(/3* + 03 + 1') ; 
if therefore, we expunge the common quantities, from the third and 
fourth terms of the above analogy, and in the third term, substitute the 
value of d as it is expressed in the equation (83), then we shall obtain 
p : w : : 2(/3 + 23) V~d* + i (0 - if ■ (F + P 3 + 3")- 
When S vanishes, or when the vessel becomes a complete cone with 
its vertex downwards, the preceding analogy gives 

p-.w.-.i /tfTtfv/s. 

In complying with the conditions of the 20th problem, the fore- 
going investigation has been conducted on the supposition, that the 
vessel in question is in the form of the frustum of a cone ; but the 
attentive reader will readily perceive, that the same mode of procedure 
will apply to the frustum of any other regular pyramid, and the result- 
ing formulae will partake of similar forms and combinations, differing 
only in so far as depends upon the constant numbers which express 
their respective areas and solidities; it is therefore unnecessary to 
pursue the inquiry further, taking it for granted, that by a careful 
perusal of what has been done above, no difficulty will be met with 
in applying the same principles to auy other case of form or condition 
that is likely to occur. 

Cohol. 1. By the preceding investigation, then, and the formulas 

arising from it, we leam, that by causing the sides of a vessel, which 

is filled with an incompressible and non-elastic fluid, to converge or 

diverge from the extremities of the base, supposed to be horizontal :- 

The pressure on the base, may be greater or less than the 

weight of the fluid which the vessel contains, in any prupor- 

tion whatever. 



I 



. Upon these principles tin 
which we have mentioned at th 
properly of non-elastic fluids :- 
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md others of ft similar nature, 
, is explained the paradoxical 







That the pressure on the bottom of a vessel filled milk 
fiuid, does not depend upon its quantity , but sjUly upon the 
perpendicular altitude of i/s highest particles above ike 
bottom of the vessel or the surface by which tke pressure it 
sustained. 

3, And from the properly here propounded, is deduced the remai k- 
ble and important principle : — 

That any quantity of fluid however small. May be made to 
balance, or hold in equilibria, any other quantity, however 

Let the upright or vertical section of a vessel contaii 
pressible and non-elastic fluid, be such as is repre- 
sented by a BCD in the annexed diagram, and let 
cdbe the corresponding section of a small pipe or 
tube inserted into its upper surface at the point d. 
Then, supposing the vessel and the tube to be 
filled with fluid as far as the point c; it is manifest 
from the first case of the preceding problem, that 
the pressure upon nc the bottom of the vessel, is precisely the same 
ere entirely filled to the height acb; for the pressure upon 
the bottom dc, is equal to the weight of a fluid column, the diameter 
of whose base is nc and its perpendicular altitude a dot be; but this 
s evidently greater than the weight of the fluid in the vessel, and by 
increasing the height of fluid in the tube, the pressure on the bottom 
will be increased in the same proportion, while the actual 
of weight is very small, being only in proportion to the 

I pressure, as the area of a section of the tube is to the area of thi 
bottom. 



PROBLEM XXI. 

118. Having given the diameter and perpendicular height of 
a cylindrical vessel, together with the diameter of a tube fixed 
vertically into the top of it : — 



/( m required to find the length of the tube, such, that 
when it and the vessel are filled with avi incompressible fluid, 
the pressure on the bottom of the vessel may be equal to any 
number of times the fluid's weight. 
In resolving this problem, it will be sufficient to refer to the pre- 
ceding diagram, because a separate construction would exhibit no 
variety: for this purpose then, 

Put d — dc, the diameter of the base of the cylindrical vessel, 
a — the area of its base, 

/i=iii, the altitude, or perpendicular depth of the vessel, 
C — the capacity, or solid content, 
P z= the pressure on the bottom, 

d = erf, the diameter of the tube inserted in the top of the vessel, 
a =the area of its horizontal section, 
c — the capacity, or solid content of the tube, 
w— the weight of the fluid in the vessel, and w' the weight of 

that in the tube ; 
s S3 the specific gravity of the fluid, 

n = the number of times the pressure exceeds the weight, 
and x ■=. the required length of the tube. 

Then, according to the principles of mensuration, the area of the 
bottom of the vessel becomes 

a = .7854D', 

and that of a horizontal section of a tube, is 

a = .7854<f; 

and again, by the geometry of solids, the capacity of the vessel is 

C = .7854d"A, 

and for the capacity of the tube, we have 

c=. 7354 d*x; 

the respective weights being 

wj = .7854d'A», and w' = .7854^3; s; 

consequently, the whole weight of the fluid in the vessel and tube, is 

w + u>' = .7854s(i>'A + d-x). 

Now, we have shown above, that the pressure on the bottom of the 

vessel is equal to the weight of a fluid cylinder, whose diameter is 

dc and altitude ao; consequently, the pressure on the bottom is 

iby 

P = .7854D'i(fi + a;); 
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and tliia, according to tbe conditions of the problem, is equal to n 
times the entire weight ; hence we have 

.7854 »'» (A + x) = .7854ns (d* A + <Fx), 
therefore, by casting out the common factors, we get 

»'(/. + .) = »(■>'* + <('«); 
or by separating the terms and transposing, we get 

(D'-,<H»=D'4(,— 1), 

from which, by division, we obtain 
_ D 'A(„— 1) 
x ~ tf- R <P ■ (87). 

1 19. It may be perhaps proper to illustrate this case by an example ; 
mt in the first place, it becomes necessary to give the rule by which 

the operation is to be performed. 

Rule. From the number of times which the pressure on the 
bottom of the vessel, is proposed to exceed the weight of the 
fluid, subtract unity ; multiply the. remainder by the square 
of the vessel's diameter, drawn into its depth or perpendicular 
altitude, and the result will be the dividend. 

Then, from the square of the vessel's diameter, subtract 
n times the square of the diameter of the tube, and divide the 
above dividend by the remainder for the length of the tube 
required. 

120. Example. If the perpendicular height of a cylindric vessel be 
18 inches, its diameter 5 inches ; the diameter of a tube fixed to the 
top of the vessel one inch ; and if the vessel and tube be filled with an 
incompressible and non-elastic fluid, till the pressure on the bottom 
of the vessel is equal to twelve times the entire weight of the fluid; 
what is the length of the tube into which the fluid is poured ? 

Here, by proceeding according to the rule, it is 

»— 1 — 12— 1 = 11, 

d j A-5X£x 18 = 450; 

therefore, by multiplication, we obtain 

it* h (n — 1 ) = 450 X 1 1 ~ 4950 dividend. 

Again, to determine the divisor, we have 

d s — nd , = 5X5 — 12=13; 

consequently, by division, we obtain 

x = 4950 -f- 13 = 3801$ inches. 
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irly to the 

sides and 



Corol. 1. If the tube, instead of being fixed perpendicularly 
top of the vessel, were inserted obliquely into any part of its sides 
inclined upwards, the principle above exemplified would still obtain ; 
and the pressure in the narrow tube may be produced, not merely by 
the addition of a little fluid, but by the application of any kind of 
force, such as the working of a piston and the like. 

2. If the bottom, or the cover of the cylindric vessel be made move- 
able, the pressure on either may be brought to bear on any one point 
of an external body, and may then produce an inconceivable com- 
pression, as is very successfully done in the Hydrostatic Press, an 
instrument, which, on account of the simplicity of its application, its 
expeditious performance, and the almost unlimited extent of its power, 
is altogether without a parallel in the annals of mechanical invention, 
and the numerous purposes to which it is applied, entitle it to no 
small share of popular approbation. 

This machine is not only used for pressing bodies together, with a 
view of diminishing their bulk, in order to render them the more easily 
stowable ; but it is equally applicable to the operation of drawing and 
lifting great loads, and overcoming immense resistances, however 
opposed to its action ; even piles, which have been driven to a great 
depth for the purpose of forming coffer-dams, can be drawn by it with 
the greatest facility, and moreover, trees of the greatest size and most 
tenacious growth, offer but a feeble resistance to its energy ; and in 
addition, iron bolts and cables, capable of holding the largest ships in 
the British navy, are totally incompetent to resist its influence. 

An instrument possessing such immense power in combination with 
so many other advantages, such as cheapness of construction, porta- 
bility, and simplicity of application, certainly merits the greatest 
attention, and too many attempts cannot be made to simplify the 
theory, and render its operations easily understood ; we shall there- 
fore, in the following pages, endeavour to unfold the principles, and 
to describe its construction and mode of operation. 
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THE THEORY OF CONSTRUCTION AND SCIENTIFIC DESCRIPTION 
OF SOME HYDROSTATIC ENGINES. 
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PROPOSITION II. 

121. If there be any number of pistons of different magni- 
tudes, any how applied to apertures in a cylindrical vessel filled 
with an incompressible and non-elastic fluid : — 

The forces acting on thepiston to maintain an equilibrium, 
will be to one another as the areas of the respective apertures, 
or the squares of the diameters of the pistons. 

Let abcd represent a section passing along the axis of a cylindrical 
vessel filled with an incompressible and non-elastic 
fluid, and let e,f be two pistons of different magni- 
tudes, connected with the cylinder and closely fitted 
to their respective apertures or orifices; the piston 
f being applied to the aperture in the side of the 
vessel, and the piston e occupying an entire section 
of the cylinder or vessel, by which the fluid is contained. 

Then, because by the nature of fluidilv, the pressures on every part 
of the pistons e and r, are mutually transmitted to each other through 
the medium of the intervening fluid ; it follows, that these pressures 
will be in a state of equilibrium when they are equal among them- 
selves. 

Now, it is manifest, that the sum of the pressures propagated by 
the piston e, is proportional to the area of a transverse section of the 
cylinder; and in like manner, the sum of the pressures propagated by 
the piston f, is proportional to the area of the aperture which it 
occupies; consequently, an equilibrium must obtain between these 
pressures : — 
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When the for 
lively a: 
occupy. 
And it is obvious, that the s 
may be the number of the pistons 

Hence it appears, that by taking the areas of the pistons e and f, 
in a proper ratio to one another, we can, by means of an incompres- 
sible fluid, produce an enormous compression, and that too by the 
application of a very small force. 

Put P sz the force or pressure on the piston e, 

I A— the area of the orifice which it occupies, 

p = the pressure on the piston p, and 
a rs the area of the orifice or space to which it is fitted. 
Then, according to the principle announced in the foregoing pro- 
position and demonstrated above, we shall obtain 
a:A::p:V. 

But because, by the principles of mensuration, the areas of different 
circles are to one another as the squares of their diameters ; if there- 
fore, we substitute a? and n* respectively for a and a in the above 
analogy, we shall have 

tf ; d" : : p : P, 
and from this, by making the product of the mean terms equal to the 
product of the extremes, we get 

pD* = P^. (88). 

122. This is the principle upon which depends the construction and 
use of that very powerful instrument, the Hydrostatic Press, first 
brought into notice about the year 1796, by Joseph Bramah, Esq., 
of Pimlico, London ; who announced it to the world as the discovery 
of a new mechanical power. 

In this however, he was mistaken, foe although the principle upon 
which it depends may he said to constitute a seventh mechanical 
power, yet the principle announced in Proposition II. was not new 
to philosophers at the time when Mr. Bramah applied it to the 
construction of his presses, it having long been familiarly known 
under the designation of the Hydrostatic Paradox : and besides, 
the celebrated Pascal obscurely hinted at its application to mecha- 
nical purposes, but did not pursue the idea far enough to produce 
any thing useful, or to entitle him to the full merit of the discovery. 

The improvement introduced by Mr. Bramah, consisted in the 
application of the common forcing pump to the injection of water, 
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or some other incompressible and non-elastic fluid, into a strong 
metallic cylinder, truly bored and furnished with a moveable piston, 
made perfectly water-tight by means of leather collars or packing, 
neatly fitted into the cylinder. 

123. The proportion which subsists between the diameter of this 
piston, and that of the plunger in the forcing pump, constitutes the 
principal element by which the power of the instrument is calculated ; 
for, by reason of the equal distribution of pressure in the fluid, it is 
evident, that whatever force is applied, that force must operate alike 
on the piston in the cylinder, and on the plunger in the forcing 
pump, and consequently, 

In proportion as the area of the transverse section of the 
one, exceeds the area of a similar section of the other, so must 
the pressure sustained by the one, exceed that sustained by the 

Therefore, if the piston f in the preceding diagram, be assimilated 
to the plunger in the barrel of a forcing pump, and the piston e to 
that in the cylinder of the hydrostatic press; then, the equation 
marked (88), notwithstanding the very simple and concise form in 
which it appears, involves every particular respecting the power and 
effects of the engine, of which a detailed description with illustrative 
drawings will be given a little further on. 

This being premised, we shall now proceed to exhibit the use and 
application of the formula, by the resolution of the following practical 
examples. 

124. Example 1. If the diameter of the cylinder is 5 inches, and 
that of the forcing pump one inch ; what is the pressure on the piston 
in the cylinder, supposing the force applied on the plunger or smaller 
piston, to be equivalent to 750 lbs. ? 

Here we have given d~5 inches ; d—l inch, and p = 750 lbs. ; 
therefore, by substitution, equation (88) becomes 

5-X75Q = FxV; that is, P=187501bs. 
Or the equation for the value of P, may be expressed in general 
erms, as follows. 

r ~ d* " (89). 

And from the equation in its present form, we deduce the following 
practical rule. 
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Rule. Multiply the square of Ike diameter of the cylinder 
by the magnitude of the power applied, and divide the product 
by the square of the diameter of the forcing pump, and the 
quotient will express the intensity of thepreesure on the piston 
of the cylinder. 

125. Example 2. If the diameter of the cylinder is 5 inches, and 
that of the forcing pump one inch; what is the magnitude of the 
power applied, supposing the entire pressure on the piston of the 
cylinder to be 18750 lbs. I 

Here we have given D=5inches; dr= 1 inch, and P= 18750 
lbs.; therefore, by substitution, equation (88) becomes 
5'Xp = 18750 X 1*1 orp — 750 lbs. 
If both sides of the fundamental equation (88) he divided by d% the 
general expression for the value of p, is 
_Pd* 
P- d* ' (90). 

And the practical rule which this equation supplies, may be 
expressed in words at length in the following manner. 

Rule. Multiply the yiveit pressure on the piston of the 
cylinder, by the square of the diameter of the forcing pump, 
and divide the product by the square of the diameter of the 
cylinder fur the power required. 

126. Example 3. The diameter of the forcing pump is one inch, 
and the power with which the plunger descends is equivalent to 750 
lbs. ; what must be the diameter of the cylinder, to admit a pressure 
of 18750 lbs. on the piston ? 

Here we have given d~ 1 inch; p= 750 lbs., and P=r 18750 lbs.; 
consequently, by substitution, the equation marked (88) becomes 
750 o 1 — 18750 x 1"; 
hence, by division, we obtain 
3 _ 18750 _ 
D - '750' - " 5 ; 
consequently, by evolution, we have 
d = y/ 25 — 5 inches. 
If both aides of the equation (88) be divided by p, and the 
root of the quotient extracted, the general expression for the diameti 
of the piston, is 



square 
liameter 
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And the practical rule for the d 
n words as follows. 



(91). 
of d, may be expressed 



Rdle. Multiply the pressure on the piston of the cylinder, 
by the square of the diameter of the forcing pump, and divide 
the product by the force with which the plunger descends ; 
then, the square root of the quotient will be the diameter of 
the cylinder sought. 

127. Example 4. The diameter of the cylinder is 5 inches, and 
the force with which the plunger descends, is equivalent to 750 lbs. ; 
what must be the diameter of the forcing pump, in order to transmit 
a pressure of 18750 lbs. to the piston of the cylinder ? 

Here we have given d = 5 inches ; p = 750 lbs., and P — 18750 
lbs.; consequently, by substitution, equation (88) becomes 
18760 d' = 750 X 5*, 
and by division, we shall have 
750 X 25 
18750 ; 

therefore, by extracting the square root, we get 
d= /T=l inch. 
If both sides of the original equation marked (88), be divided by 
P, and the square root extracted, the entire pressure on the piston, 
e general expression for the value of d becomes 



=/?■ 



(92). 
equation supplies, may be 



And the practical rule which this 
expressed in words in the following mai 

Rule. Multiply the force icith which the plunger descends, 
by the square of the diameter of the cylinder, and divide the 
product by the entire pressure on the piston; then, extract 
the square root of the quotient for the diameter of the forcing 






128. The foregoing is the theory of the Hydrostatic Press, as 
restricted to the consideration of the diameters of the cylinder and 
forcing pump, and the respective pressures on the piston and plunger; 
but since the instrument Is generally furnished with an indicator ov 



safety value for measuring the intensity of pressure, the theory would 
be incomplete without considering it in connection with the diameters 
of the pump and cylinder. For which purpose 

Put % ~ the diameter of the safety valve, expressed in inches or 

parts, 
and w= the weight thereon, or the force that prevents its rising. 

Then, according to the principle announced in Proposition II., we 
obtain the following analogies, viz. 

d* : F : : P : w, 
d 1 ; F : : p : w ; 
and from these analogies, by making the products of the extreme 
terms equal to the products of the mean9, we get 

o'w = S'P, (93). 

andd*w=8'p. (94). 

Now, in order to pursue the expansion of these equations, we shall 
suppose the value of J to be one fourth of an inch, while the numerical 
values of the other letters remain the same as supposed for the several 
examples under equation (88); then, to determine the corresponding 
value of ib, or the power which prevents the safety valve from rising, 
when all the parts of the instrument, or the several powers and prea- 
in a state of equilibrium, we have the following examples to 
resolve according to the proposed conditions. 

129. Example fi. The diameter of die cylinder is 5 inches, that of 
the indicator or safety valve £ of an inch, and the entire pressure 
upon the piston of the cylinder 1 8750 lbs. ; what is the corresponding 
force preventing the ascent of the safety valve, on the supposition of a 
perfect equilibrium ? 

Here we have given d=5 inches; J = J of an inch, and P = 18750 
lbs. ; consequently, by substitution, the equation (93) becomes 
&w=z.25 t X 18750; 
from which, by division, we get 
_.0625X 18750 



= 46.875 lbs. 



sxpression for the valui 



s derived from the 



From which we derive the folloi 
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Rule. Multiply the entire pressure on the piston of the 
cylinder, by the square of the diameter of the indicator or 
safely valve, and divide the product by the square of the 
diameter of the cylinder for the weight required. 
130. Example 6. The diameter of the safety valve is I of an inch, 
that of the cylinder 5 inches, and the weight on the safety valve 
46.875 lbs. ; what is the corresponding pressure on the piston of the 
cylinder ? 

Here we have given 3 = £ of an inch ; d = 5 inches, and 
*!■=. 46.875 lbs; therefore, by substitution, equation ( 
.25*P = 5*X 46.875, 
and by division, we obtain 
„ 1171.875 



= 18750 lbs. 



i derived from the 



.0625 
The general expression for the vali 
equation marked (93), becomes 

P = ~W (96). 

And the practical rule supplied by this equation, may be expressed 
n words as follows. 

Rule. Multiply the weight on the safety valve, by the 

square of the diameter of the cylinder, and divide the product 

by the square of the diameter of the safety valve, and the 

quotient will give the entire pressure on the piston of the 

cylinder. 

131. Example 7. The diameter of the cylinder is 5 inches, the 

entire pressure of the piston is 18750 lbs., and the weight on the 

safety valve is 46.875 lbs. ; what is its diameter ? 

Here we have given D=5inches; P=r 18750 lbs., and w=46.875 
lbs. ; therefore, by substitution, equation (93) becomes 
18750tf'=5'X 46.875, 
and from this, by division, we get 




5 9 X 46.875 _ 



.0625. 



— 18750 
y extracting the square root, we obtain 
fc: V .0625 = .25, or £ of an inch. 
The general expression for the value of 3, as derived from the 
iquation (93), is as follows, viz. 
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-V 1 



And the practical rule which this equation affords, may be expressed 
n words in tlie follow 



Rule. Multiply the load on the safety valve by the square 

of the diameter of the cylinder ; divide the product by the 

entire pressure on the piston, and the square root of the 

quotient will give the diameter of the safety valve required. 

132. Example 8. The diameter of the safety valve is 4 of an inch, 

the load upon it 46.875 lbs., and the entire pressure on the piston 

of the cylinder is 18750 lbs. ; what is its diameter » 

Here we have given t= J of an inch, iu=46.875 lbs., andP=18750 
lbs. ; consequently, by substitution, we have 

46.875 d'= .25* X 18750, 
from which, by division, we shall obtain 
^.25*X18750 
D - 46.875 -"' 
and finally, by extracting the square root, we get 
d = \/ 25 =r 5 inches. 
If both sides of the equation marked (93), be divided by w the 
weight on the safety valve, we get 



and by extracting the square root, the general expression for the valu< 
of d the diameter of the cylinder, becomes 



-v f -, 



And from this equation v 



3 the following rule. 



Rule. Multiply the entire pressure on the piston of the 
cylinder by the square of the diameter of the safety a 
divide the product by the weight upon the safety valve, and 
extract the square root of the quotient for the diameter of the 
cylinder sought. 
133. Example 9. The diameter of the forcing pump is one inc 
that of the safety valve is one fourth of an inch, and the power 
force with which the plunger descends, is equivalent to 750 lbs. ; wh 
is the corresponding weight on the safely valve ? 
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Here we have given d — 1 inch ; 3 = \ of an inch, and prr750 
bs. ; consequently, by substitution, the equation (94) becomes 

1" X v> =: .25* X 750 ; that is, w =46.875 lbs., the 
very same value as we deriveil from the fifth example. 

If both sides of the equation marked (94) be divided by d*, the 
general expression for the value of w becomes 

«-& 

d- ' (99). 

And the practical rule supplied by this equation, may be expressed 
words at length in the following manner. 

Multiply the force with which the plunger descends 
by the square of the diameter of the safety valve, and divide 
the product by the square of the diameter of the plunger; 
then the quotient will express the load upon the safety valve. 

134. Example 10. The diameter of the safety valve is ^ of an 
inch, that of the forcing pomp is one inch, and the load upon the 
safety valve is 46.875 lbs. ; what is the power applied, or the force 
with which the plunger in the forcing pump descends ? 

Here we have given J=J of an inch, d= 1 inch, and ro=46.875 
lbs. ; consequently, by substitution, equation (94) becomes 

.25*p:= 46.875 X P, 
and from this, by division, we obtain 
46.875 „„,_ 

"=S55= 7601b '' 

The general expression for the value of p, as obtained from the 
equation marked (94), becomes 

_d'w 

p —~r'' (ioo). 

from which we derive the following rule. 

Rule. Multiply the load on the safety valve by the square 
of the diameter of the forcing pump ; then, divide the product 
by the square of the diameter of the safety valve, and the 
quotient will give the force with which the piston descends. 

135. Example 11, The diameter of the plunger or the piston of 
the forcing pump is one inch, the force with which it descends is 
equivalent to 750 lbs., and the load on the safety valve is 46.875 lbs.; 
what is its diameter ? 




Here we have given d= 1 inch, p = 750 lbs., and tv=z 46.875 lbs.; 
consequently, by substitution, we bare 

750?= l'X 46.875, 
and from this, by division, we obtain 
46.875 _ 
750 
and finally, by evolution, we have 
3=</ .0625 = .25 of an inch. 
Let both sides of the equation marked (94) be divided by p, the 
power or force with which the piston of the forcing pump descends, 
and we shall have 



and by extracting the square root, we get 

._ f¥Z 

d -V ~p- (ioi). 

Hence, the following practical rule. 
Rule. Multiply the weight or load upon the safety valve, 
by the square of the diameter of the forcing pump, and divide 
the product by the force with which the plunger or piston 
of the forcing pump descends ; then, the square root of the 
quotient will be the diameter of the safety valve. 
136. Example 12. The diameter of the safety valve is one fourth 
of an inch, the weight upon it is 46.875 lbs., and the power applied, 
or the force with which the plunger descends, is 750 lbs ; what is the 
diameter of the forcing pump ? 

Here we have given S = J of an inch, w =46. 875 lbs., andpz=750 

lbs. ; consequently, by substitution, the equation marked (94) becomes 

46.875d'=:.25'X?50; 

therefore, by division, we obtain 

■2£FX^°._, 
"~ 46.875 ' 

and finally, by extracting the square root, we get 



The general expression for the value of the diameter of the forcing 
pump, as derived from the equation (94), is 



=/5 



(102). 
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And from this, we obtain the following practical rule. 
Rule. Multiply the force with which the piston of the 
forcing pump descends, by the square of the diameter of the 
safety valve ; divide the product by the load on the safety 
valve, and extract the square root of the quotient for tke 
diameter of the forcing pump. 

The foregoing twelve examples exhibit all the varieties of cases that 
can arise, from the combination of the six data which we have em- 
ployed in our theory, viz, the diameters of the cylinder, the forcing 
pump and the safety valve ; together with the entire pressure on the 
piston of the cylinder, the power applied to the plunger of the forcing 
pump, and the weight upon the safety valve. 

We have determined each of the quantities, composing the several 
fundamental equations, in terms of the others, and have drawn up 
rules from the general expressions, merely for the assistance of those 
who are not accustomed to algebraic reductions; those who are, 
will prefer finding each quantity directly from the general equation 
expressing its value. 

137. It is manifest from the principles of mensuration, that the area 
of a transverse section of the cylinder, or the base of the piston, is 
expressed hy .7854 d*; and we have shown, equations (89) and (96), 
that the entire pressure upon the base of the piston in the case of 
equilibrium, is 



• ndP =-F' (103). 



consequently, if n denotes the pressure in pounds avoirdupois on one 
square inch of the piston, then we have 

_ P _ V , _ « 

" _ 77854V' n_ .7854^ n ~77854T' (!«)■ 

Now, from principles investigated by Professor Barlow, of the Royal 
Military Academy at Woolwich, it appears, that if c denote the cohe- 
sive force of the material employed in the construction of the cylinder, 
* its thickness, and r the interior radius ; then, in order that the strain 
produced by the pressure, shall not exceed the elastic power of the 

I material ; it is necessary that 
Ino: 
cylinde 



-t + / 

(In order to demonstrate this, let abd be a transverse section of the 
cylinder, perpendicular to the axis passing through c; then, sup- 
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posing a certain uniform pressure to be exerted all round the interior 
boundary; it will readily appear, from the 
theory of resistance, that each successive 
circular lamina, estimated from the interior 
towards the esterior circumference, offers a 
less and less resistance to the straining force. 
But it is obvious from the very nature of 
the Bubject, that by reason of the internal 
pressure or strain, the metal must undergo a 

certain degree of extension, and since the resistance of the outer 
boundary is less than that of the inner one, it follows, that the exten- 
sion must also be less; this is manifest, for the resistance which any 
body offers to the force by which it is strained, is proportional to the 
extension which it undergoes, divided by its length; now, since the 
ft'sisi ances of the several lamina;, decrease as they recede from the 
interior boundary towards the exterior, while at the same time, the 
corresponding circumferences increase; it is manifest, that the exten- 
sion for the several lamina; decreases to the last or exterior boundary, 
where it is the least of all : — It is therefore the law of the decreasing 
resistance, that the present enquiry is instituted to determine. 

Put d = ab, the interior diameter of the cylinder before the pressure 
is applied, 
e = the inereast of d occasioned by the pressure, 
d 1 zr a b, the exterior diameter in its original state, 
e' = the increase induced by pressure. 

Then (d -+- e) and d' + e'), are respectively the interior and exterior 
diameters of the cylinder as affected by extension. 

By the principles of mensuration, the area of the annulus, or cir- 
cular ring contained between the interior and exterior boundaries : — 

Is equal to the difference nf the squares of the diameters, 
drawn, into the constant fraction 0.7854 ; or it is proportional 
to the sum ofjhe diameters, drawn into their difference. 



But accord in 
ring is the sari 
consequently, t 



to the nature of the present enquiry, the area of the 
;, both before and after the extension takes place ; 



(d' + e y-l,d + ,f-d- — d-: 

therefore, by expanding the term? on the left hand side, we get 

d" + 2d' e' + e" — d' — 2de — t* = d' — d* ; 
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or by transposing and expunging llie common terms, it is 

2dY + e'* = 2de + e'; 

avid this equation being converted into an analogy, gives 

2<e-\-e- : 2rf+e ::*:«'. 

Now, the quantity of extension that the material will allow before 

pture being very small, especially as compared with the quantities 

id 2d; it therefore follows, that the quantities e' and e, in the 



ad- 
first and second 6 
analogy becomes 



my be conceived l 



<e :d: 



, and the above 



From this it appears, that the extensions of the respective circum- 
ferences, are inversely as the corresponding diameters; but we have 
stated above, that the resistance is as the extension divided by the 
length; therefore, we have 



d"' d' 
or which amounts to the same thing, 
d ? : d" ; 
hence this law, that the magnitude of the resistance offered by e 
circular lamina:— 



inversely as the square of its diameter, or, which is the 
lhi.ni/, hiversety us the square of its distance from the 
centre to which they are referred. 



From the 
my point 



the u 



be ascertained. 
Put j- —Co, the.il 

diagram 



.established, the actual resistance due to 
any thickness of metal, can very easily 






of the cylinde 
mess of the 



, of which the annexed 



the entire thic 

x= an, any variable thickness esti- 
mated from a, the interior 
surface, 

it — the pressure on a square inch of 

the inner surface in pounds avoirdupois, 

/" the measure of the straining force, or the resistance sustained 
by the first or interior lamina, and 

c = the cohesive (one of tin- material. 
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Then, agreeably Lo the law of the resistances which we have 
established above, we have 



(t + xY-.t*::/: 



/>' 



<»■ + *> 

this result expresses the strain at the point x, 01 
material whose thickness is an; and the fluxii 
referred to the variable thickness x, is 



the resistance of the 
n of this quantity as 



consequently, the fluent, 

/(7^)- + c '™ dthi ' 






ie sum of all the strains, is 
when x = ( becomes 



/(' 



-£->=£i. 

r + t> r+f 

Therefore, if the strain or resistance f, were to act uniformly on the 
frt 
thickness expressed by — — -, it would produce the same effect, as if 

all the variable strains were to act on the whole thickness (. 

The above law being admitted, let us suppose that the interior 
radius of the cylinder, and the pressure per square inch on the surface 
are given, and let it be required to determine the thickness such, that 
the strain and resistance may be in equilibrio. 






rt 



r; consequently, when thesi 



id the strain to which it is actually exposed, is 
equal, we have 



from which, by expunging the common factor r, we get 



'r-H' (105). 

If this value of n be compared with its respective values, as indi- 
cated in the equations (104) preceding, we shall have the following 
expressions, for the thickness of metal in the cylinder to resist any 
pressure, while the elastic power of the material remains perfect, viz. 
Pr 



,7HMcn' — P* 



".7854c<Z*. 



— , and f= 



7854 cj*~ 



accord- 




(108). 

The following; example will illustrate the use of these equations, the 
ralue of t the thickness of the metal coming out the same by each. 

138. Example 13. What must he the thicknesB of metal in the 
cylinder of a Hydrostatic Press, to resist a pressure of 30000 lbs. ; 
the diameter of the cylinder being 5 inches, that of the forcing pump 
one inch, and of the safety valve one fourth of an ineh ; being the 
same dimensions which we have employed in the preceding examples? 

Here we have given P = 30000 lbs. ; t> — 5 inches ; and conse- 
quently, r:=2£ inches; therefore, by substitution, equation (106) 

30000x2* „„ . , , . 

'= 13076 xsC-mao ^-^ 3 ,nches ' being some - 

thing more than one fourth of an inch. 

In order that the entire pressure on the piston of the cylinder, may 
be equal to 30000 lbs. according to the conditions of the question ; 
the force with which the plunger of the forcing pump descends, must 
be equal to 1200 lbs. ; therefore, by equation (107), we have 

1200 X2A „__ . , ,, 

t ■ — , . — -? =.253 inches, the same as 

13076 X 1 ! — 1200 

before. 

Again, in order that the entire pressure may be equal to 30000 lbs. 
the weight upon the safety valve must be 75 lbs. ; hence, from equa- 
tion (108), we obtain 



75 X 2j, 



, the same a 



- ~ 13076 X -25'- 
the two cases foregoing. 

139. It may not be improper here to remark, that although the 
requisite thickness o 



F metal is alike assignable from either of the 



above equatio 



when the respective pressure and diameters : 



■ Where IhRconBlnnt number 13076 = 16ii48X.7B5*. 
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known ; yet it is the first of the class only, or that marked (106), 
which becomes available in practice, and for this reason, that the 
power of the press, or the aggregate pressure which it is capable of 
eliciting, is known i) priori, or immediately assignable from the con- 
ditions of construction, while the load upon the safety valve, and the 
force with which the plunger descends, have each to be determined 
by calculations founded on circumstances connected with the aggre- 
gate or ultimate pressure. 

140. Referring to equation (10.5), which has been purposely inves- 
tigRted, for expressing the intensity of pressure on a square inch of 
surface, and multiplying both sides by r -f- ( the denominator of the 
fraction, we shall have 



r + ^t- 



ct, 



from which, by transposing and collecting the terms, we get 

(c-»>«=«r; 

then by division, the value of r, or the thickness of metal in the 
cylinder to withstand the pressure, becomes 

( ~ c^" (109). 

From which it appears, that if a constant value adapted to practical 
purposes, can be assigned to n, the rule for calculating the thickness 
of metal in the cylinder will become exceedingly simple. 

Now, it has been remarked by several eminent practical engineers, 

as well as by the most approved and intelligent manufacturers, that 

the extreme pressure on a square inch of the piston," should never 

exceed half the cohesive power of the material ; but according to Dr. 

Robison, the cohesive power of east iron of a medium quality is equal 

to 16648 lbs. ; hence we have 

16648 „„ ,„ 
«=:—-— — 8324 lbs.; 

therefore, if 8324 lbs. be adopted as the limit of pressure upon a 
square inch of surface, the foregoing value of t becomes 



~16648 — 8324 ' 
consequently, in order that the strain produced by the pressure may 
not exceed the elastic power of the material ; — 



inch of surface in contact with ihe fluic 
hns frequently caused a misaiiiin-licnsii 
premure on an inch of surface. 



ore to the piston only, since every square 
itnins the anmo pressure. This limitation 
eapecting Ihe mode of ascertaining the 
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■ be less than the 



The thickness of metal ought r. 
inferior radius of the cylinder. 
By the first equation of class (104), it lias been shown, thai the 
pressure on a square inch of the piston in lbs. avoirdupois, is 
P 
" — .7854 d" 
or by substituting the foregoing value of n, it is 

8324 = ^Sfi? : 

from which, by multiplication, we obtain 
8324 X .7854 d'=P; 
but in order to express the pressure in tons, 
_, 6537,6696tf 



2240 



= 2.9186 d*. 



141. Therefore, when the diameter of the cylinder is given, the 
entire pressure in tons is determined by the following very simple 



rule. 



i inches 
will be 



h 



Rule. Multiply the square of the diameter i 
the constant number 2.9186, and the product 
pressure in tons. 
And again, when the pressure in tons is given, the diameter of the 
cylinder may be determined by reversing the process, or by the fol- 
lowing rule. 

Role. Divide the given pressure in tons by the constant 

number 2.9186, and extract the square root of the quotient, 

for the diameter of the cylinder in inches. 

142. The preceding theory, as we have developed it, unfolds every 

particular connected with the Hydrostatic Press, and by paying 

proper attention to the equations, rules, and examples, as we have 

delivered them, every difficulty attending the construction of the 

instrument will be removed ; to practical persons, however, that part 

of the theory exhibited in the equations marked (109) and (110) 

will be found the most valuable, as they do the more immediately 

contain the particulars which direct their operations. The following 

examples will prove the truth of these remarks. 

Example 14. The diameter of the cylinder in a Hydrostatic Press, 
is 10 inches; what is its power, or what pressure does it transmit? 
Here by the first rule above, we have 
P=10" X 2.9186 = 291.86 tons. 
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Example 15. What is the diameter, and what the thickness of 
metal, in a press of 300 tons power? 

By the second rule above, we have 

d' = 300-H 2.9186= 102.81 nearly; 

therefore, by extracting the square root, we obtain 

D = t/10'i.81 = 10.13 inches; 

consequently, according to the remark under the equation (109), the 

thickness of metal is 

t= 10.13 -j- 2 — 5.065 inches. 

143. The rules by which the preceding examples have been resolved, 
are very nearly, but not precisely the same as those employed by 
Messrs. Bramah in the construction of their excellent presses; the only 
difference, however, consists in their assuming a higher number as 
the limit of pressure, the standard which they employ being 855fi lbs. 
upon a square inch of the piston, thereby indicating, that they reckon 
on a higher cohesive power in the material, than that which we have 
adopted as the basis of our theory. 

Now, 8556 lh;. on a square inch, is equivalent to 6619.8824 lbs. 
upon a circular inch ; whereas the constant which we have chosen is 
only 6537.6696 His., being a difference of K2.2128 lbs. upon the 
circular inch, a difference that need not be regarded in practice, as 
the error will alwaw fall on the side of safety, giving a smaller power 
to the press than what it really possesses. 

144. It sometimes, indeed it very frequently happens, that presses 
are constructed, without any attention bein£ paid, to the relation which 
subsists between the strength of the parts, and the strain which they 
have to resist ; in all such cases, therefore, it may be interesting to 
possess a rule, by which the merits or demerits of a press so con- 
structed can be ascertained, for in this way a failure in the instrument 
may be prevented, and a remedy applied to any defect that may 
exist. 

Now, according to the first equation of class (104), the pressure 
upon a square inch is 



— .7854 d*' 
and according to equation (105), it ii 



power of 




2240(r+r)~ 
From which it appears, that by knowing the interior radius of the 
cylinder and the thickness of the metal, the power of the press can 
easily be ascertained ; the following is the rule for that purpose. 

Rule. Multiply 23.35 rimes the thickness of metal by the 
square of the radius of the cylinder, and divide the product 
by the radius phis the thickness of metal, and ihe quotient 
will give the power of the press in tons. 

145. Example lfi. A Hydrostatic Press is so constructed, as to 
have the interior radiuB of its cylinder equal to 3 inches, and the 
thickness of metal 4 inches ; now this press is designed for packing 
flax, and is estimated to stand a pressure of 180 tons ; query if its 
power is not overrated ? 

According to the above rule, it is 

p=M .35y. X 4 =1M08toii>; 

consequently, the power of the press is overrated by about 60 tons, 
being one third less than the estimated pressure according to the 
question. 

The thickness of metal necessary to resist a pressure of 180 tons or 
403200 lbs. is equal to 17.9 inches nearly, and the proposed thickness 
is only 4 inches, being less than one fourth of the thickness which is 
really necessary to resist the strain ; hence we infer that the press in 
its present state, is entirely unfitted for its intended purpose, and 
altogether inconsistent with safety and precision of operation. Here 
follows the description of a press when completely furnished in all its 
parts and fit for immediate action. 
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146. The Hydrostatic Press, in its present high ;ind refined state of 
improvement, is a machine that is capable of generating and trans- 
mitting a greater degree of force, for the purpose of overcoming 
immense resistances, and raising enormous loads to a small height, 
than any otlier instrument or engine with which we are acquainted; 
it is therefore of the highest importance lhat the principles of its 
construction and the mode of operation should be rightly understood, 
and in order to render the subject as clear and intelligible as possible, 
we think proper to lay before our readers the following detailed 
description. 




The wood cut before us, fi-j. 1, exhibits an ettvation of the 
n its complete state, accompanied by the forcing pump and all 






appurtenances as fitted up for immediate action : f is a strong metal- 
lic cylinder of cast iron, or some other material of sufficient density 
to prevent the fluid from issuing through its pores, and of sufficient 
strength to preclude the possibility of rupture, by reason of the im- 
mense pressure which it is destined to withstand. 

The cylinder f is bored and polished with the most scrupulous 
precision, and fitted with the moveable piston d, which is rendered 
perfectly water-tight, by means of leather collars constructed for the 
purpose, and fixed in the cylinder by a simple but ingenious con- 
trivance to be described hereafter. 
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Into the side or base of the cylinder f, the end of a small tube bbb 
is inserted, and by this tube the water is conveyed or forced into the 
cylinder; the other end of the tube is attached to the forcing pump, 
as represented in the diagram ; but this will be more particularly 
explained in another place. 

a a are two very strong upright bars, generally made of wrought iron, 
and of any form whatever, corresponding to the notches in the sides of 
the flat table e, which is fixed upon the end of the piston d, and by 
workmen, is usually denominated the ' Follower' or' Pressing Tabic' 

b is the top of the frame into which the upright bars a a are fixed, 
and cc is the bottom thereof, both of which are made of cast, in 
preference to wrought iron, being both cheaper and more easily 
moulded into the intended form. 

The bottom of the frame cc, is furnished with four projections or 
lobes, with circular perforations, for the purpose of fastening it by iron 
bolts to the massive blocks of wood, whose transverse sections are 
indicated by the lighter shades at gg. The top b has two similar 
perforations, through which are passed the upper extremities of the 
vertical bars a a, and there made fast, by screwing down the cup-nuts 
represented at a and a. 

Fig. 2 represents the plan of the top, or as 
termed, the head of the frame ; the lower side 
or surface of which is made perfectly smooth, 
in order to correspond with, and apply to the 
upper surface of the pressing table e in Jig. I; i 
this correspondence of surfaces becomes ne- 
cessary on certain occasions, such as the copy- 
ing of prints, taking fae-similes of letters and 

tlie like ; in all such cases, it is manifest, that smooth and coincident 
surfaces are indispensable for the purpose of obtaining true impres- 
sions. 

The figure before us represents the upper side of the block, where 
it is evident, that the middle part b, (through whose rounded extremi- 
ties a and a, the circular perforations are made for receiving the 
upright bars or rods \\,Jig, 1), is considerably thicker than the parts 
on each side of it; this augmentation of thickness, is necessary to 
resist the immense strain that comes upon it in that part ; for although 
the pressure may be equally distributed throughout the entire surface, 
yet it is obvious, that the mechanical resistance to fracture, must prin- 
cipally arise from that part, which is subjected to the re-action of the 
upright bars. 



; frequently 







; top of the 
the perfora- 



te-. 3 represents the plan of the base or bottom of the frame ; it is 
generally made of uniform thickness, Fig. 3. 

and of sufficient strength to withstand 
the pressure, for be it understood, that 
all the parts of the machine are sub- 
jected to the same quantity of strain, 
although it is exerted in different ways.* 

The circular perforations cc correspond I 
frame, and receive the upright bars in the sat 
tions dddd, receive the screw bolts which fix the frame to the beams 
of timber represented at dg, Jig. 1 ; the large perforation f receives 
the cylinder, the upper extremity of which is furnished with a flanch, 
for the purpose of fitting the circular swell around the perforation, 
and preventing it from moving backwards during the operation of 
the instrument. 

When the several parts which we have now described are fitted 
together, they will present us with that portion of the drawing in 
Jig. 1 denominated " Elevation oj the Press." 

A side view of the engine as thus com- 
pleted, is represented in Jig. 4, where, as is 
usual in all such descriptions, the same letters 
of the alphabet refer to the same parts of the 
structure, 

r is the cylinder into which the fluid is 
injected; d the piston, on whose summit is 
the pressing table e ; a one of the upright 
rods or bars of malleable iron ; b the head of 
the press, fixed to the upright bar a by means 
of the cup-nut a; c the bottom, in which the 
upright bar is similarly fixed ; and G a beam 
of timber supporting the frame with all its 
appendages. 

147. But the Hydrostatic Press as here 
described and constructed, must not be con- 
sidered as fit for immediate action ; for it is 
manifestly impossible to bore the interior of 
the cylinder so truly, and to turn the piston 



* The upright bars, cylinders, i 
y compression, ond the prfisainj 



id connecting tutu w,rMial by le n si on , (lie piston* 
Lable, together with the lop nnd bottom of the 
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with so much precision, as to prevent the escape of water between 
their surfaces, without increasing the friction to such a degree, that it 
would require a very great force to counterbalance it. 

In order, therefore, to render the piston water-light, and to prevent 
as much as possible the increase of friction, recourse must be had to 
other principles, which we now proceed to explain. 

The piston d is surrounded by a collar of pump leather oo, repre- 
sented in Jig. 5, which collar being doubled up, so Fig. 5. 
as in some measure to resemble a lesser cup placed [! ^M^fe. 
within a greater, it is fitted into a cell made for its ^jp'" 
reception in the interior of the cylinder; and when i^^^^h 
there, the two parts are prevented from coming toge- ^W^^ 
ther, by means of the copper ring pp, represented in S- s - 
Jig. 6, being inserted between the folds, and retained in its place, by a 
lodgement made for that purpose on the interior of the cylinder. 

The leather collar is kept down by means of a brass or bell-metal 
ring mm, Jig. 7, which ring is received into a 
recess formed round the interior of the cylinder, 
and the circular aperture is fitted to admit the 
piston d to pass through it, without materially 
increasing the effects of friction, which ought to be 
avoided as much as possible. 

The leather is thus confined in a cell, with the edge of the inner 
fold applied to the piston d, while the edge of the outer fold is in 
contact with the cylinder all around its interior circumference ; in 
this situation, the pressure of the water acting between the folds of 
the leather, forces the edges into close contact with both the cylinder 
and piston, and renders the whole water-tight ; for if the leather be 
properly constructed and rightly fitted into its place, It is almost 
impossible that any of the fluid can escape; for the greater the 
pressure, the closer will the leather be applied to both the piston and 
the cylinder. 

The metal ring mm is truly turned in a lathe, and the cavity in 
which it is placed is formed with the same geometrical accuracy ; but 
in order to_fix it in its cell, it is cut into five pieces by a very fine 
saw, as represented by the lines in the diagram, which are drawn 
across the surface of the ring. The four segments which radiate to 
centre are put in first, then the segment formed by the parallel 
kerfB, (the copper ring pp and the leather collar oo being previously 

.troduced), and lastly, the piston which carries the pressing table. 

That part of ihc cylinder above the ring mm, where the inner 



o 



ip, let fig. 8 represent a 
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surface is not in contact with the piston, is filled with tow, or some 
other soft material of a similar nature; tlie material thus inserted has 
a twofold use ; in the first place, when saturated with sweet oil, it 
diminishes the friction that necessarily arises, when the piston is 
forced through the ring; mm; and in the second place, it prevents 
the admission of any extraneous substance, which might increase the 
friction or injure the surface of the piston, and otherwise lessen the 
effects of the machine. 

The packing here alluded to, is confined by a thin metallic annulus, 
neatly fitted and fixed on the top of the cylinder, the circular orifice 
being of sufficient diameter, to admit of a free and easy motion to the 
piston. 

If a cylinder thus furnished with its several appendages be placed 
in the frame, and the whole firmly screwed together, and connected 
with the forcing pump, as represented in Jig. 1, the press is completed 
and ready for immediate use ; but in order to render the construction 
still more explicit and intelligible, and to show the method of con- 
necting the press to the forcing pui 
of the cylinder with all its furniture, 
and a small portion of the tube im- 
mediately adjoining, by which the 
connexion is effected. 

Then is ff the cylinder; d the j 
piston; the unshaded parts oo 
leather collar, in the folds of which 
is placed the copper ring pp, dis- 
tinctly seen but not marked in the 
figure; mm is the metal ring by 
which the leather collar is retained 
in its place; nn the thin plate of copper or other metal fitted to the 
top of the cylinder, between which and the plate m m is seen the soft 
packing of tow, which we have described above, as performing the 
double capacity of oiling the piston and preventing its derange- 
ment. 

The combination at wx, represents the method of connecting the 
injecting tube to the cylinder : it may be readily understood by it 
specting the figure; but in order to remove all causes of obscurity, it 
may be explained in the following manner. 

The end of the pipe or tube, which is generally made of copper, 
has a projecting piece or socket flanch soldered or screwed upon it, 
which fits into a perforation in the side or base of the cylinder, accord- 
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ing to the fancy of the projector, but in the figure before u 
foration is in the side. 

The tube thus furnished, is forcibly pressed into its seat by a hollow 
screw iv, called an union screw, which fits into another screw of equal 
thread made in the cavity of the cylinder; the joint is made water- 
tight, by means of a collar of leather, interposed between the end of 
the tube and the bottom of the cavity. 

A similar mode of connection is employed in fastening the tube to 
the forcing pump, the description of which, although it constitutes an 
important portion of the apparatus, does not properly belong to this 
place ; the principles of its construction and mode of action, must 
therefore be supposed as known, until we come to treat of the con- 
struction and operation of pumps in general. 

Admitting therefore, that the action of the forcing pump is under- 
stood, it only now remains to explain the nature of its operation in 
connection with the Hydrostutic Press, the construction of which we 
have so copiously exemplified. 

143. In order to understand the operation of the press, we must 
conceive the piston d Jig. 1, as being at its lowest possible position in 
the cylinder, aud the body or substance to be pressed, placed upon the 
crown or pressing table e ; then it is manifest, that if water be forced 
along the tube bbb by means of the forcing pump, it will enter the 
chamber of the cylinder r immediately beneath the piston d, and cause 
it to rise a distance proportioned to the quantity of fluid that has been 
injected, and with a force, determinable by the ratio between the square 
of the diameter of the cylinder and that of the forcing pump. The 
piston thus ascending, carries its crown, and consequently, the load 
along with it, and by repeating the operation, more water is injected, 
and the piston continues to ascend, till the body comes into contact 
with the head of the frame b, when the pressure begins; thus it is 
manifest, that by continuing the process, the pressure may be carried 
to any extent at pleasure; but we have already stated, in developing 
the theory, that there are limits, beyond which, with a given bore 
and a given thickness of metal, it would be unsafe t 



When the press has performed its office, and it becomes necessary 
to relieve the action, the discharging valve, placed in the furniture 
of the forcing pump, must be opened, which will admit the water to 
escape out of the cylinder and return to the cistern, while the table 
and piston, by means of their own weight, return to their original 
position, 



The method of calculating the power of the press, as well as every 
other particular respecting it, has been fully exemplified in the fore- 
going theory ; it is hence unnecessary to dwell longer on the subject : 
we shall therefore conclude our description of the press, and proceed 
with that of the Hydrostatic Bellows, which depends upon the same 
principle, viz.. the quaqua versum pressure of non-elastic fluids. 



' CONSTRUCTION AND 

HYDROSTATIC BELLOWS. 



149. In the preceding pages 



! developed the theory and 
exemplified the application of the hydrostatic press ; and furthermore, 
in order to render the subject as complete as possible, we have given 
a minute and comprehensive description of its several parts, and for 
the purpose of guiding the practical mechanic in its erection, the 
instrument is exhibited in its complete and finished state, accompanied 
by the forcing pump and all its requisite appendages. 

The next subject, therefore, that claims our attention, 
Hydrostatic Bellows, an instrument of very frequent occurrence in 
philosophical experiments ; it is chiefly employed in illustrating the 
upward pressure of non-elastic fluids and the hydrostatic paradox, 
and consequently, it depends upon the same principle as the hydro- 
static press, admitting of a similar, but a more concise mode of dis 
cussion and illustration. 

150. The Hydrostatic Bellows consists of a tube or pipe fei, o: 
very small diameter, and of any convenient length 
at pleasure, connected by means of the elbow at 
i, with a cylindrical vessel whose vertical section 
is cdgh, and whose sides are made of leather 
like a common bellows, represented by the waving 
lines a hid and bhk; the upper and the lower 
surfaces ab and DC, being formed of circular 
boards corresponding to the cylindrical form of 
the vessel. 

When the bellows is empty, it is manifest that the boards a 
dc are very nearly in contact, and would be completely so, but for 
the leather sides forming into folds and preventing a coincider 
in this state, when water or any other incompressible and non-elastic 
fluid is poured into the tube, it flows into the bellows and separates 
the boards; a heavy weight as IP is then placed upon the upper 
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board, and by pouring- more fluid Into the tube, the moveable plane 
a e and its incumbent load in, will be raised and kept in equilibrio 
by the column of fluid in the tube ; and when the equilibrium obtains, 
we infer, that ;■ — 

The weight of the supporting column of fluid in the tube, in 

to the weight upon the moveable plane, as the area of u section 

of the tube, is to the area of the plane. 

This is manifest, for the fluid at t, the lowest point of the vertical 
tube fei, is pressed by a force varying as the altitude n, and by the 
nature of fluidity, this pressure is communicated horizontally to all 
the particles in dc, and thence transmitted throughout the whole mass 
of fluid in the bellows ; consequently, the pressure upwards on the 
board ab, is equal to the weight of a column of the fluid, the diameter 
of whose base is dc, and altitude li or gd; but the actual weight of 
the fluid supported, is that of a column whose diameter is dc, and 
altitude ei or ad. 

Hence, the weight which maintains the equilibrium, will be that of 
a cylinder of fluid, whose base is a b and altitude a g ; consequently, 
the weight w, placed upon the moveable plane of the bellows, since it 
balances the column of fluid le, is equivalent to the weight of a fluid 
cylinder, whose section along the axis is abho. 
Put D^ABoroc, tlie diameter of the cylindrical vessel or bellows, 
d — lh, the diameter of the vertical tube, 
w =z the weight upon the moveable plane, and 
w'zz the weight or pressure of the fluid in the column le. 
Then, because by the principles of mensuration, the areas of circles 
are to one another as the squares of their diameters ; the foregoing 
inference gives 

I and this, by equating the products of the extreme and mean terms, 
becomes 
BrV=*W. (113). 

Let both sides of this equation be divided by the quantity d% which 
is found in combination with the weight or pressure of the fluid in the 
tub 
toil 






tube, and we shall obtain 

._fw 
W - D >- (114). 

Here again, that singular property of non-elastic and incompressible 
fluids becomes manifest, vii. 



144 THEORY OP CONSTRUCTION AND SCIENTIFIC DESCK1PTION 

That any quantity however small, may be made to balance 
any other quantity however great. 

151. If the diameter of the tube, the diameter of the cylinder or 
bellows, and the weight upon the moveable board ab be given, the 
weight of the fluid in the tube, or its perpendicular altitude to main- 
tain the equilibrium, can easily be determined by means of the equa- 
tion (114), which affords the following practical rule. 

Rule. Multiply the square of the diameter of the tube by 
the load upon the moveable board, and divide the product by 
the square of the diameter of the bellows or cylinder ; then, 
the quotient will five the weight of the fluid by which the 
equilibrium is maintained. 

Example. The diameter of the bellows or cylindrical vessel is 18 
inches, that of the tube or pipe, through which the fluid is conveyed 
into the vessel, is one fourth of an inch, and the weight upon the 
moveable board is 5760 lbs. ; what weight of water must be poured 
into the vertical tube, so that the whole may remain at rest ? 

In this example there are given, ur: 18 inches ; d= \ of an inch, 
and ai — 5760 lbs. ; therefore, by performing as directed in the rule, 
we shall have 

,_.25 i X5760_ 



18' 



"324 



r 1 i lbs. 



Here it appears, that a quantity of water weighing 1 1 lbs., disposed 
in a tube of \ of an inch in diameter, is capable of balancing another 
quantity of 5760 lbs., disposed in a cylinder of 18 inches diameter; 
it is therefore manifest, that the height of the one column must far 
exceed the height of the other, and the excess of altitude may be 
determined in the following manner. 

152. It has been abundantly proved by experiment, that a cubic 
foot of distilled water, at the temperature of about 39° of Fahrenheit's 
Thermometer, weighs very nearly 1000 avoirdupois ounces, or62 1 lbs.; 
consequently, the number of cubic inches in the column whose weight 
is 1 J lbs., is found by the following analogy, viz. 

62J : 1728 :: 1} : 30H inches ; 
hence, (he solidity of a column which maintains the equilibrium is 
30$$ inches, and according to the conditions of the question, the 
diameter of its base or section, is one fourth of an inch, and con- 
sequently, the area of the base or section, is 

■SffX. 7854 = .0490875 square inches. 
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Now, according lo the principles of mensuration, ilie solidity of a 
cylinder is determined, by multiplying the area of its base into its 
perpendicular altitude; consequently, if/; denote the perpendicular 
height of the column, we have 

.0490875 ft — 30.72; 
therefore, by division, we shall obtain 

153. The solution which we have here given, applies to the parti- 
cular example preceding, in which the data are assigned ; but in order 
lo accommodate the theory to every case, it becomes necessary to 
draw up llie solution in general terms; for which purpose, we must 
recur to equation (114), where the weight of the equilibrating column 
has already been found ; then, according- to the above analogy, we 

62J : 1728 : : ~ : s, 

where s denotes the solidity of the column. 
If in the above analogy, we make the product of the mean terms 
equal to the product of the extremes, we shall have 

and. from this, by division, we get 
_ 27.P48d-« . 
'- tf ■ (115). 

Therefore, if the solidity of the equilibrating column be divided by 
the area of ils base, viz. the quantity .7854<?% the quotient will fur- 
nish the perpendicular altitude ; hence we have 
, 35.2024 w 

h -—ir- (H6). 

154. From this it appears, that in order to determine the altitude 
of the equilibrating column, it is not necessary that its diameter 
should be known, for the equation is wholly independent of that 
element, the diameter of the bellows, and the weight upon tne 
moveable board only, entering into its composition. The following 
practical rule will therefore determine the altitude of the column by 
which the equilibrium is maintained. 
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Rule. Divide 35.2024 times the load to be sustained upon 
the moveable board, by the square of the diameter of the 
bellows, and the quotient will be the altitude of the equi- 
librating column. 

We shall determine the perpendicular altitude by this ruje, on the 
supposition that the diameter of the bellows and the weight upon the 
moving plane, are tie same as in the foregoing example : therefore 
we have 

, 35.2024X5760 



324 



- 625.819 inches. 



The equation (114) for the weight of the equilibrating column, was 
deduced from the equation (113), by simple division only, without the 
enunciation of any problem ; but in order to render the subject a 
little more systematic, we shall determine the other elements of the 
general equation, severally from the resolution of their respective and 
appropriate problems. 

PROBLEM XXII. 

155. Iq a hydrostatical bellows of a cylindrical form, there 
are given, the diameters of the bellows and of the equilibrating 
tube, together with the weight of the fluid by which the equili- 
brium is maintained : — 

/( is required to determine the weight upon the moveable 
plane, at the instant when the equilibrium obtains. 
Let both sides of the general equation (1 13), be divided by d* the 
square of the diameter of the balancing tube, and we shall obtain 



W - rf' ■ (117). 

And this equation affords the following practical rule. 

Rule. Multiply the weight of the equilibrating fluid, by 
the square of the diameter of the bellows, and divide the 
product by the square of the diameter of the tube, for the 
weight upon the moveable plane. 
Example. The diameter of a cylindrical bellows is 24 inches, the 
diameter of the balancing tube is one fourth of an inch, and the 
weight of the fluid in the tube is 2 J lbs. ; what weight will this coun- 
terpoise on the moving board of the bellows? 
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Here, by proceeding as directed in the rule, we obtain 

576X2.5 rtOA ., A1 . 

This is something more than 10 tons and a quarter, which is mani- 
festly a great load to be suspended by 2| lbs.; but the altitude of the 
suspending column must be proportionably great, which circumstance, 
without the aid of some artificial force, would render the instrument 
very inconvenient for any practical purpose ; it was, no doubt, by 
viewing the matter in'this light, that Mr. Bramah, senior, was led to 
apply the forcing pump, and thereby to produce that very powerful 
engine, which formed the subject of our last article. 



PROBLEM XXIII. 

156. In a hydrostatical bellows of a circular form, there are 
given, the diameter of the bellows, the load suspended, and the 
weight of the suspending fluid : — 

It is required to determine the diameter of the equilibrating 
tube, so that the instrument may be just in a state of equi- 
librium. 

Let both sides of the general equation (113), be divided by w the 
weight upon the bellows, and we shall obtain 



#= 



D«u/ 



w 
and from this, by extracting the square root, we get 



v— ■■ 

V w 



(118). 

And the practical rule which this equation supplies, may be 
expressed in words at length in the following manner. 

Rule. Multiply the square of the diameter of the bellows, 
by the weight of the fluid which maintains the equilibrium, 
and divide the product by the weight upon the bellows, then, 
the square root of the quotient will be the diameter of the 
equilibrating tube. 



* This equation for the diameter of the tuhe may he otherwise expressed ; thus 

V w 

l2 
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Example. The diametei of the hellows or cylindrical vessel, is 24 
inches, the weight of the suspending fluid is 2 lbs., and the weight 
suspended on the bellows 8000 lbs. ; what is the diameter of the 
tube? 

Performing according to the rule, we have 

8000 
and from this, by extracting the square root, we obtain 
rf= v '0.144 = .38ofan inch. 

PROBLEM XXIV. 
157. In a hydrostatic bellows of a cylindrical form, the 
diameter of the tube, the weight suspended, and the weight of 
the suspending fluid, are given : — 

/( is required to determine the diameter of the bellows, so 
that the whole may be in a state of equilibrium. 
Let both sides of the general equation (113), be divided by w' the 
weight of the suspending fluid, and we shall have 



from which, by extracting the squs 



»=/* 



(119), 
And from this equation, we obtain the following practical rule. 

Rule. Multiply the square of the diameter of the suspend- 
ing tube, by the iviijIU suspeudi-d, and divide the product by 
the weight of the fluid which maintains the equilibrium ; then, 
the square root of the quotient will be the diameter of the 
cylinder sought. 
Example. The diameter of the suspending tube in a cylindrical 
hydrostatic bellows, is half an inch, the weight of the suspending fluid 
is 2 lbs., and the weight suspended on the bellows board is 12000 lbs. ; 
what is the diameter of the bellows? 

Here, by proceeding as directed in the foregoing rule, we get 
fe -SX.5XlS00O 



ii far the diameter of the bellows 



'vir 



OF THE HYDROSTATIC BELLOWS. 



14! 






and by extracting the square root, we have 
d =yi500 zr 38.73 inches. 
158. The foregoing problems and rules, unfold every particulai 



S bellows, and from them 
librium, if more fluid be 




respecting the calculation of the hydn 
we may infer, that in the case of an eqi 
added : — 

It will ascend equally in the suspending tube, and in the 
cylindrical vessel composing the bellows, whatever may he 
their relative magnitudes. 

The demonstration of this is very simple, for let a bc d be a vertical 
section, passing along the axis of the cylindricaJ 
vessel, and also along the axis of the suspending 
tube Ki; and suppose that f and c are the points 
to which the fluid rises in the vessel and the tube, 
when the bellows is in a state of equilibrium. 

Take ic equal to d«, and through the points a 
and c let a horizontal plane be drawn, intersecting 
the vertical plane abcd in the line ah; then it is manifest, that the 
weight ui in the position n, is equivalent to the weight of the fluid 
column a&FE. Let more fluid be poured into the tube at k; the 
equilibrium will then be destroyed, and the weight v> will ascend, 
until by discontinuing the supply, the equilibrium is restored, and the 
fluid in the vessel and the tube becomes again quiescent at the points 
n and k. 

Take in equal to da, and through the points a and k, let a hori- 
zontal plane be drawn, cutting the vertical plane aiicd in the line 
ab; then as before, the weight w in the position n, is equivalent 
to the weight of the fluid cylinder, of which abwwi is a vertical 
section. 

Now, the weight w is not altered in consequence of the change of 
position from ef to win; therefore, because tr is equal to mn, it 
follows, that za is equal to m\ ; consequently, by taking away the 
common space ma, the remainders tin and qa are equal to one 
another; but by reason of the parallel lines ac and ak, the spaces 
a a and ck are equal to one another; therefore ck is equal to 

EOT. 

From the principle here demonstrated, the resolution of the follow- 
ing problem may readily be derived. 
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PROBLEM XXV. 

159. If a hydrostatic bellows of a cylindrical form, have a 
given quantity of fluid poured into the equilibrating or suspend- 
ing tube: — 

It is required to determine through what space the weight 
on the moving board will ascend in consequence of the supply. 

Before we proceed to the resolution of this problem, it may be 
proper, as in the foregoing cases, to exhibit an appropriate notation ; 
for which purpose, 

Put d~ ab or dc, the diameter of the cylindrical vessel or bellows, 
d:z= the diameter of the equilibrating or suspending tube, 
q — the quantity of fluid poured into the tube, and 
i3M, the space through which the weight ascends by reason 
of the supply. 
Then, according to the priDciptes of mensuration, the area of a 
transverse section of the cylindrical vessel or bellows, is 
<u = .7854d% 
and the area of the corresponding section of the tube, is 

a'=.7B54d\ 
where the symbols a and a' denote the respective areas. 
But by the property demonstrated above, the fluid rises equally in 
i the tube ; therefore, the quantity of fluid which 
n consequence of the supply, is 
s = .7854d'x, 
and the quantity which remains in the tube, is 
s' = .7854d'a;, 
where the symbols s and s' denote the solidities of the cylinders, 
whose diameters are n and d, and their common altitude x. 

Now, the sum of these quantities, is manifestly equal to the quantity 
of fluid poured into the tube ; hence we have 
<7 = .7854x(d* + </=>, 
and by division, we obtain 



J bellows and i 

o the bellows ii 



" .7854(D s + d')' 



(12' 
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It therefore appears, that the space through which the weight 
ascends by reason of the supply :— 

Is equal to the quantify of fluid which is poured into the 
tube, divided by the sunt of the areas of a cross section of the 
tube and the cylindrical vessel or bellows. 

The practical rule, or method of applying the equation, may there- 
fore be expressed in words at length in the following manner. 

Rule. Divide the quantity of fluid which is poured into 
the tube, by .7854 times the sum of the squares of the dia- 
meters, and the quotient will give the quantity of ascent, or 
the space through which the weight is raised in consequence 
of the supply. 

Example. The diameter of a cylindrical vessel is 20 inches, and 
that of the suspending tube is one inch ; now, suppose that an incom- 
pressible fluid is poured into the tube, until its weight sustain in 
equilibrio, a load of 8760 lbs. upon the moveable bellows board ; 
then, how much higher will the load be raised, when 150 cubic inches 
of the fluid are superadded 1 

Here then, we have given d = 20 inches, d= 1 inch, and q^: 150 
cubic inches ; consequently, by the rule, we obtain 



150 



"".7854(400+ 1) 
From this it appears, that if a machiD 



.476 of an inch. 



: of the given dimensions be 
brought into a state of equilibrium, the addition of 150 cubic inches 
will raise the load .476, or very nearly half an inch higher ; in which 
case the equilibrium will still obtain, for the altitude of the fluid in 
the suspending tube, is increased exactly as much as the load has 
been raised, while the magnitude of the load, and consequently, the 
height of the equilibrating column, remain the same. 



3. THEORY OP CONSTRUCTION AND SCIENTIFIC DESCRIPTION OF THE 
HYDROSTATIC WEIGHING MACHINE. 

160. The preceding principles may also he applied to the con- 
struction of a very simple and convenient weighing machine ; for, if 
into the side of an open cylindrical or other vessel, a bent tube be 
inserted, and if on the surface of the fluid, a moveable cover exactly 



,) Erf 
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fitting the vessel be placed with it weight upon it, and the tube 
graduated : — 

Then, any additional weight placed upon the cover, may be 
determined by knowimj the height to which the fluid rises in 
the tube ; and conversely : — 

If the additional Height be. known, the height to which the 
fluid rises in the tube may be found. 

Let abcd represent a vertical section of a cylindrical vessel, or of 
any other vessel, whose sides are perpendicular 
to the horizon; and let kic be the corres- 
ponding section of the equilibrating tube. 

Let both the vessel and the communicating 
lube be open at the upper parts ab and de, 
and conceive the vessel to be filled with fluid 
to the line bf or altitude de; then, on the 
surface of the fluid at ef, let there be placed 
a moveable cover exactly fitting the vessel, so 
that the whole may be water-tight. 

Produce ef to b, then is the point b at the same level in the tube 
ik, as the surface of the fluid in trie vessel whose level is ef : upon 
the cover ef let the weight w be placed, and suppose a to be the 
point in the tube, to which the fluid will rise by the action of the 
cover, together with the weight w which is placed upon it; in this 
case, the machine is in a state of equilibrium. 

If some additional weight w' be placed upon the cover, then the 
original equilibrium will be destroyed, and can only be restored, by 
the fluid ascending in the tube to a sufficient height to balance the 
additional weight. 

Put D = *Eor dc, the diameter of the cylindrical vessel, of which 
abcd is a section, 
d — de, the diameter of the communicating tube kic, 
Airk, the height of the original equilibrating column, 
ujrrthe weight supported by the column ha, 
h/:= the additional weight, whose quantity is required, 
A'=qk, the increased altitude of the supporting column, 
I = s.m, the descent of the cover occasioned by the additional 

load u<\ and 
$ := the specific gravity of the fluid. 
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Then it is manifest, that when the equilibrium originally obtains ; 
that is, when the surface of the fluid in the tube is at a, and that in 
the vessel at ef, the pressure of the fluid in the tube exerted at b, is 
p = .7854rf*A*, 
where the symbol p denotes the pressure at b ; 
but this is manifestly in equilibrio with the pressure of the column 
wefx, or the weight w\ consequently, we have 

.7854d s As :u>\: .7854i ! : .7854tf; 

or by suppressing the common factors, we obtain 

hs:w::\: .7854 d*; 

and by equating the products of the extremes and means, it is 

w = ,7854A*d 1 . (121). 

Again, by means of the additional weight w\ whose magnitude is 
required, the cover ef is supposed to descend to the position mn; 
while, in order to regain the equilibrium, the fluid rises in the tube as 
far as the point k, in which case, the altitude of the equilibrating 
column ck becomes (A -+- It' -f- &) and consequently, the pressure at 
c, is 

p'= .7854 tfs (A + A' + S), 
and this is in equilibrio with the pressure of the column ymnz, or 
the weight (w -\- w') ; consequently, we have 

.7854d"s(A + h' + Z) : w + vf : : .7854d* : .7B54d*; 
or by suppressing the common factors, we have 
s (A + A' + 3) :w + w':: 1 : .7854 d"; 
therefore, by equating the products of the extremes and means, we get 
w + w' = .7854 d*j (A + A' + X). (122). 

But we have seen above, equation (121), that wj = .7854A«d"; 
consequently, by substituting and separating the terms, we obtain 

u;' = .7854d's(A' + £). (123). 

Now, it is manifest, that the descent of the cover in the vessel, and 
the rise of the fluid in the tube, must be to one another, inversely as 
the squares of the respective diameters ; therefore, we have 

or by division, we get 



and finally, by substitution, we obtain 
w' = .7854A's(d> + <*»). 



(124). 
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161. If the fluid be water, whose specific gravity is represented by 
unity, the equation becomes somewhat simpler ; for in that case, we 

wi' = . 7854 A' (D* + d*). (125). 

From this equation the magnitude of the additional weight, or the 
measure by which it is expressed, can very easily be ascertained ; 
and the practical rule by which it is discovered, is as follows. 

Rule. Multiply the sum of the squares of the diameters, 
by .7854 times the rise of the fluid in the tube, or the eleva- 
tion above the first level, and the product will express the 
■magnitude of the additional weight. 

Example. The diameter of a cylindrical vessel is 16 inches, and 
r that of the communicating tube one inch ; now, supposing the machine 
in the first instance, to be in a state of equilibrium, and that by the 
addition of a certain weight on the moveable cover, the water in the 
tube rises 6 inches above tbe original equilibrating level ; how much 
weight has been added ? 

By proceeding according to the rule, we have 

d" + <P = 16* + 1* = 256 + 1 = 257, 

and by multiplication, we obtain 

w' = . 7854x6X257 =1211. 0868 avoirdupois lbs.* 

162. If the additional weight, by which the water is made to rise 
in the tube be given, the distance above the first level to which it will 
rise, can easily be found ; for let both sides of the equation (125), be 
divided by the quantity .7854 (d ! -f d 1 ), and we shall obtain 



— .7854(D*4-rf*)' 
And from this equation, we deduce the following rule, 

Rule. Divide the additional weight, by the sum of the 
areas of the moveable cover and the cross section of the 
communicating tube, and the quotient will give the height to 
which the fluid will rise above the first level. 



* It is manifest from the form of the equation which supplies the rale, that 
without paying particular attention to tbe nature of the load which produces the 
equilibrium in the first place, the value of i/ is ambiguous, and may be read in 
ounces, lbs., cwts., or ions ; and indeed, iu any denomination of wejgbt whatever : 
but it must always be read in the Mime name as that by- which the equilibrium 
is produced. 
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Example. The diameter of the moveable cover is 16 inches, and 
that of the communicating tube one inch ; then, supposing that the 
machine in the first instance is brought to a state of equilibrium, 
and that a load of 1211 lbs. is applied on the cover, in addition to 
that which produces the equipoise ; to what height above the first level 
till the water ascend in the communicating tube ? 

Proceeding according to the rule, we obtain 

.7854 (d* + <F) = .7854 (16 s + 1') =201.8478 divisor ; 

consequently, by division it is 

''=2ori578 = 6i,,cl " !,,,ea ' 1 »' 
And exactly after the manner of these two examples, may any 
other case be calculated ; but in applying the principles to the 
determination of weights, mercury ought to be employed in preference 
to water, as it exerts an equal influence in less space, and besides, it 
is not subject to a change of density by putrefaction and the like. 

4. EXPERIMENTS ILLUSTRATING THE «UA«OAV£RSUS PRESSURE Of 
INCOMPRESSIBLE TLUIDS. 

Before we conclude our inquiries on fluid pressure, it may be both 
interesting and instructive to the readers of this work, to describe a 
few select experiments, by which the equal distribution of pressure, 
among the particles of an incompressible fluid is beautifully and 
rigorously demonstrated, and its equal propagation in all directions, 
placed beyond the possibility of the smallest doubt. 

Allied to the preceding subject, is the following, by which is exhi- 
bited a very surprising effect of the equilibrium of incompressible 
fluids, but which, for the sake of convenience, we shall suppose to be 
water, since that is more easily obtained in small or large quantities, 
than any other fluid whatever. 

Experiment 1. Let abcd represent an upright section of a square 
or cylindrical vessel, closed at top with a cover of r j- ^ 

which ad is a section ; make a hole in the top at e, 
and fix a tube jte therein of any convenient dia- 
meter at pleasure, but small in comparison of the 
diameter of the vessel. Let the tube be closely . 
fixed in the cover with pitch, or some other glutin- 
ous matter, so aB to be rendered air and water-tight 
all round the orifice, and suppose its length or 
height to be twelve or fifteen inches according to 
circumstances; then, fill the vessel with water by some holes made 
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in the top and afterwards stopped up, or it may be filled through 
the tube alone. 

Now, if a load of about seven or eight hundred lbs., be laid upon 
the cover of the vessel, it will be depressed into a concavity repre- 
sented by the dotted line amd, the displaced water ascending in the 
tube, in proportion as the cover is bent by the pressure of the super- 
incumbent load ; but if we pour water into the tube fe, the cover of 
the vessel, together with its incumbent load, will not only be raised 
to the original situation, but will even assume a convex form, as 
represented by the dotted line and, rising in the middle as much 
above the point e, as it was formerly depressed below it, the quantity 
of elevation being measured by the index or ruler il, which is fixed 
in an adjoining support in such a manner, as to remain immoveable, 
the point h which is marked on the tube, ascending or descending 
with the cover of the vessel. 

If the tube be increased in length and more water added, it will be 
found that the cover of the vessel, together with its load, will rise 
higher and higher until a rupture takes place by overstretching the 
fibres of the material ; this however, is a case not admitted in the 
experiment, and consequently, we may conclude, that the small 
column of water in the tube : — 

Exerts the same force in raising the cover of the vessel, 
together with the load upon it, as if the tube and the vessel 
were of equal diameters, and the incumbent column equal to 
a g B d, instead of that contained in the tube. 

Now, this is precisely the property of the weighing machine for- 
merly exemplified ; for the water in the small tube fe, will raise the 
cover of the vessel, (supposing it to be moveable and water-tight), 
together with its load, even although it were a thousand times greater: 
this is manifest, because the velocity with which the water descends 
in the tube, is to the velocity with which it ascends in the vessel, as 
the area of a section of the vessel, is to the area of a corresponding 
section of the tube; for instance, if the vessel is 30 inches in diameter, 
while the supplying tube is only one; then, we know by the prin- 
ciples of mensuration, that the area of the top of the vessel, is to that 
of a section of the tube, in the ratio of 900 to unity ; consequently, 
when the water in the tube has descended one inch, the top of the 
vessel, and the load upon it, has ascended by a one nine -hundredth 
part of an inch ; therefore, if the water in the lube weighs one lb., it 
will be in equilibria with 900 lbs. in the vessel, or which is the same 
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the tube, will suspend the top of the vessel, 
pon it, supposing them to weigh conjointly 



o represent a vertical section of a spherical 
some other incompressible and non-elastic 




thing, one lb. of water i 
together with the load 
900 lbs. 

Experiment 2. Let 
vessel filled with water, 
fluid, and let ah be 
tumbler glass, held vertically with 
its mouth exactly in contact wiih 
the fluid's surface; then it is mani- 
fest, that in this state the glass is 
completely filled with air of the 
natural density ; chat is, with air of 
the same density as atmospheric air 
on the surface of the earth. 

If the tumbler be still held in a 
vertical position, but a little tit-pressed below the surface of the fluid, 
as represented by cd, theu it is obvious, that a small quantity of the 
fluid has entered, and tbe rest of the glass is filled with air in a state 
of slight condensation, corresponding to the pressure of the super- 
incumbent column ol water represented by prf. And moreover, if the 
glass be still farther depressed, the fluid will ascend higher and higher, 
aud the air will be compressed into a less and less space. 

Again, if the glass be inclined in any degree from the vertical 
position, as represented by ef and gii, taking care to have its mouth 
wholly immersed in the water, then it is evident, that the greater the 
degree of inclination, the greater is the quantity of fluid which enters, 
and the greater also is the condensation of the included air; but when 
the quantity of fluid which enters the glass is the same, both in the 
vertical and the inclined position, the density of the air is also the 
same, being compressed by the same force ; consequently, the water 
or fluid in which the glass is placed, exerts the same pressure in 
whatever direction it is propagated. One sees this experiment verified 
daily by empty casks having only one end, thrown into 

ExpERrniEHT 3. If the several tubes a, b, c, i> 
and e, bent at various angles, be inserted in an 
empty vessel, or if they be held in the hand, and 
mercury be introduced at their lower extremities, 
in snch a manner, as to come close to the ori- 
fices; then let water be poured into the vessel, 
and it will be seen, that during the time of its 
filling, the mercury is pressed gradually from the 
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lower towards the higher extremities of the tubes, which are supposed 
to rise to a height considerably above the surface of the water. 

Now, since the lower extremities of the tubes may be conceived to 
point in every possible direction, it follows, that the pressure of the 
superincutnbent fluid is also propagated in every direction. But when 
it is required that the lower orifice should point directly downwards, 
in order to show the upward pressure of fluids, a straight tube must 
be employed, and the mercury which is introduced must be kept in 
by the finger, until the height of the water above the lower surface, is 
about fourteen times the height of the mercurial column ; for if the 
finger be removed before the water has attained that height, the mer- 
cury will fall out of the tube, since its weight is fourteen times greater 
than the weight of an equal bulk of water. If the finger be continued 
upon the orifice, until the height of the water be equal to fourteen 
times the height of the mercury, then, on removing the finger, and 
pouring in more water, the mercury will be seen to ascend in the 
tube, and will continue to rise higher and higher, according to the 
quantity of water poured in, thereby showing the upward pressure of 
the water. 

Experiment 4. The pressure of flui 
depths, may be very simply illustrated 
jn the following manner : let jebe a bag 
of leather, or some other tough and 
flexible material, filled with mercury, 
and attached to the extremity of a 
glass tube ti, in such a manner, that 
the mercury may just enter the tube 
when the bag is held in air. 

Then, if the bag be immersed in 
water, it is manifest that the pressure " ~-*^-- " -:-rz^=?==^==;— ■ 
of the fluid will cause it to collapse, and the mercury will ascend in 
the tube to a certain height, corresponding to the pressure exerted by 
the water, at the depth where the bag is placed. If the bag continue 
to be lowered in the water, it will become more and more collapsed in 
consequence of the increased pressure, and the mercury will ascend 
higher and higher in the tube, and the heights to which it rises, will 
indicate the magnitude of pressure at different depths. 

Experiment 5. There is a very simple and amusing experiment, 
by which the propagation of pressure through fluids is illustrated, 
called the " Cartesian Devil," from M. Descartes, the celebrated 
French philosopher, by whom it was discovered ; it is as follows. 



i at different points of their 
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Let the little figure in the inverted jar ab represent the" Cartesian 
Devil," surmounted by a bag-like crown of great size in proportion to 
his body, filled with some very light substance, such as air, and we 
shall therefore suppose that air is the body which it contains. The imp 
himself must be constructed of glass or enamel, so as to possess the 
same specific gravity as water, and therefore to remain suspended in 
the fluid. 

At the bottom of the vessel or jar, is 
placed a diaphragm or bladder, that can be 
pressed upwards by applying the finger to 
the extremity of a lever eo, moving round o 
as its fulcrum or centre of motion. The pre s- 
sure applied at a is communicated through the 
water to the bag of air at m, which is thus 
compressed, and consequently, the specific 
gravity of the figure is increased, by which 
it sinks to the bottom of the jar. 

By removing the pressure on the dia- 
phragm at a, the figure will again ascend, 
so that it may be made to oscillate, or rise 

upwards and sink downwards alternately, and to dance about in the 
jar, without any visible cause for its movements. 

Other figures, such as fishes made of glass, are sometimes employed 
in this experiment, but the principle is nevertheless the same, and 
when a common jar is used, the pressure is applied to the upper 
surface of it, as at a. 

I Experiment 6. The pressure of fluids at very great depths, is 
beautifully illustrated by an experiment which has often been made 
at sea, where the water is sufficiently deep to admit of the principle 
being accurately put to the trial. 
The experiment is this: an empty bottle well corked is made to 
descend to a great depth, on which the pressure of the fluid becomes 
so great as to drive in the cork, and the bottle when brought up is 
always filled with water. Several methods have been employed to 
prevent the cork from being driven inwards, but although this has 
been effected, yet the bottle on being brought to the surface, is con- 
stantly filled with the fluid in which it has been sunk. 
The following experiments of this sort, are detailed by Mr. Campbell, 
the author of " Travels in the South of Africa," published at London 
in the year 1815; the experiments were tried on his voyage home- 
wards from the Cape of Good Hope. He drove very tightly into an 



empty bottle, a cork of such a large size, that one half of it remained 
above the neck : a cord was then tied round the cork and fastened to 
the neck of the bottle, and a coating of pitch was put over the whole. 

When the bottle was let down to the depth of about fifty fathoms, 
he perceived by the additional weight, that it bad instantly filled ; 
and on drawing it up, the cork was found in the inside of the bottle, 
which of eourse was rilled with water. 

Another bottle was prepared in a similar manner ; but in order to 
secure the cork, and to prevent it from being pressed within the bottle, 
a snil needle was passed through it, so as just to rest on the margin of 
the glass, and the whole was carefully covered with a coating of pitch. 

When the bottle had descended to the depth of about fifty fathoms, 
as in the former case, it was again perceived to have been filled with 
water; and on bringing it to the surface, the cork and needle were 
found in the same position, and no part of the pitch appeared to be 
broken, although the bottle wa- completely filled with water. Here 
the water must have insinuated itself through the pores of the pitch 
and the cork, and not as the experimentalist supposes, through the 
pores of the glass. 

The equality of tluid pressure in every direction, is very easily 
demonstrated in the following manner. 

Experiment 7. If a piece of very soft wax, as g m i, and the egg 
e, be placed in a bladder, or some other flexible vessel filled with 
water, and if the bladder be put into a brass box, and a moveable 
cover laid upon the bladder so as to be wholly supported by it. 

Then, if one hundred, or one hun- 
dred and fifty lbs. be laid upon this 
cover, so as to press upon the bladder 
and its contained fluid ; this enor- 
mous force, although propagated 
throughout the fluid, and acting 
upon the soft wax and the egg, will 
produce no effect, the wax will not 
change its form, and the egg will not be broken. And ii 
if a living fish should be put into the cylinder of a hydrostatic press, when 
under a very high degree of pressure, it will not suffer the least incon- 
venience; from which it is obvious that every particle of the fluid is 
equally pressed, and presses equally in all directions. 

Numerous other examples might be adduced for proving the same 
thing, but since the principle is manifest, it is needless to dwell longer 
on the subject. 




CONTEXTS OF PART II. 

Which will be published on the First of June. 



CHAPTER VII. 

OF PRESSURE AS IT UNFOLDS. ITSELF IN THE ACTION OF FLUIDS 
Of VARIABLE DENSITY, OR SUCH AS HAVE THEIR DENSITIES 
REGULATED BY CERTAIN CONDITIONS DEPENDENT UPON PAR- 
TICULAR LAWS, WHETHER EXCITED BY MOTION, BY MIXTURE, 
OR BY CHANGE OF TEMPERATURE. 

CHAPTER VIII. 

OF THE PRESSURE OF NON-ELASTIC FLUIDS IPON DYKES, EM- 
BANKMENTS, OR OTHER OBSTACLES WHICH CONFINE THE 
FLUIDS, WHETHER THE OPPOSING MASS SLOPE, BE PERPENDI- 
CULAR, OR CURVED, AND THE STRUCTURE ITSELF BE MASONRY, 
OR OF LOOSE MATERIALS, HAVING THE SIDES ONLY FACED 
WITH STONE. 

CHAPTER IX. 

OF FLOATATION, AND THE DETERMINATION OF THE SPECIFIC 
GRAVITIES OF BODIES IMMERSED IN FLUIDS. 

CHAPTER X. 

OF THE SPECIFIC GRAVITIES OF FLUIDS, AND THE THEORY OF 
WEIGHING SOLID BODIES BY MEANS OF NON-ELASTIC FLUIDS. 

CHAPTER XL 

OF THE EQUILIBRIUM OF FLOATATION. 



I. Kidtr/Priuter, 11, Bartholomew Clow, London. 



CHAPTER VII. 

OF PRESSURE AS IT UNFOLDS ITSELF IN THE ACTION OF FLUIDS 
OF VARIABLE DENSITY, OR SUCH AS HAVE THEIR DENSITIES 
REGULATED BY CERTAIN CONDITIONS DEPENDENT UPON PAR- 
TICULAR LAWS, WHETHER EXCITED BY MOTION, BY MIXTURE, 
OR BY CHANGE OF TEMPERATURE. 



In the former part of this treatise, we have displayed the nature of 
pressure as it occurs in the action of non-elastic fluids of uniform 
density, and in addition, we have investigated the theory and exem- 
plified the application of the Hydrostatic Press, the Hydrostatic 
Bellows, and the Hydrostatic Balance or weighing machine ; instru- 
ments whose operations depend upon the quaqua- versus principle of 
non-elastic and incompressible fluids : — We come therefore in the 
next place, to consider pressure as it unfolds itself in the action of 
fluids of variable density, or such as have their densities regulated by 
certain conditions, dependent upon particular laws, whether excited 
by motion, by mixture, or by change of temperature. 

In mechanical science density is used as a term of comparison, 
expressing the proportion of the number of equal moleculse in the 
same bulk of another body ; density, therefore, is directly as the 
quantity of matter ; and iuversely as the magnitude of the body. 

We cannot by means of our senses discover the figure and magnitude of the ele- 
mentary particles of matter. Mechanical inventions have wonderfully magnified 
objects invisible to the unassisted eye ; but no microscopical assistance has yet en- 
abled us to assume that we have seen an elementary particle of matter. A number of 
elementary particles uniting by the power of cohesion form greater particles, and 
these again uniting, by the same power, form still greater ; and we may consider the 
aggregate of many such formations to become at length an atom of a sensible bulk* 
All bodies seem to be composed of these derivative corpuscles, which, formed of 
more or fewer of these repeated unions, compose bodies more or less dense. These 
derivative corpuscles are sometimes similar, as the coloured rays of a beam of light 
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ieparated by tho prism; mercury, when si|ueoiod through the porea of leather, 01 
aised in fume and received upon clean glass, which exhibits globules similar and 
undistiie;nish-.ible. In short, every mass of nutter m divisible into psrticles, which 
lignate by the Greek term atom, or that which is Ha uaaQdiiigli uiinute that 
it cannot be further cut or divided, and which therefore, as far as sen 
is the ultimate resisting particle. It must be obvious, that tho density or quantity 
of atoms which exist in a given space is very different in difl'erent substances. 
Hence, if it be asked why bodies are called dense 1 the nnawer is, Because they, 
contain more atoms than others of the some size. There are more atoms in a cubic 
inch of lend than in a cubic inch of cork : the former is forty times heavier than the 
Latter. A cubic foot of rum vnti r W tii^hr- &t\ lbs. ; but an equal volume of mercury, 
which is fourteen times heavier than water, weighs (6Sjx t*)=8?51bs. 

Density must depend on three circumstances, to which we should carefully attend 
in nil our disquisitions : first, the si/o or wci-lu of th" individual atom ; secondly, on 
porosity, or the arrangement of the :itoms by cohesion, or mechanical and physical 
arrangement ; thirdly, the proximity of the atoms determined by the substance of 
which they are constituent purtiftua, piissfssing 1..-jj .n.-i ty and incomprcsaibility. 
Thus, heat dilutes some bodies and contracts others. A pound of tin and a pound of 
copper melted together form bronze ; but this new mass occupies less space by one 
fifteenth than the two ma>ses did when separate ; pro v in;; thai the iitoms of the one 
are partially received into what were empty spaces of the other. In other words, 
the affinity of cohesion is one fifteenth [;rojior hi the brouze than in the tin and 
topper separately. Two pounds of brine are made out of a pound of salt and ft 
pound of water; but the mass is of less bulk than the aggregate of the ingredients 

Water, we have seen, resists compression very powerfully, but at the depth 
of 1000 fathoms yielding a very small part of its bulk at the surface, shows the 
particles not to be in contact, 8nd that the fluid may acquire density in propor- 
tion to its depth. Wood swims in water, because the water has more atoms in the 
some hulk than the wood, and therefore mora weight or central force titan the wood ; 
consequently, tho water fills first and leaves the wood behind; in other words, the 
wood floats o [inn the w;it it — Ihe wood is borne on (In 1 surface of the water with 8 force 
exactly proportional (o the difference between its weight and that of an equal bulk 
of water. The pressures which the llnid exerts in supporting; tho wood are together 
equivalent to a force directed upwards t1ir..u_h tin.' centre id' gravity of the fluid 
displaced, and equal to the weight of a quantity of the fluid so displaced by the 
immersed port of the body. But it is not necessary here to dwell further on this 
topic, the density of water. We therefore puss on to another character it possesses, 
Tii. gravity or weight ; and it is, in fact, by comparing the weight of a body with 
the force which holds it up in the fluid, that tho comparative weights or specific 
gravities are found, as of metals compared with water, and of admixtures of metnjs 
for the purpose of ascertaining at once the proportion of each in the compound 

Water is the common standard with which all other substances are compared, 
whoso weight we woald fi» and record in tables of specific gravities. When 
we aay, therefore, that gold is of the specific gravity of IP, nuit cupper of 9, aud 
cork of one seventh, wo mean that these substances are just so touch heavier or 
lidn. iV in iheir bulk of pure water in its densest form, vis. at the temperature of 
■in ilexes id" F ihronheit's thermometer. It appears, therefore, tint the terms 
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A CYLISDBICAL VESSEL. 

e thin!; under different aspects; the 
e greater or less vicinity of punicles. 
?n volume | heuce, ns weight depends 
ity varies as the specific gravity, and 
the terms may in most cases he indiscriminately used. 

The specific gravities of fluids sire Unity pww M bwJ without any regard to the 
empty apnces between the particles, though if (he particles of fluids are spherical, 
<he vacuities make at least one fourth of the whole built. But it is sufficient that 
we know precisely in what sense [tie specific vr;ivirji. s nf fluids are understood. 



PROBLEM XXV. 

163. A cylindrical vessel whose sides are perpendicular to 
the horizon, has a certain quantity of fluid in it; which fluid, 
by reason of a sudden change of temperature, has its magnitude 
or hulk increased by a certain part of itself: — 

It is therefore required to determine what will be tire 
alteration of pressure "it the sides and bottom of the vessel. 

Let abcd, and abed respectively, represent vertical sections of 
the cylindrical vessel, of which the sides are perpendicular and the 
base parallel to the horizon ; then in 
the first instance, let r f be the height 
to which the vessel is filled, and ef 
(he height to which the fluid rises, 
by reason of the change that takes 
place in the temperature. 

Draw the diagonals bc, pd and 
ee, fd intersecting respectively in 

the points o and g, and through the points a, g, draw the vertical lines 
mn and mn\ then are sic and mj, the respective depths of the centres 
of gravity of the cylindric surfaces, in contact with the fluid before 




after the e 
of gravity of the 
Through the pt 
parallel to the Iv 
height which the c 
by reason of the e 



r bottoms i 



, are the depths of the centres 
md dc. 



and to one another; then is cs or t<j the 
ilrc of gravity of the cylindric surface is elevated, 



expansion of the fluid. 
Put rf^ncor dc, the diameter of the cylindric vessel, 

/* = ms, the height to which the vessel is originally filled, 
h' — mn, the height at which the fluid Mauds in ttu vessel e 
expansion, 
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Put P = the pressure on the bottom d c, by the fluid in its original 

state, 
p = the corresponding pressure on the cylindric surface, 
P' = the pressure on the bottom dc, by the fluid after expansion, 
p' = the corresponding pressure on the cylindric surface, 
8 — the specific gravity of the fluid before expansion, 
s' zzz the specific gravity of the fluid after expansion, 
a — the area of the base or bottom of the vessel in both cases ; 

and </>' the cylindric surfaces, and 
±=: the part of its bulk by which the fluid is increased. 

Then, since d denotes the diameter of the bottom, the area accord- 
ing to the principles of mensuration, becomes 

a = .7854 d\ 

and the pressure exerted by the fluid in its original state, is 

P = .7854d*hs. (126). 

Again, according to the principles of mensuration, the cylindric 
surface in contact with the fluid before expansion, is 

= 3.1416dA, 

and consequently, the pressure upon it, is 

/> = 3.1416cMxHxs=1.5708dtfs. (127). 

Now, it is manifest, that since the diameter of the vessel is the 
same both before and after the expansion of the fluid, the capacity 
and the altitude must vary directly as each other; consequently, 
because the capacity or bulk is increased by £th part of itself, it 
follows, that the altitude is increased in the same proportion ; there- 
fore we have 

n 

but when the weight of the fluid remains the same, the density, and 
consequently the specific gravity, varies inversely as the magnitude. 

The specific gravity of the fluid, after it has expanded by reason 
of an increase of temperature, is therefore, 



: — : n . . s : s — 



ns 



n n-\-\ 

hence, the pressure on the bottom of the vessel, after the fluid has 
increased by expansion, becomes 

P' = .7854d»AV; that is, 
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P' = .785id*Xh(^ : -}}x-~r = J854d , hs. (128). 

Tlie cylindric surface in contact with the fluid after expansion, may 
be expressed as follows, viz. 

but it has been shown above, that 

$ = 3.l±16dh; 

therefore, by substitution, we obtain 

^' = 3.1416rfA(^t— ), 

and consequently, the pressure becomes 

If therefore, the equations (!26) and (128) be compared with one 
another, it will be found that the pressure is the same, and equal to 
the weight of the fluid in both cases; but if the equations (127) and 
(129) be compared, the pressure in the one case, is to that in the o titer, 
in the ratio of n : n -+• 1 ; that is, 

pip r i;*:n+l. 



PROBLEM XXVI. 

164. A semi-circular plane is vertically immersed in a fluid 
whoBe density increases as the depth, and in such a manner, 
that the horizontal diameter coincides with the upper surface of 
the fluid :— 

It is required to determine, on which chord parallel to the 
horizon, the pressure is a maximum, or greater than the 
pressure on any other chord. 

Let abcd represent a vertical section of a mass of fluid, of which 
ab is the surface, and whose density 
varies directly as its depth ; and let 
uofhb be the semi-circular plane im- 
mersed in it, in such a manner, that 
the horizontal diameter ab, coincides 
with ab the upper surface. 

Let m be the point in the vertical 



h B 
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radius e f, through which the chord of maximum pressure is supposed 
to pass; draw the chord gej, und the radius eg; then, because the 
chord on is parallel to the diameter ab, it follows, that oh is bisected 
in m by the vertical radius ef; consequently, m is the place of the 
centre of gravity of the chord gh, and Ein is its perpendicular depth 
below ab, the upper surface of the fluid. 
Put r := eg, the radius of the semi-circular plane, 

^ — gf, half the arc subtended by the required chord gh, 
and x =; Em, the distance of the chord below the surface of the fluid. 
Then, because by the conditions of the problem, the density of the 
fluid varies directly as its depth; it follows, that the pressure on the 
chord gh varies directly as am drawn into Ewt ! ; that is, 

where p denotes the pressure upon the chord ; but this, by the condi- 
tions of the problem, is to be a maximum ; therefore, we have 

from which, by equating the fluxion with zero, we get 

4rVi — 6/i = 0, 

or by transposing and expunging the common factors, we obtain 



3s' = 2r s ; 






therefore, by division, 
and finally, by evolution, it becomes 

x = ,yj. 

The same result, however, may be otherwise deterin 
the arithmetic of sines, we have, to radius unity 
Gra^sin.^, and em;=cos.^; 
but in order to accommodate these quantities to the radius r, it 
owi^j-sin.^, and Em* = x* = t^cos.*? ; 
consequently, by multiplication, we obtain 
omX Em' — r'sin.^cos.'^, 
and this, by the conditions of the problem, is to be 
hence we get 

which being thrown into fluxions, becomes 
:= j J {^- cos. 3 ^ — 2^ sin.'^ cos.y) ; 



(lA> 
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therefore, by transposing and casting out the common terms, it is 
cos.'A^rZsin.'d. 

But according to the principles of Plane Trigonometry, we have 
2sin. 5 ^— 2 — 2cos.'^; consequently, by substitution, the above 
expression becomes 

cos.*^ = 2 — 2cos.*0; 

therefore, by transposition and division, we obtain 

cos.> = $, 

and by extracting the square root, we get 

finally, let both sides of this expression be multiplied by r, for the 
purpose of adapting it to the proper radius, and we shall have 

x = rco&.<j, = rT/%, the same as above. 

165. The practical rule for reducing this equation, may be expressed 
in words at length in the following manner. 

Rule. Multiply one third of the radius of the given se/iii- 
circular plane by the square root of 6, or by the constant 
number 1A4SA1, and the product will give the distance of 
the point on tke vertical axis below the surface of the fluid, 
through uihich the chord of maximum pressure pastes. 

166. Example, The radius of a semi-circular plane, immersed in a 
fluid agreeably to the conditions of the problem, is 27 inches; at 
what distance below the surface of the fluid must a horizontal chord 
be drawn, so that the pressure which it sustains may be greater than 
the pressure sustained by any other chord drawn parallel to it? 

By operating according to the rule, we shall obtain 
j:=:9 ^6 = 9X2.44947 — 22.04523 inches. 

167. The same example admits of a very simple and elegant geo- 
metrical construction, which may be effected in the following manner. 

Let ac is be the semi-circular plane, of 
which the diameter as is parallel, and the 
radiu3 dc perpendicular to the horizon ; draw 
the chord bc, and from c as a centre, with 
the radius en, describe the circular arc dkji 
cutting bc produced in the point H. 

Through the point c draw the tangent ck, 
and let fall the perpendicular b r meeting c k 
in i; join di to intersect the arc a 



and through the point 
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draw the chord 
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parallel to ah the diameter of the semicircle 
then is f,gf the rhord, on which the pressure is a maximum. 

That the line dg corresponds with x in the equation marked (168), 
may be thus demonstrated. 

By reason of the parallel lines ab and KC.the angles abh and 
kch are equal to one another; but the angle abh is manifestly equal 
to half a right angle or 45 degrees, therefore, the angleB kch and 
chi, are each of thein equal to half a right angle, and the lines ci 
and ii i are equal, being respectively the sine and cosine of 45 degrees 
to the radius en or en. 

Now, according to the principles of Plane Trigonometry, the sini 
and cosine of 4,5 degrees to the radius unity, are respectively expressed 
by \-,/1 ; hence we have 

2 V 

and by the property of the rightangled triangle, it is 

DI=VcV+^C T =r v /i; 

and by similar triangles, we have 

The length of the chord line ef is very easily found, for by reason 
of the right angled triangle edg, of which the two sides df. and dg 



line is equal to four 



eget 



but by the elements of geometry, the square c 
times the square of its half, therefore, we have 

hence, by extracting the square root. 
EF=r2VJE*— »<*'; 
now d L'^r", and dg"— ^r" ; therefore it is 

EF=:-3rY"3- 31 )- 

Wherefore, if we take the radius of the seini-cirele equal to 27 
inches, as in the preceding example, the whole length of the chord 
will be 18x1.732 = 31. 176 inches. 

PROBLEM XXVII. 

168. If a given conical vessel be filled with fluid, arid sup- 
ported with its axis inclined to the horizon at a given angle; — 
TV is required to determine, on what section parallel to the 
bate the pressure is a maximum. 



MAXIMUM PHESSUHE ON A SECTION OF A CONICAL VESSEL. 

Let abc be a section passing along the axis of the conical vessel, 
of which c is the vertex, and ab the diameter of its base. 

Conceive ai to be horizontal, and produce 
the axis CD to meet the horizontal line ai in 
the point i ; then is aic the angle of inclina- 
tion between the axis and the horizontal line 

Let c. be the point in the axis through which 
the plane of the required section is supposed 
to pass, and through o draw the straight line 

£F parallel to ab, and gh perpendicular to ai ; then is ef the dia- 
meter of the section, and gii tbe perpendicular depth of its centre of 
gravity below a, the highest particle of the fluid. 




Put 



rr a d, the radius of the base of the conical vessel, 

-co, the axis or height, 

=r eg, the radius of the section on which the pressure is a 



a — the area of the section, 

(J = sE, the perpendicular depth of its centre of gravity, 

p 3S the pressure perpendicular to its surface, 

<j> = a i c, the angle of inclination between tbe axis of the cone 

and tbe horizon, 
x — cg, the distance between the section and the vertex of the 



and s =z the specific gravity of the fluid. 

Then, because of the rightangled triangle aoi, and from the prin- 
ciples of Plane Trigonometry, we have 

and from this, we obtain 

DJ = RCOt.^, 

consequently, by adding the axis, we get 

C, = H «*.» + », 

and again by subtraction, it is 
Oi:=ZR COt.p-j- H — x. 
But the triangle giii, is by construction right angled at h ; there- 
fore, by Plane Trigonometry, we have 

oh =d= {r cot* -I- h — x} sin.*. 
Again, the triangles cda and cge are similar to one another; 
therefore, by the property of similar triangles, we have 
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H* : r* : : x* : r* 



or from this, by equating and dividing, we get 

R*£ 

— h« ; 

consequently, by the principles of mensuration, the area of the section, 
on which the pressure is proposed to be a maximum, becomes 

3.1416rV 



a 



n» 



therefore, the pressure upon its surface is 

3.1416R**** f , , 
piz.ads'zz. 5 X{acot.0 -f- h — z}sin.^. 

Now, because the whole of the quantities which enter this equa- 
tion are constant, excepting x, and the bracketted expression 
{acot.^4- h — x] which is affected by it; it follows, that the value 
of p varies as x* {r cot.^4" H — x }> anc * consequently, is a maximum, 
when the quantity which limits its variation is a maximum ; hence 
we have 

ar* {r cot.^ + ii — x} zr a maximum. 

Let the above expression for the maximum be thrown into fluxions, 
and we shall obtain 

2 (r cot.^ 4" H ) x & — 3a?*i = ; 
therefore, by transposing and expunging the common quantities, we 
get 

3a? = 2 (r cot.^ + H )> 
and finally, by division, we obtain 

ar:=$(RCOt.^ + ii). (132). 

169. The practical rule for reducing this equation, may be expressed 
in words at length in the following manner. 

Rule. Multiply the natural cotangent of the angle which 
the axis of the cone makes with the horizon, by the radius of 
the vesseVs base, and to the product add the altitude or axis 
of the cone ; then, two thirds of the sum will give the distance 
of the section, on which the pressure is a maximum, from the 
vertex of the cone. 

170. Example. A conical vessel whose altitude is 20 inches, and 
the radius of its base 8 inches, is filled with fluid and so inclined, that 
its axis makes with the horizontal line passing through the extremity 
of the diameter of its base, an angle of 48 degrees ; on what section 
parallel to the base is the pressure a maximum ? 
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Here we have given, R = 8inches, 11 =20 inches, and ^ = 48 
degrees, of which the natural cotangent is 0.9004 very nearly; con- 
sequently, by the rule, we have 

*=i{8 X0.9004 + 20} = 18.1355 inches. 

If therefore, 18.1355 inches be set off from the vertex, a straight 
line drawn through that point parallel to the base, will be the diameter 
of the section on which the pressure is a maximum. 

171. In any fluid the particles towards its base support those that 
are immediately above ; these again bear the load above them, and 
so on to the surface, where the whole mass supports the super- 
incumbent atmosphere. There is therefore a pressure among the 
successive strata of an homogeneous fluid increasing in exact propor- 
tion to the perpendicular depth. Hence a bubble of air or of steam, 
set at liberty far below the surface of water, is small at first, aud 
gradually enlarges as it rises. This phenomenon shows that the 
compressive power of the fluid slackens by ascent. Experiment and 
calculation most readily demonstrate the compressibility of water: 
and the next problem exhibits the striking effects from the increase of 
pressure at great depths of the sea. 



PROBLEM XXVIII. 

172. A globular body of condensible and elastic matter, is 
suffered to ascend vertically from the bottom to the surface 
of the sea : — 

/( is required to determine its diameter at the surface, the 
depth of the sea, and the diameter at the bottom being given. 

Let ab be the surface of the sea, ab its botti 
positions of the globular body in its ascent 
from the bottom to the surface, and .ueu, 
b F/b the curves described by the extremitit* 
of the diameter. 

Through o and g, the centre of the globe 
in the two positions, draw the vertical line 

cc, which is manifestly the abscisse to the 

curve, the radii ye and g e, aa well as ca and 
ca, being ordinates. 

Produce the abscisse cc to a, and make cd equal to the height of 
a column of sea water, which would be in equilibrio with the pressure 








of the atmosphere; through the point d draw the straight lint 
parallel to the surface of the sea, and hi will manifestly be the 
asymptote to the curve described by the extremities of the diameter. 



:, the radius of the globe at the bottom of the water, 
d — c c, the depth of the water at the place of in 
A — cd, the height of a column of water equal to the weight of 

the atmosphere, 
x^cg, any abscissa, 
j = ge, the corresponding ordinate, or radius of the globe. 

Then, because the magnitude of the globular body, is inversely as 
the density, (the weight and the quantity of matter remaining the 
same,) and the density is directly as the pressure; it follows, that the 
magnitude of the body at different points of its ascent, is inversely a 
the pressure at those points, and the pressure is directly as the depth ; 
therefore, we have 



but according to the foregoing notation, we have 
d+h : fc + x : : y s : r 1 ; 
from which, by equating the products of the extremes and means, 
we get 

/(* + «)— **<*+*); 

hence, by division, we obtain 

r-(£+i) 

'-(4 + x) ' 

and by extracting the cube root, it i: 



T V (A + r)" 



(133). 

The equation in its present form, exhibits the nature of the curve 
described by the diameter of the body during its ascent; or it e 
presses generally, the value of the ordinate or radius corresponding 
to any depth; but in order to determine the radius at the surface, 
which is the primafy demand of the problem, we must suppose the 
quantity x to vanish, in which case, the above equation becomes 
_ ,/d+h 
1-'V -IT' (134). 

173. The practical rule supplied by, or derived from this equation, 
may be expressed in words at length in the following manner. 
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Rule. To the ijiven depth of the sea, add the height of a 
column of sea water, which is equal to the weight or pressure 
of the atmosphere ; divide the sum by the height of the atmo- 
spheric column, and multiply the radius of the body at the 
bottom of the sea by the cube root of the quotient, and the 
product will give the radius at the surface. 
174. Example. The radiuB of a globe of elastic and condensible 
matter, when placed at the depth of 75 fathoms in sea water, is equal 
to 4 inches ; what will be the radius on ascending to the surface, the 
atmospheric column being equal to 33 feet? 

Here we have given d = 75 fathoms, or 75x6 = 450 feet; A=33 
feet; r = 4 inches; consequently, by the rule, we have 



„/483 

V "TT — 9.785 inches nearly. 






175. From this it appears, that if a globe of condensible matter, 
whose radius is 9.785 inches, be immersed in the sea to the depth of 
450 feet, its radius will be decreased to 4 inches; this circumstance 
may suggest some easy and accurate methods of determining the depth 
of the ocean, when it is so great as to preclude the application of 
other methods. 

176. In order, however, to adapt our equation to the determination 
of the depth, we must consider the radii at the surface and at the 
bottom, together with the height of the atmospheric column, to be 
accurately known at the time of trial ; then, by a very obvious trans- 
formation, the depth of descent may be ascertained ; for let it be 
substituted instead of y in the foregoing equation, to denote the radius 
at the surface, and we shall have 



■■v 



(d+h) 



in which equation, d is the unknown quantity. 
Let both sides of the equation be divided by r, the radius of the 
globe at the bottom of the sea, and we shall obtain 



=/ C - 



and cubing both sides, it becomes 



multiply by h. 
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md finally, by transpositioi 



(135). 
equation, may be 



177. The practical rule for reducing tbe above 
expressed in words at length in tbe following manni 

Rule. Multiply the difference of the cubes of the radii, 
by the height of the atmospheric column, and divide 
product by the cube of the lesser radius for the depth 
required. 

Example. The radius of a globe of condcnsible matter is 10 inches 
before immersion, and it is Buffered to descend so far as to have its 
radius diminished to 3 inches; required the depth of descent, the 
atmospheric column at the time of the experiment being equivalent 
to 33 feet. 

Here we have given n— 10 inches, r zr 3 inches, and £ — 33 feet; 

therefore, by proceeding according to the rule, we have 

ji*— r* = 1 000 — 27 — 973 ; 

consequently, multiplying by 33 feet, we obtain 

973X33 = 32109, 

therefore, by division, it is 



PROBLEM XXIX. 

1 78. Let a vessel of any form whatever, whose base is hori- 
/,o»tal, be filled with fluids of different densities which do not 

It is required to determine the pressure on the bottom of the 

vessel, supposing the fluids to succeed each other in the order 

of their densities. 

Let adgh represent a vertical section of the 

vessel, containing fluids of different densities or 

specific gravities, as indicated by the shading of 

the several strata aC, i>f and r.a ; and for the 

sake of simplicity of investigation, let the bottom 

nc. be parallel, and the sides n H, BO perpend ictilitr 




to the horizon. Then are ab, dc and ef, the respective surfaces of 
the several fluids, as mercury, water, and olive oil, also parallel to 
the horizon ; for, as we have elsewhere stated '. — 

The common surface of two fluids which da not mix, is 
parallel to Ihc horizon. 

Now, it is manifest, (since the sides a h and bg are perpendicular 
to the base iig), that the pressure upou the base hg, is equal to the 
pressures or weights of the several fluids contained in the vessel ; 
therefore 

Put d ^r eii, the perpendicular depth of the lowest stratum eg, 
(T^iie, the perpendicular depth of the middle stratum df, 
J*±r a d, the perpendicular depth of the upper stratum ac, 
p = the pressure of the stratum eg upon the line hg, 
;/ = the pressure of the stratum df upon the line ef, 
p"= the pressure of the stratum a c upon the line D c ; and let s, 
s' and s" denote the specific gravities of the respective 
fluids. 
Then, since the pressure upon any surface, is equal to the area of 
that surface, drawn into the perpendicular depth of its centre of 
gravity; it follows, that the pressure upou hg, occasioned by the 

p = iieXds, 

and in like manner, the pressure upon ee, is 

p' = EFXdV, 

and lastly, the pressure upon dc, is 

p" = T>cxd"s". 

But the total pressure upon no, is manifestly equal to the Bum of 

these pressures; therefore, if P denote the entire pressure on the line 

n g, we have 

P —p + p' + p" = HGy.ds + ErXd" s 1 + DCXd" s" ; 
but the lines hg, ef and dc, are equal among themselves, therefore 
we get 

P = Ho(rfs + (*'*' + d"s"). (136). 

179. In the preceding investigation, we have considered three fluids 
of different densities to be contained in the vessel; but the same 
mode of procedure will extend to any number whatever, and what we 
have, done respecting three fluids is sufficient to discover the law of 
induction for any other number. It is this : — 
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The perpendicular pressure upon the horizontal base of a vessel 
containing any number of fluids of different densities, which do not 
mix in the vessel : — 

Is equal to the area of the base, multiplied by the sum of 
the products of the specific gravities drawn into the altitudes 
of the several fluids . 

But the pressure upon the base, will manifestly be the same, if we 
suppose the vessel to be filled with a fluid of uniform density, arising 
from the composition of the densities of the several fluids according to 
their magnitudes ; or if the magnitudes are equal, the uniform density 
will be a medium between the several given densities. 

180. Example. A cylindrical vessel, whose diameter is 6 and alti- 
tude 24 inches, is filled with mercury, water and olive oil, in the 
following proportions, viz. mercury 7, water 8, and olive oil 9 inches; 
what is the pressure on the bottom of the vessel, the specific gravities 
being 13598, 1000 and 915 respectively? 

Here, by the principles of mensuration, the area cf th* bottom of 
the vessel containing the fluids, is 

36 X .7854 = 28.2744 square inches ; 

consequently, the pressure produced by the mercury, is 

p = 28.2744x7X13598 = 2591327.0384, 

and in like manner, the pressure of the water, is 

p' = 28.2744X8 Xl 000 = 226195.2, 

and lastly, the pressure produced by the oil, is 

p u = 28.2744X9X915 = 232839.684; 

and the sum of these is manifestly the whole pressure ; hence we get 

P = 2691 327.0384 + 226195.2 + 232839.684 = 3160361.9224. 

If the pressure as here expressed be divided by 1728, the number 
of solid inches in a cubic foot, we shall have 

_ 3150361.9224 10 . 011 ,, 

p = rzzz =1823.1261 ounces. 

1728 

181. Again, suppose the dimensions of the vessel to remain as 
above, and let it be filled with the same fluids in equal quantities; 
that is, 8 inches of mercury, 8 of water, and 8 of olive oil ; what then 
is the pressure upon the bottom ? 

Here, by proceeding as above, we have for mercury, 

p = 28.2744 a 8 X 1 3598 = 3075802.3*9o ; 
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for » 



p- =. 28.2744 X 8 X 1 000 = 226195.2, 

and for olive oil, it is 

p" — 28.2744x8 X915 = 206968.608 ; 

hence by summation, the entire pressure on the bottom, is 

= 3075802.3296 + 226195.2 + 206968.608 = 3508966.1376, 

and lastly, dividing by 1728, we obtain 

_ 3508966.1376 



Tin 



— 1728 

pressure which we have found 



= 2030.6517 c 



last instance, is the very 
f the vessel were tilled with fluid of 



a that which 
a medium density ; for we have 

i(1359S + 1000 4-915) = 5171 medium density 

hence, the entire pressure on the bottom, is 

P = 28.2744 X 24X5171 = 3508966.1376 ; 

which by division, gives 

3.1376 



P = 



:2030.6517ounces, the s 



1728 

182. Let the conditions of the problem reri 
ie required to determine the pressure on the 



above, and let it 
face of the 



upright v 



^ 



vessel, and to compare it with that upon the bottom. 

Let ABGii, as in the preceding case, represent ai 
of the vessel, of which the base no is parallel, and 
the sides ah, eg perpendicular to the horizon; 
and suppose the fluids of different densities to be 
contained in the strata AC, of and eg. 

Bisect the surface and base ab and ire, in the . 
points m and n, and join mn ; then do the centres 
of gravity of the several cylindric surfaces occur in 
that line. Draw the diagonals ac, df and eg, 

I cutting the vertical line mm in the points c, & and a, which mark 
the places of the respective centres of gravity. 
Put d = ab or hg, the diameter of the vessel containing the fluids, 
Jd =ea, the depth of the centre of gravity of the lower cylindric 
Jd 1 =z db, the depth of the middle cylindric surface, 
jd"=:nic, the depth of the upper cylindric surface; each of these 



being referred to the surface of the respective fluid. 



" 
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Then, the pressures and ihe specific gravities being denoted as 

before, by the letters p,p' , p" , and s, s', s", we shall obtain as follows. 

According to the principles of mensuration, the circumference ol 

the vessel is expressed by 3.1416 d; consequently the several surfaces, 

estimated in order upwards, are 

3.1416Drf; 3.1416Dd', and 3.1416Dtf"; 

and the corresponding pressures, are 

p= 1.5708 vd's; p' = 1.5708 od"s\ and p" = 1.5708 nd"V ; 

and the total pressure is 

P' — (p +p' + P") = 1 -5708 D id's + d"s' + d*V). (137). 

But the area of the base is expressed by .7854 d"; consequently, 

the equation numbered (136) becomes 

P = .7854 d' (da + rf's' + d" s"), 
and the pressures on the base, and on the upright surface of the vessel; 
are to one another as d (ds + d'a' -\-d"s") : 2 (<£** -\- d"s'-\-d""a". 

PROPOSITION III. 

183. If two fluids of different densities or specific gravities, 
communicate with one another through a bent tube or otherwise, 
and remain in a state of equilibrium :- 

The perpendicular altitudes of these fluids above their com- 
mon surface, will vary inversely as their specific gravities. 

Let abcd be a tube, through the bent arms of which, two fluids of 
different specific gravities, communicate 
with one another in the common surface 
ah, and suppose the horizontal plane e f 
to pass through the surface of communi- 
cation. 

Take o the centre of gravity of the 
plane ki , and through g draw the vertical 
line om, meeting Am and D« respectively 
in the points m and n ; then, because the lines 
to the horizon, wo and no are the perpendici 
ef, below the surfaces of the fluids at a and d. 

Now it is manifest, that since the part of the plane ab, which 
contiguous to the common surface of the fluids, is sustained in i 
place by the downward pressure of the lighter fluid in a 6, and by th< 
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upward pressure of the heavier fluid in dcb; it follows, that these 
pressures are equal to one another. But because the plane ef is 
parallel to the horizon, the pressure of the fluid in 6b, is equal and 
opposite to the pressure in cc, the fluid in de serving no other pur- 
pose than for mutually transmitting the opposing pressures; conse- 
quently, the pressure of the lighter fluid in *i, is counterpoised by 
the pressure of the heavier fluid in dc, the fluid in ccai Berviug only 
as a medium of communication. 

Put d=mG, the perpendicular depth of the plane ef, below the 
surface of the lighter fluid at a, 
3=no, the perpendicular depth of the plane ef, below the 

surface of the heavier fluid at D, 
jj — the pressure on the plane, occasioned by the lighter fluid 

in a b, 
p'^ the pressure on the plane, occasioned by the heavier fluid in 
dc ; and let s and s' represent the corresponding spe- 
cific gravities of the lighter and the heavier fluids. 

Then, since the pressures on the plane, occasioned by the actions 
of the two fluids, are respectively as the depths of the centre of 
gravity, and the specific gravity of the fluids jointly ; it follows, that 

p : p' : : ds : Ss'; 
but according to the conditions of the proposition, these pressures are 
equal to one another; hence we have 

ds — Ss'; (138). 

and by converting this equation into an analogy, it becomes 

d : & : : *' : f ; 

hence, the truth of the proposition is rendered manifest. 

Let both sides of the equation numbered (138), be divided by s, the 

specific gravity of the lighter fluid, and we shall obtain 



(139). 
perpendicular depth, or 



r keep ii 
e must observe the follow- 



184. Hence, in order to determi 
altitude of a column of the lighter fluid, that will b; 

Iequilibrio a given column of the he 
ing practical rule. 
Rule. Multiply the altitude of the heavier fiuid by its 
specific gravity, and divide the product by the specific gravity 
of the lighter fiuid, for the altitude sought. 
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185. Example. The height of a column of mercury is 30 inches, 
or 2 A feet, anil its specific gravity 13598 ounces per cubic foot; what 
is the height of the equilibrating column of water, its specific gravity 
being 1000 ounces per cubic foot? 

The operation performed according to the rule, is as below. 

d= — fnnn == 33.995 feet. 

186*. A column of mercury 30 inches or 2} feet in perpendicular 
height, is found to equiponderate with the atmosphere in a medium 
state of temperature; consequently, a column of water 33.995 or 34 
feet nearly in perpendicular height, will produce the same effect; it 
is therefore manifest, that water will ascend in a vacuum tube, to the 
height of about 34 feet, by means of the pressure of the atmosphere ; 
und on this principle depends the operation of the sucking pump, 
to which we shall have occasion to advert in another place. 

187. If in the equation numbered (139), the specific gravities are 
equal to one another, that is, if s = s', then rfzz:^, or the perpendi- 
cular altitudes of two fluids whose specific gravities are equal, are also 
equal, the fluids being supposed to communicate with one another in 
the arms of a bent tube, whatever may be the shape or position of the 
urms through which the communication takes place. 

188. This explains the reason why the surfaces of small pools 
or collections of water near rivers, are always on a level with the 
surfaces of the rivers, when there is any subterraneous communication 
between them. 

189. It is on this principle also, that water may be conveyed from 
any one place, to any other place of the same or a less elevation ; for 
by means of pipes, a communication can be opened between the places, 
and whatever may be the number of elevations and depressions, or 
deviations from the same vertical plane, and whatever may be the 
distance from the source to the point of discharge, the water will 
continue to flow along the communicating vessels, provided always, 
that none of the intervening elevations exceeds the level of the stag- 
nant fluid, or the source from which the water flows. 

190. When the point to which the water is conveyed, is of the 
same altitude as that from which it proceeds, the surface will be in a 
state of quiescence ; but if the point of discharge be lower than the 
point of supply, the fluid, by endeavouring to rise to the same level, 
will cause a stream to flow. 

It is by this property of fluids endeavouring to rise to the same 
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level, that large towns and cities are supplied with water from a 
distance; the city of Kdinburgh, in Scotland, is supplied in this way; 
but the successful execution of all such complicated and elaborate 
undertakings, requires an immense outlay of capital, directed by the 
skill and judgment of the most eminent engineers.* 

191. The principle which we have demonstrated in the foregoing 
proposition, with respect to two fluids of different specific gravities, 
may in like manner, be shown to obtain with any number of fluids 
whatever; a separate demonstration, however, would here be out of 
place, we shall therefore content ourselves with the general enuncia- 
tion ; hut the reader may, for his own satisfaction and improvement, 
supply the demonstration ; the enunciation is as follows. 

If any number of fluids' of different specific gravities, communicate 
with one another through the arms of a bent tube, and remain in 
equilibrio : — 

The sums of the products of their perpendicular heights and 
specific gravities, in each branch of the communicating tube, 
shall he equal to one another. 

Various interesting arid important problems might be proposed, on 
the principle of fluids of different densities, communicating with one 
another in the opposite branches of a bent tube ; but our limits will 
only admit of the following, which on account of its elegance, is 
worthy of a place in our present inquiry. 



PROBLEM XXX. 

192. The ratio of the specific gravities of two fluids being 
given, if equal quantities of the fluids be poured into a circular 
lube of uniform diameter : — 

// is required to determine their position when in a slate of 
equilibrium. 

Hatha mill atjut'ilucis i.omri doled largely, in the Kolnim umpire, to Ilie wealth 
oud comfort of elm rni;;inc'iS citizen, whether in thr srililudes of Asia (mil Africa, or 
ivell watered provinces of the went. The *]iU>iul"i:r, itic wealth, even the 
itetice of those unroerourt mid. populous cities which are now no mora, una 
derived from such artificial supplies of a perennial stream of fresh renter. The 
boldness of the enterprise mid (lm solidity of the workmanship may he judged of by 
80 of Spoleto, Metz, Segovia, &c. The aqueduct of Troai, constructed partly at 
oipense. of the generous Attirus, is but ■ solilnry instance of the spirit of 
those PATRicitNa who were not afraid of usplnviui,' to the world that they hail the 
wisdom to couceiv« and wealth lu accomplish the noblest undertakings. — See 
GiiWl Decline end Full, vol. i. chap. 11. 
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Let a b be the interior diameter of thi 
spaces occupied by the fluids when they 

ained the state of quiescence, gi being the 
common surface, or the plane iu which the 
communication occurs. 

Through the common surface ic, the surface 
of the heavier fluid at c, and the surface of the 
lighter at e, draw the lines on, cd and ef 
respectively parallel to the horizon, and meeting 
the diameter ab at right angles in the points h, d and F ; then 
the vertical altitude of the heavier fluid, above the common surface ig, 
and fii is the vertical altitude of the lighter fluid, as referred to 

Put d= ph, the perpendicular altitude of the lighter fluid, 
j— SB, the perpendicular altitude of the heavier fluid, 
j — the specific gravity of the lighter fluid, 
s' — the specific gravity of the heavier fluid, 
(i=cg or ge, the portion of the circular tube which is occupied 

by each of the fluids, 
i^cb, the number of degrees between the highest and lowest 
points of the heavier fluid. 
Then, because by the preceding proposition, the perpendicular 
altitudes of two fluids of different densities, which communicate with 
one another through the branches of a bent tube, are inversely as the 
densities or specific gravities; it follows, that 

d : S : : a' : s, 
and from this analogy, by making the product of the mean 
equal to the product of the extremes, we obtain 

ds = &s\ 
the very same result as equation (138), and if both sides be d 
by s, we shall obtain 

Now, if the specific gravity o: 
unity, while that of the heavier 
equation becomes 

d = mS. (140). 

By referring to the diagram, it will readily appear, that the space 
occupied by both the fluids, when in a state of equilibrium, is repre- 
sented by 



with 
the 

„ 

ided 



he lighter fluid be expressed by 
i denoted by m ; then the above 



" 
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and according to our notation, it is shown that 



consequently, by subtraction, we obtain 
narr if> — x, and Bce=:2f — x. 
But by tlie nature of the circle and the principles of Plane Trigo- 
nometry, it is manifest, that bd is the versed sine of the arc bc ; 
bh the versed sine of the arc bg, and bf the versed sine of the arcBGEj 
therefore, by re-establishing the respective symbols, we shall obtain 
raszd=zvtx».m— »)— ve».(*— *), 
and by a similar subtraction, we get 

Let both sides of this equation be multiplied by m, the co-efficient 
of $ in equation (140), and we shall have 

»J=.{-..u-A( t -.)}; 
consequently, by comparison, we obtain 
van. ®t—l) - var..( t - ,) = -{vers.*- vers. < t _,)}. 
Now, in order to simplify the reduction of this equation, it will be 
proper to substitute for the several versed sines of which it is com- 
posed, their corresponding values in terms of the radius and cosines; 
for, by such a substitution we obtain 

cos . ( t _ x ) _ cos . ( 2# _ x ) — m { cos . ^ _ a ) __ cos . *} . 

but by the arithmetic of sines, we have 

cos. (^ — i)=cos.0cos.ic-|-sin.^sin,ar, and cos. (2^ — a) — cos. 2 y 

cos..c-(-8in.2f sin.oi; 

consequently, by substitution, we get 

cos. ^ cos. x -f- sin. (p sin. x — cos. 2^ cos. x — sin. 2 a) sin. x — »n{cos.^ 

cos. a; -f- sin.ei sin.x — cos.x} ; 

and from this, by transposition, we have 

mcos.a— cos.2^cos.s4.sin.2^*in.a+(m— I)(cos.^cos.»+sin.^sin.a). 

Let all the terms of this equation be divided by cos. x, and we shall 

obtain 

m= cos. 2tf, -f «n.2? tan. a + {m — 1) (cos.,, + uiht) tan.i) ; • 
therefore, by separating and transposing the terms, we (ret 



• It ia demo lis (tilled bj the n 
tided by tbe cosine to the sami 



i Analytical Trigonometry, (but the sine 
ia equnl to the tangent ; hence we ham 
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— sin.20 tan x — (m — 1) sin.$ tan ,» z= cos.2^ + (m — 1 ) cos.$ — m, 
and finally, by division, we obtain 

c^+^-nco^ — 

tan - X - .iD.Sf + tm-lJ.in.f • (141). 

193. We believe that Mr. Barclay's Hydrostatic Quadrant, for 
finding the altitude of the heavenly bodies when the horizon is 
obscure, is founded on principles similar to those propounded in this 
problem, and expressed in the above equation ; but it would be 
improper in this place to attempt a delineation of this instrument ; 
it will therefore suffice, to illustrate the reduction of the above 
formula, by a numerical example performed according to the direc- 
tions contained in the following practical rule. 

Rule. From the specific gravity of the heavier fluid, sub- 
tract unity ; multiply the remainder by the natural cosine of 
the circular space occupied hy each fluid ; to the product add 
the natural cosine of the circular space occupied by both 
fluids ; then, from the sum subtract the greater specific gravity , 
and the remainder will be the dividend. 

Again. From the specific gravity of the heavier fluid, sub- 
tract unity ; multiply the remainder by the natural sine of 
the circular space occupied by each fluid ; then, to the pro- 
duct add the natural sine of the circular space occupied by 
both fluids, and the sum will be the divisor. 

Lastly. Divide the dividend by the divisor, and the quotient 
■will give the natural tangent of a circular arc, which being 
found in the tables, enables us to assign the position of the 
fluids when in a state of equilibrium. 
194. Example. Suppose that 100 degrees of the inner circum- 
ference of a circular tube, exhibits equal quantities of mercury and 
water, whose specific gravities are to one another, very nearly, as 
14 to 1 ; it is required to assign the position of the fluids, with respect 
to the vertical diameter of the tube, when they are in a state of equili- 
brium with each other; that is, when they excite equal pressures on 
the plane passing through their common surface? 

Here we have given m =. 14 : ^ zz 50", its natural sine and cosine 
. 76604 and .64279 respectively ; 2^ = 100% its natural sine .98481, 
and its cosine — .17365 ; therefore, by the rule, we have 

For the dividend, 
— cos.2^-f (M-l)cos.^-mzz— .17365 +13 X. 64279— 14=— 5.81738, 







other trans- 




13 X.76604 = — 10.94333; 
obtain 

= .53]a> = „.t.ttn.WOT41-. 

195. Having discovered the value of x by the preceding operation, 
the actual position of the fluids, with respect to the vertical diameter 
of the tube, may from thence be very easily exhibited. 

Let acbe represent a circular tube of g" 
parent matter, partly filled with mercury and 
water, in such quantities, that when the tube 
is retained in a vertical plane, and the fluids 
in equilibrio, a space equivalent to fifty de- 
grees of the inner surface comes in contact 
with each ; it is therefore required to assign 
the actual position of the fluids. 

Draw the vertical diameter a b, and from the point b where it meets 
the inner circumference of the tube, set off bc from a scale of chords, 
equal to 27° 59' 41"; then, take 50° in the compasses, and setting one 
foot on c extend the other to g, thereby marking off the space occu- 
pied by the mercury, including the lowest portion of the tube; then, 
with the same extent of the compasses, set off g e the space occupied 
by the water, and the position of the fluids is from thence determined. 

Through the points c, o and e draw the straight lines CD, G n and 
ef respectively parallel to the horizon, and meeting ab the vertical 
diameter perpendicularly in the points D, ii and r ; then are d ii and 
Fti the perpendicular altitudes of the mercury and the water, as 
referred to the plane passing through their common surface at g ; and 
bd ef are the respective altitudes, as referred to the vertical dia- 
meter AB. 

Now, according to the question, the specific gravity of the mercury, 
is fourteen times greater than that of the water; and by the third 
proposition preceding, the perpendicular altitudes are inversely as the 
specific gravities ; consequently, rn must be fourteen times greater 
than DH; when the positions of the fluids are properly determined; 
let us therefore inquire if this be the case. 

It has been found above, that bc is equal to 27" 59' 41", and by 
construction cg and g e are each equal to 50 degrees ; consequently, 
no = 50* — 27° 59' 4r=22"0' 19", and a e = 50" -f 22" 0' 19" = 
72° 0' 19" ; hence we have 



186 of the pressure or 



= 72° 0' 19" 
Z 27° 69' 41" 
= 22° 0' 19" 
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. nat. vers. = .11700, 

■ nat. vera. = .07285; 

consequently, by subtraction, we obtain 

fh = bf — bii; that is, fii = . 69106 — .07285 = .61821, 

and after the same manner, we get 

mi = a d — BKJ that is, d ii = .11700 — .07285 = .04415; 

therefore, according to the proposition, we have 

.04415 : .61821 : : 1 : 14 very nearly. 

196. The above result has been obtained on the supposition, that 
the fluids enclosed in the tube are mercury and water; mercury, on 
account of its great density and high degree of purity, is very fre- 
quently enclosed in tubes and applied to permanent purposes ; but 
water, by reason of its liability to become putrid, is not so well 
adapted for the occasion, and consequently, is seldom or never em- 
ployed in the construction of philosophical instruments. 

197. There are however, several other fluids that do not partake 
of the putrescent nature of water, and whose specific gravities may be 
either greater or less according to the required circumstances ; some 
of these, on account of the colouring matter which they contain, are 
very convenient, and from the length of time that they retain their 
spirit and purity, are generally employed in preference to others, which 
do not possess these very requisite and important characteristics. 

198. Now, the result of our investigation, as we have already 
observed, is only applicable in the case of mercury and water ; at 
least, equation (141) implies, that the specific gravity of one of the 
fluids is expressed by unity, and this, according to our present 
standard, can only obtain when water becomes the subject of 
reference. 

199. It is therefore necessary, in order that our formula may apply 
to fluids without distinction, to bring it into a general form, and this is 
very easily done; for we have shown in the preceding investigation, that 



but it has also been shown, that 

consequently, by comparison, we obtain 
-t-= nn.(S* - x) — vcrs.(* — r) i 




5* vers.f* — x). 



or multiplying by s 
s vers.(2f — x) — $ vers.(^ — x) = * 
Now, by substituting for the several versed sines, their values in 
terms of the cosines and radius, we shall obtain 

,{ c os.( ? — z) — cos.(2f — *)} = j'{cos.(£ — *)— cos.! } 

from which, according to the arithmetic of sines, we get 

a{cos.0cos.a:-|-sin.^sin.a: — cos.2^cos.i — sin. 2$ sin. z} = s*{cos.* 

cos.i + sin.^sio.r — cos.i}. 

Let all the terms of this equation be divided t 

becomes transformed into 

scos.f -f-ssin.^tan.i — *cos.2^ — ssm.2</i tan.* — s' cos..f + s*X 
sin.* tan. a: — /; 

therefore, by bringing to one side, all the terms that involve tan.x, 
we shall have 

— sin.^ (*' — s) tan.i — * sin. 2^ tan.x — s eos.2^> -)- (s' — a) cos.^ — s' ; 
hence, by division, we shall obtain 

tan x — * cos - 2 » + (*'- a ) cos -»— »' 

a sin. 2* -4- (s' ~ s) sin.^ ' (142). 

If the equation which we have just obtained, be compared with that 
numbered (141), it will readily appear, that the one might have been 
deduced immediately from the other, by simply substituting s' for m, 
and s for unity, in the several terms of the numerator and denominator; 
but in order to render the formation of the formula more intelligible, 
we have thought proper to trace the steps throughout. 

200. The practical rule for reducing the above equation, will require 
a different mode of expression from that which we have given in the 
rule to equation (141), but it will not be more operose ; the rule is 
as follows. 
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Rule. Multiply the difference of the yiuen specific gravities, 
by the natural cosine of the circular space in contact with one 
of the fluids ; to the product, add the natural cosine of the 
whole circ/lar space drawn into the less specific gravity, and 
from the turn subtract the greater specific gravity for a 
dividend. 

Again. Multiply the difference between the specific gravi- 
ties, by the natural sine of the circular space in contactlwith 
one of the fluids, and to the product, add lite natural sine of 
the whole circular space drawn into the less specific gravity, 
and the sum will be the divisor. 

Lastly. Divide the dividend by the divisor, and the quotient 
will give the natural tangent of a circular arc, which being 
found in the tables, enables us to assign the actual position of 
the fluids when in a state of equilibrium, 

201. Example. On the inner surface of a circular tube containing 
mercury and rectified alcohol, it is observed, that when the tube is 
held in a vertical plane, and the fluids in a state of equilibrium, a 
space of 75 degrees of the circumference, is occupied by, or in contact 
with each fluid ; it is required to determine the position of the fluids 
at the instant of observation, their specific gravities being 14000 and 
829 respectively ? 

In this example there are given /= 14000; s = 829; = 75'', 
its natural sine and cosine equal to .96593 and .25882 ; 2y= 150', 
its natural sine being .50000, and its cosine— .86603 ; consequently, 
by proceeding according to the directions contained in the Foregoing 



rule, 



e shall oUui 



For the dividend -scos.2^ -\-(s'— s)cos.^— s'= — 829 X .86603 + 

(14000 — 829) x .25882— 14000 = — 11309,02065; 

For the divisor — * sin.2^>— (/ — s) s'm.ij, = — 829x .50000 — ( 1 4000 

— 829)X. 96593 = — 13136.76403; 



consequently, by division, v, 
-11309.02065 n „„ n „ 



tan. 40* 43' 25''. 



— -— - i3i 36 .7 6 403 — UV,UD ' J 
202. The positions of the fluids in this example, are manifestly 
very different from what they are in the preceding, the point f in the 
vertical diameter falling on the other side of the centre; but in [his 
case, we shall leave (h? construction for the reader's amusement, and 
proceed to inquire what changes the general formula will undergo, in 
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consequence of certain assumed spaces of tlie inner surface, being in 
contact with each of the contained fluids. 

- half a right angle, that is, if each fluid cover a apace of 45 
degrees; then 2$=: 90", and consequently, sin. 2$=: 1 and cos. 2^—0, 

vhile sin.^ — £^2, and cos. ^1=4^; therefore, by substitution, 

quation (142) becomes 

— w-i<fi+* w 

Now, let the fluids be mercury and rectified alcoliol, as in the pre- 
ceding example, then wc shall have 

*»,*=_ i(14000-829)^-14000_„„ o 

£(14000 — 829)^/2 + 829 
which answers to the natural tangent of 28° 55' nearly. 
Again, if (i~ a right angle, that is, if each fluid cover a space of 
90 degrees on the inner surface of the tube; then, 2^—180", of 
which the sine and cosine are respectively and — 1, while the sine 
and cosine of <ji, are respectively 1 and 0; consequently, by substitu- 
tion, equation (142) becomes 

tanjrsrjr-j. (M4) _ 

203. This is a very neat and obvious expression, and the practical 
rule derived from it, may be enunciated in the following manner. 

Rule. Divide the sum of the specific gravities of the two 
:e, and the quotient will give the 
ire, which being estimated from the 
v)ill indicate the highest point of the 



fluids by their differer. 

natural tangent of an 

towest point of the tube 

heavierfluid. 

If therefore, the contained fluids be 

s in the preceding cases, we shall hai 

_ 14000 + 829 



:ury and rectified alcohol, 



-"• — 14000=829= U2587 ' 
which answers to the natural tangent of 48° 23' 19". 
We might assume other particular values of the spaces in contact 
with the fluids, and thereby deduce corresponding forms of the equa- 
tion ; but what we have already done on this subject is quite 
sufficient. 



CHAPTER VIII. 



OP THE PRESSURE OF NON-ELASTIC FLUIDS UPON DYKES, EM- 
BANKMENTS, OK OTHER OBSTACLES WHICH CONFINE THEM, 
WHETHER THE OPPOSING MASS BE SLOPING, PERPENDICULAR 
OR CURVED, AND THE STRUCTURE ITSELF BE MASONRY 
OR OF LOOSE MATERIALS, HAVING THE SIDES ONLY FACED 
WITH STONE. 



204. Before we proceed to develope the theory of Floatation, and 
to explain the method of weighing solid bodies by immersing them in, 
or otherwise comparing them with liquids; it is presumed that it will 
not be considered out of place, to take a brief survey of the circum- 
stances attending the pressure of non-elastic fluids, when exerted 
against dykes or other obstacles, that may be opposed to the efforts 
which they make to spread themselves. 

This is an interesting and important subject in the doctrine of 
Hyilraulic Architecture, and since the principles upon which it is 
founded, depend in a great, measure on Hydrostatic pressure, it cannot 
properly be omitted in unfolding the elementary departments of the 
Mechanics of Fluids, which come so directly before our view in what 
is called level cutting in the practice of canal making. Every one 
s that in cutting a canal, no further excavation is required than 
that which will hold the water at a given depth and breadth ; when 
a bank is made on both sides with the earth excavated, the level sur- 
2 of the canal may be elevated above the natural surface of the 
adjacent land, and in this case great part of the cost of excavation 
will be saved. But when the canal is to be carried along wholly 
within embankments, too much attention cannot be paid to the prin 
oid unnecessary expense, and 
vith systematic regard to its 
s the object of the present 
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we would a 


at the same time completi 
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permanent durability; thii 


i therefore 










section, intended as a preliminary article to our Inland Navigalio 
which will consequently form a part of Hydraulic Archite 

205. When an incompressible and non-elastic fluid presses against 
a dyke, mound of earth, or any other obstacle that it endeavours to 
displace, there are two ways in which tlie obstacle thus opposed mav 
yield to the effort of the fluid. 

1. ft may yield by turning upon the remote extremity of 
its base, 

1. It may yield hy sliding along the horizontal plane on 
which it stands. 
In either case, the effort to overcome the obstacle, arises from the 
force which the fluid exerts in a horizontal direction ; and the stability 
of the obstacle, or the resistance which it opposes to being overcome 
or displaced, arises from its own weight, combined with the vertical 
pressure of the fluid upon its sloping surface. 

206. When the vertical pressure of the fluid is considered, the 
investigation, as well as the resulting formula?, are necessarily tedious 
and prolix; but when the effect of the vertical pressure is omitted, the 
subject becomes more eu'-v, aud the computed dimensions are better 
adapted for an effectual resistance; but in order to render the inves- 
tigation general, it becomes neefssary to include its effects. 

Now, it is manifest from the nature of the inquiry, that when an 
equilibrium obtains between the opposing forces, the momentum of 
the horizontal pressuie must hi? equal to the momentum of the vertical 
pressure, together with the wi'iglu of the body on which the pressure 
is exerted ; and for the purpose of showing when this condition takes 
place, let a ucd represem a vertical section 
of the dyke, whose resistance is opposed to 
the pressure of the stagnant fluid, of which 
the surface is me and the perpendicular 
depth ee. 

Let ab and dc be parallel to the hori- 
zon, and consequently parallel to one another; and from the points 
e, a and H, demit the straight lines ef, ak, and bl, respectively 
perpendicular to dc the base of the section. 

Take eg any small portion of the sloping side ad, and through 
the point c, draw the lines cu aud ci, respectively parallel and 
perpendicular to the horizon, constituting the similar triangles eh g, 



The figure being thus prepared, it only remains to establish the 
proper symbols of reference, before proceeding with the investigation. 
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Put b 


= dc, the breadth of the section's base, or the thickness of the 




dyke at the foundation, 


D 


— ah or bl, the perpendicular altitude or height of the 




section, 


d 


— ef, the perpendicular depth of the fluid whose surface is 


S 


= df, the distance between the near extremity of the base at 




d, and the perpendicular ef, 


c 


^dk, the measure of the slope a d, or the distance between 




the near extremity of the base at D, and the perpendi- 




cular from the extremity of the opposite side at a, 


e 


— cl, the distance between the remote extremity of the base 




at c, and the perpendicular from the extremity of the 




opposite side at a, or the measure of the slope bc, 


a 


= abcd, the area of a vertical section of the obstacle to be 




displaced, 


P 


— the horizontal pressure of the fluid on the increment of eg. 


f 


=z the force with which the horizontal pressure operates to 




overcome the resistance of the dyke, 


m 


=: the momentum of that force, 


P 


= the vertical pressure of the fluid on the increment of eg, 


J 


■= the force with which the vertical pressure resists the dis- 




placement of the obstacle, 


m 


= the momentum of that force, 


m 


— the symbol which denotes the weight of the dyke or obstacle 




of resistance, 


r 


=: the force with which it opposes the horizontal pressure of 




the fluid, 


M 


zz the momentum of that force, 


I 


— the specific gravity of the fluid, 


J 








z 


zr EG, any small portion of the sloping side a d on which the 




fluid presses, 


z 


~ the increment or fluxion of that portion, 


y 


zz eh, the perpendicular depth of the point G, 


y 


— the increment or fluxion of y, 


X 


— gh, the ordinate or horizontal distance, 


and x 


— the increment or fluxion of the horizontal ordinate or dis- 




tance GH. 


Then 


since the pressure upon any line or surface, is equal to, or 


expressed by the magnitude of that line or surface, multiplied by the 








perpendicular depth of its centre of gravity, and again by the specific 
gravity of the fluid; it follows, that the horizontal press 



but by the principles of mechanics, the aggregate or accumulated force, 
with which the horizontal pressure operates to overturn or remove the 
dyke, is 

and by taking the fluent of this, it is 

/= i's 1 - 

But the perpendicular distance from e, at which this force must be 
applied,, is manifestly equal to |y ; for the centre of gravity of the 
triangle ehg, occurs in the horizontal line passing through that point; 
therefore, the length of the lever on which the force operates to over- 
turn the dyke is 

y — y—iy, 

consequently, for the momentum of the force, we have 

and when y becomes equal to d, the whole height of the fluid, it is 
m = isd\ (145). 

Again, the vertical pressure exerted by the fluid on the increment of 
eg, is obviously equal to the weight of the incumbent column ; that is 



md this pressure expresses the force, with which the fluid operates 
vertically to retain the obstacle in its position, or to prevent it from 
rising to turn about the point c ; consequently, 

Now, the length of the lever on which this force acts, is evidently 
equal to ic, the distance between the fulcrum c, and the point i, where 
Lhe perpendicular passing through g cuts the base DC ; but 10 accord- 
ing to the figure, is equal to dc — Dr-f- if ; that is 
ic = b~S + x; 
consequently, the momentum of the force,/*, is 

ntzZM V A(b— S + x), 
or taken collectively, the momentum on eg, is 

VOL. I, 



but by reason of the similar triangles 
following proportion, viz. 

d : I : : y : x, 
from which we obtain 



and because the fluxions 




Let these values of x 
preceding value of m', and 



there being no correction, since the whole 
nothing when y is equal to nothing. 

When y becomes equal to d the whole perpendicular height of the 
fluid, then the foregoing value of ni becomes 

r,l = sldi\b— jS). (146). 

The foregoing equations (145) and (146), exhibit the horizontal 
and vertical momenta of the pressure exerted by the fluid on the 
sloping side of the obstacle ; and it is manifest from the nature of 
their action, that they operate in opposition to one another; the 
horizontal pressure, endeavouring to turn the body round the point c 
as a fulcrum or centre of motion, and the vertical pressure tending to 
turn it the contrary way round the same point, or otherwise to render 
it more stable and firm on its foundation. 

208. But the stability of the dyke is farther augmented by means 
of its own weight, which being conceived to be collected into its 
centre of gravity, opposes the horizontal pressure of the fluid with a 
force, which is equivalent to its own weight drawn into a lever, whose 
length is equal to the perpendicular distance between the centre of 
motion, and a vertical line passing through the centre of gravity of 
the section abcd. 

Now, it is manifest from the principles of mensuration, that if the 
transverse section of the dyke be uniform throughout, the weight is 
proportional to the area of the section, multiplied into the specific 
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gravity of the material of which it is composed, and again into its 
leDgth ; but the length of the dyke is the same as the length of the 
fluid which it supports; consequently, the weight is very properly 
represented by the area of the section and the specific gravity of the 
material ; thus we have 

w = ai. (147). 

But according to the writers on mensuration, the area of the trape- 
zoid a b cd, is equal to the sum of the parallel sides ab and dc, drawn 
into half the perpendicular distance ak or bl; hence we have 

0=(AB + DO)XJ«K, 

but by the foregoing notation, it is 

ab=&-(c+0: 
consequently, by addition, wo have 

AB+DC = 26-(c + e ); 

therefore, the area of the section is 

a— in(24 — c — e); 

let this value of a be substituted instead of it in the equation marked 

(147), and it becomes 

»=l»t'<SS-.-«)i 
but the weight of the dyke is equivalent to the force whose momentum, 
combined with that of the vertical pressure of the fluid, counterpoises 
the momentum of the horizontal pressure, which force we have repre- 
sented by p ; hence we have 

.= (»!' (M-c — .), 

and the momentum of this force, is 
lv = M = Jd It' (2b — c — e), 
where / denotes the levee whose length is equal to the distance 
between the fulcrum, or centre of motion at c, and the vertical line 
passing through the centre of gravity of the section ibcii; conse- 
quently, in the case of an equilibrium, we have 



and this, by restoring the analytical values, becomes 

frd>=*ld(\b — iJ)-L.4 D /s'(26 — C — e). (148). 

209. This is the general equation which includes al! the cases of 
rectilinear sloping embankments, but it has not yet obtained its 
ultimate form ; for the value of I has still to be expressed in terms 
of the sectional dimensions, and in order to this, a separate investi- 
gation becomes necessary. 
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Thus, let. a bcd be a vertical section of 
the dyke as before, and bisect the parallel 
sides ab and dc in the points m and n, 
and join mn; then, the straight line mn 
will pass through the centre of gravity of 
the figure abcd. 

Take g a point such, that mi) is to ng, as2nc + ab is tosc -\-%a\s, 
and g will be the centre of gravity sought ; through the points m and 
g, draw the straight lines mr and gs, respectively perpendicular to 
dc the base of the section, then is sc the length of the lever by which 
the weight of the dyke or embankment opposes the horizontal pressure 
of the fluid. 

From the points a and n, draw the Btraight lines a k and bl, re- 
spectively perpendicular to dc; then it is manifest from the principles 
of geometry, that 

m^i(CL-DK), 

and this, by restoring the symbols for CL and uk, becomes 
r*=|(«- C ). 
But mr— D[ consequently, by the property of the right angled 
triangle, we have 

or by restoring the analytical values, it is 

»»' = d' + J(. — cfs 

therefore, by extracting the square root, we have 



™» = !V4i> , + («-c)-. 

By the property of the centre of gravity, and according to the 
foregoing construction, the point g is determined in the following 
manner. 
2dc+ ab = 36 — c— e 

Dc + 2AB = 36--2e — 2e 

66— 3c— 3e: J 1 /4D«+(e— c)V : 36 — 2c— 2e: ? n, 
from which, by reducing the analogy, we get 
_ (36— 2c — 2e) y- 4d' -f (e — cf 
*■■"■* 6(2i~c — e) 

and by the property of similar triangles, it is 

(36 — 2c — 2^)^40' -Ke — C )» _ 



J^4rf + (e — c>':l(, 



*)::* 



6(26- 



*) 




-«) 

But by referring to the diagram, it will readily appear tbat f c — 
n + nc; therefore, by addition, we obtain 

_ 36(2S — c — e) + (e — e)(3S — 2c — 2e) 

Let this value of / be substituted instead of it in the equation 
marked (148), and we shall obtain 

and this being reduced to its simplest general form, becomes 
sd' — dtis (36 — S) -|- 3bo/(b — c) + d* , (c* — e')- (149). 

210. The general equation in the form which it has now assumed, 

is very prolix and complicated ; but its complication and prolixity, as 

we have before observed, are much increased by the introduction of the 

vertical pressure; if that element be omitted, the equation becomes 

sd* = 3bT>s'(l> — c ) + d*'(c'— e'). (150). 

An expression sufficiently simple for every practical purpose; but 
it must be observed, that if e* be greater than c*, the term in which it 
occurs will be subtractive. 

We shall not attempt to express these equations in words, or to 
give practical rules for their reduction; the combinations are too 
complex, to admit of this being done in a neat and intelligible 
manner; it is necessary, however, to illustrate the subject by proper 
numerical examples, for which purpose, the following are proposed in 
this place. 

211. Example!. The water in a reservoir is 24 feet deep, and the 
wall which supports it is 30 feet in perpendicular height, the slope of 
the side next the water being one foot, and that of the opposite side 
one foot and a half; it is required to determine the transverse section 
of the wall or dyke, supposing it to be built of materials whose mean 
specific gravity is 2£, that of water being unity ? 

By contemplating the conditions of the question as here proposed, 

I it will readily be observed, that the breadth of the section at the 
base, is the first thing to be determined from the equation ; for since 
the quantity of the slopes, as well as the perpendicular height are 
given, the breadth of the dyke at top can easily be found, when the 
breadth at the foundation is known. 
I 
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In the first place then, let us take into consideration the effect 
produced by means of the vertical pressure of the fluid; this will 
refer us to equation (149), but previously to the substitution of the 
several numerical quantities, it becomes necessary to assign the nu- 
merical value of 3, which is not expressed in the question, but is 
determinable from the perpendicular altitudes of the wall and the 
fluid, together with the slope of that side on which the fluid presses : 
thus, 

30 : 24 : : 1 : 3 = 4- of a foot. 
Let therefore, the several given numbers replace their representa- 
tives in equation (149), and we shall have 

24'— 24xjX2i(36— i-) + 3X30x2J(i — 1)6— 30x2iOi*— 1'). 
in which expression, 6 is the unknown quantity. 
If the several terms be expanded, collected, and arranged, accord- 
ing to the dimensions of the unknown quantity, we shall have 
2256* — 815 = 13956.15; 
complete the square, and we get 
2025006' — 729006 X 81 s = 12567096, 
and extracting the square root, it is 
4506 — 81 = V 12667096 = 3545 nearly ; 
therefore, by transposition and division, we get 
6 = 8.05 feet. 
Consequently, if from the breadth of the foundation as above 
determined, we subtract the sum of the slopes, the remainder will be 
the breadth of the dyke at the top; hence, the section can be deli- 
neated. 

212. The above is the method of performing the operation, when 
the effect produced by the vertical pressure of the fluid is taken into 
consideration; but when that effect is omitted, the process is consi- 
derably shortened ; for in the first place, there is no occasion to cal- 
culate the value of 3, that term not occurring in equation (150), and 
in the next place, there are fewer quantities to be substituted for ; 
this greatly abbreviates the labour of reduction ; but the equation is 
still of the same degree, and consequently, it must he resolved in the 
same manner. 

Let the several given quantities remain as in the preceding case, 
and let them be respectively substituted in the equation (150), and 
we shall obtain 

2256' — 2256 = 13917.75 ; 
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if all the terms of this equation be divided by 225, the co-efficient of 
6', we shall get 

V — 6 = 61.856, 

and this, by completing the square, becomes 

4' — 6 + 4=62.106; 

therefore, by extracting the square root and transposing, we have 
6 = 8.14 feet nearly. 

Cobol. It therefore appears, that under the same circumstances, 
the computed breadth of the foundation differs very little, when the 
vertical pressure of the fluid is considered, from what it is when the 
pressure is omitted; and what is very remarkable, the difference, 
whatever it may amount to, leans to the side of safety and conve- 
nience in the case of the omission ; it will therefore be sufficient in 
all cases of practice, to employ equation (150), but under certain 
circumstances of the data, it will admit of particular modifications. 

213, When the slopes c and e are equal ; that is, when the vertical 
transverse section of the dyke or embankment, 

is in the form of the frustum of an isosceles x. B 

triangle, as represented by abc d in the annexed 
diagram; then, the general equation (149), be- 
comes transformed into 

jd s = </Ss(36 — S) + 36ds'(6 — c). (151). 

If the perpendicular height of the dyke, and 
the depth of the fluid, are equal to one another; 
is on a level with the top of the wall; then, tf=Dand <i = c, and the 
above equation become* 

sd i = cs (36 — c) + 36/ (6 — c). 

Again, if we neglect the effect of vertical pressure 
specific gravity of water by unity, we get 

3/(6' — cb) = d\ 

And finally, if both sides of the equation be divided by the quantity 
3/, we shall obtain 



t is, if the water 



(152). 

<ress the 



(153). 



i 1 — c6=fr. 
3*' 

The method of applying this equation is manifest, for 
to substitute the given numerical values of c, d and *', 
of 6 will become known by reducing the equation. 

214. Example 2. The dyke or embankment which 
water in a reservoir, is 20 feet in perpendicu 
equally on both sides to the distance of 2 feet 



(154). 
e have only 



ipports the 
ght, and it slopes 
I is the breadth of 
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the base, supposing the water to be on a level with the top of the 
wall, the specific gravity of the materials of which it is built being 1 j, 
that of water being unity ? 

Let these numbers be substituted for the respective symbols in the 
above equation, and we get 

fi* — 26 — 61,619, 

complete the square, and it becomes 

6* — U+ 1=62.619, 

from which, by evolution and transposition, we get 

& = 8.913 feet nearly. 

Here then, the transverse section of the dyke is 8.913 feet across at 

the bottom, and consequently it is 8. 913-— 4 = 4.913 feet broad at 

the top ; hence the delineation is very easily effected. 

215. If the slope c should vanish ; that is, if 
the side of the dyke on which the fluid presses 
be vertical, as represented by adcd in the an- 
nexed diagram ; then 3 vanishes also, and the 
equation marked (149) becomes 

sd' = 3as'b , — D/e', (155). 

where it is manifest there is no vertical pressure 
on the dyke, the whole effect of the fluid being exerted in the hori- 
zontal direction, tending to turn the wall about the remote extremity 
of its base. 

When the perpendicular altitude of the wall or dyke, and the depth 

of the water are equal ; then d — d, and admitting that the value of 

s, or the specific gravity of water is represented by unity, we obtain 

d' = ^b , — /e\ 

and this, by transposition and division, becomes 



and lastly, by extracting the square root, we get 

b -V — ZT~ ■ (156). 

Let the slope of the dyke be two feet, its perpendicular altitude, or 
the depth of the fluid 20 feet, and the specific gravity of the material 
1^, as in the preceding example; then, by substitution, we obtain 

/*™+~ = 8.804 feet. 
3X1.75 



VI 
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Coilol. The breadth at the base, as determined by this and the 
preceding equation, exhibits but a small difference, being ii 
the former case, by a quantity equal to 0.109 of a foot; but the 
breadth at the top in the latter case, exceeds that in the former, by a 
quantity equal to 1.891 feet; and the difference in the area of the 
section, is 17.82 feet : it is consequently more expensive to erect a 
dyke or embankment, with the side next the fluid perpendicular, than 
it is to erect one of equal stability with both sides inclined or sloping 
outwards. 

216. If the slope e should vanish; that is, if the side of the dyke 
opposite to that on which the fluid presses, be 
perpendicular to the horizon, as represented by 
abcd in the annexed diagram, then, the equa- 
tion (149) becomes 
sd—d£s(36— £)+3ds'(&*— c4)4-dcV.(157). 

But when the effect of the vertical pressure of 
the fluid is omitted, we obtain 

srf 3 =3 D s'(6* — cS) + dcV, (158). 

and by supposing the altitude of the dyke, and the depth of the fluid 

to be equal (the specific gravity of the fluid being expressed by unity) ; 

then we have d = D, and the foregoing equation becomes 

d*=z3s'{b' — ci) + cV; 

consequently, by transposition and division, we get 



cb— ■ 



3«' 



(159). 



from which equation, the value of b is easily determined. 

Let the slope of that side of the dyke on which the fluid presses, be 

equal to 2 feet, and the perpendicular altitude of the dyke, or the 

depth of the fluid 20 feet, the specific gravity of the material being 



1 1 as before ; then by substitution, the foregoing eqnatio 
-2"Xl.75_ 



becomes 



-24 = 



-=74.8571; 



3X1.75 
by completing the square, we obtain 
6«_2fi+ 1 = 74.8571 + 1=75,8571; 
consequently, by extracting the square root and transposing, we gel 
b = 9.709 feet. 
In this case, the dyke has less stability than it has when the perpen- 
dicular side is towards the water, as is manifest from its requiring a 
greater section, and consequently, a greater quantity of materials to 
resist the effort of the pressure which tends to overturn it. 
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The sectional area in the one case, is 7.804x20 = 156.08 square 
feet, and in the other, it is 8.709x20 = 174.18 square feet, being a 
difference of 18.1 square feet in favour of magnitude in the latter 
form, where the sloping side is adjacent to the fluid ; and this being 
multiplied by the length of the dyke, will give the extra quantity of 
materials necessary for obtaining the same degree of stability. 

217. If both the slopes c and e become evanescent; that is, if the 
section of the dyke be rectangular, having both its 
sides perpendicular to the horizon, as represented ^ B 

by abcd in the annexed diagram ; then, the general 
equation (149), becomes transformed into 

*d' = 3Di'fi*. (160). 

Then, by supposing the depth of the fluid, and — 3~c 

the perpendicular altitude of the dyke to become 
equal, (the specific gravity of water being expressed by unity,) v 

3s'b t = d'; 



and this by div 



i becomes 



consequently, if the square root of both sides of this equation be 
extracted, we shall have 



-V / aV=Vi- 



(161). 

218. This is indeed a very simple form of the equation, applicable 
to the very important case of rectangular walls ; it is however accu- 
rate, and corresponds in form with that investigated by other writers 
for the same purpose, and by different methods ; the mode of its 
reduction is simply as follows. 

Rule. Divide the specific gravity of the fluid to be sup- 
ported, by three times the specific gravity of the dyke or 
embankvient, and multiply the square root of the quotient 
by the perpendicular altitude of the dyke, for the required 
thickness. 
Let the perpendicular depth of the water, or the altitude of the 
dyke be equal to 20 feet, and the specific gravity of the materials of 
which it is built If, as in the foregoing cases; then, by proceeding 
according to the rule, we have 



*Vsm 



= 8.726 feet. 
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219. There is still another case of very frequent occurrence that 
to be considered, viz. that in which the section is in the form 
of a right angled triangle, having its vertex on the same level with 
the surface of the fluid. 

This case will also admit of two varieties, according as the perpen- 
dicular side of the dyke is, or is not in contact with the fluid ; when 
it is in contact with it c vanishes, and since the section is in the form 
of a triangle, the breadth of the base b is equal to the remote slope e, 
and the vertical pressure of the fluid on the dyke is evanescent; con- 
sequently, the equation marked (149) becomes 

sd'^aDs't*— dsV; (162). 

but by the nature of the problem e' is equal to £*, and by the hypo- 
thesis of equal altitudes in; therefore, in the case of water, whose 
specific gravity is expressed by unity, we obtain 
Zs'l? = d ,t ; 
and from this, by division, we get 



" g?' 



tally, by extracting the square root, it is 

V 9e' 



(163). 

220. This is also a very simple expression for the base of the section, 
and the rule for its reduction is simply as follows. 

Rule. Divide the specific gravity of the incumbent fluid, 

by twice the specific gravity of the dyke or embankment, and 

multiply the perpendicular depth of the Jlitid by the square 

root of the quotient, for the required thickness of the dyke. 

Let the perpendicular altitude and the specific gravity of the wall, 

be 20 feet and 1 J respectively, as in the foregoing cases, and we shall 

have 



= 20 



/= 



z 10.68 feet. 



2x1.75" 

221. Lastly, if the fluid come in contact with, or press upon the 
hypothenuse of the triangle ; then the slope e vanishes, and b and c 
are equal; consequently, equation (149) becomes 

sd' = dSs(3b — ty+vs'b'; (164). 

and if the vertical pressure of the fluid be omitted, the first term on 
the right hand side of the equation vanishes, and consequently, we get 
sd' = D/b t ; 




5.1 1 feet. 
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222. This equation is of a still simpl 
when the perpendicular side is towards 
its reduction is as follows. 

Rule. Divide the specific gravity of the fluid, by that of 
the dyke or embankment, and multiply the perpendicular alti- 
tude by the square root of the quotient, for the breadth of 
the base. 
Therefore, by taking the altitude and specific gravities hitherto 
employed, the rule will give 

b — 20A/ — =15.11 
V 1.75 

223. This gives a thickness for the base of the section, exceeding 
the thickness in the former case by 4.33 feet; which seems to be a 
very great difference, when it is considered that both the form and 
the perpendicular altitude of the wall are the same in both cases ; but 
the reason of the difference will become manifest from the following 
construction. 

ingled i 
another in every respect, but hai 
their perpendiculars opposed in such a 
manner, that the water pressing in the ? 
same horizontal direction, is resisted by ~s 
the perpendicular a b in the one case, % 
and by the hypothenuae ac in the other. E 

Bisect the sides ab, ac in the point 
m and n, and ab, ac in the points m 
and n respectively ; draw the lines c m and e 
cm and bn intersecting in i/; then are o and g, the centres of gravity 
of the respective triangles abc and a be. 

Demit the straight lines on and <jh, perpendicularly to nc and be; 
then are hc and hit the levers, by which the weights of the sections, 
supposed to be concentrated in their respective centres of gravity, 
resist the horizontal pressure of the fluid which tends to turn them 
round the points c and b. 



:qual to i 



I 
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Now, according to the property of the centre of gravity, hc is 
equal to two thirds of bc, while hb U only oue third of bc; but the 
horizontal pressure of the water is the same in both cases ; it will 
therefore require the same raechauical energy to resist it; and since, 
by the conditions of the problem, the altitudes ab and ab are equal, 
it follows, that in order to produce an equilibrium, the product of the 
base of the triangle abc, into the length of the lever kb, must be 
increased in such a manner, that 

icxucxiexAi, (166). 

and by converting tins equation into an analogy, it becomes 
lie : be:: hb : HC. 

We have seen, that by the construction and the property of the 
centre of gravity, the lever hc is equal to two thirds of bc, and hb 
equal to one third of bc ; let therefore, |bc and \bc, be substituted 
for hc and hb, in the equation marked (166), and we shall obtain 

or dividing both terras by -J, it becomes 

2BC' = fic', 

and finally, by extracting the square root, it is 

6c = bc^2. (167). 

Hence the reason for, and the nature of the increased breadth 
become obvious, the one being the side, and the other the diagonal 
of a square. 

Now, we have found that the breadth of the dyke at the base, is 
equal to 10. 68 feet, when the perpendicular side is in contact with 
the fluid; consequently, when the pressure is exerted on the hypo- 
thenuse, we have 

b = 10.68 X 1 .4142 := 1 5.1 1 feet, 
being the very same result as that which we obtained from the reduc- 
tion of the equation (165). 

224. What we have hitherto done, has reference to the case in 
which the obstacle yields to the pressure of the fluid, by turning upon 
the remote extremity of its base ; we have therefore, in the next place, 
to investigate the conditions of equilibrium, when the obstacle is sup- 
posed to yield, by sliding along the horizontal plane on which it is 
erected. 

Since the base of the dyke or wall is horizontal, it is manifest that 
the mass which it sustains, resists the horizontal pressure of the fluid, 
only by its adhesion to the base, and the resistance occasioned by 
friction. 




Suppose therefore, that the resistances of adhesion and friction, a 
equal to n times the weight of the dyke, which we have represented 
by w i then we have 

»«, = Ja"«> 
but we have shown, in the investigation of the preceding case, that 
» = jDS-(24-e-e)i 
sequently, by substitution, we obtain 

d ! * = Dn/(2i— c — e). (168). 

This is the equation of equilibrium, or that in which the resistance 
of the dyke is counterpoised by the horizontal pressure of the fluid, 
the effect of the vertical pressure not being considered ; but in order 
to express the breadth of the base in terms of the other quantities, let 
both sides of the equation be divided by ons', and it becomes 

ens' ' 
consequently, by transposition and division, we obtain 

i = ^7+^' + '^- (169). 

and finally, if the perpendicular depth of the fluid and the height of 
the dyke arc equal, we shall have 

s =ro +»(•+■>■ (, 70) . 

225. In order therefore, to illustrate the reduction of the above 
equation by means of a numerical example, we must assume a value 
to the letter n, having some relation to the nature of the materials of 
which the resisting obstacle is constructed ; now, it has been found 
by numerous experiments, that when rough and uneven bodies rub 
npon one another, or when a heavy body composed of hard and 
rough materials, is urged along a horizontal plane, the effect of the 
friction is equivalent to about one third of the weight of the body 
moved ; or in other words, it requires about one third part of the force 
applied to overcome the effects of the friction ; and moreover, in the 

e of a wall built of masonry, there is, in addition to the friction, 
the adhesion of the materials to the plane on which the wall is built. 

If therefore, we consider the effect of adhesion to be equivalent to 
the effect of friction, it is manifest, that their conjoint effects will 
destroy about two thirds of the force applied; consequently, in the 
case of masonry, we may suppose that the value of n, is very nearly 
equal to I J,, but for other materials it will vary according to the 
specific gravity or weight. 
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Having thus assigned a particular value to the letter n, we shall 
next proceed to illustrate the reduction of the equation j for which 
purpose, take the following example. 

226. Example 3. The vertical transverse section of the wall which 
supports the water in a reservoir, is 24 feet in perpendicular height ; 
what is the thickness at the base of the wall, supposing the section to 
be in the form of the frustum of an isosceles triangle, the slope or 
inclination on each side, being equal to 2 feet, and the specific gravity 
of the material ]§, that of water being expressed by unity ? 

Let the several numerical values here specified, be substituted 
instead of the respective symbols in the equation (170), and we shall 
obtain 

fizr- 1- 2=: 6. 571 feet very nearly. 

2XixV 
The breadth of the section, or the thickness of the dyke at the 
bottom, being thus determined, the breadth or thickness at the top 
can easily be found, for we have 

6.571 — 4 = 2.571 feet. 



127. If the slope c sh 
on which the water presst 
equation (170), becomes 



mid vanish ; that is, if the side of the dyke 
i be perpendicular to the horizon ; then, the 



And if the opposite 
then we have 



i becomes evanescent, while the slope c 



But if both slopes vanish, or the se 
rectangular; then, the equation (170) is 



(172). 
of the wall becomes 



"2™/' 



(173). 



If therefore, the perpendicular altitude of the section, and the 
specific gravity of the materials of which the dyke is composed, remain 
as in the preceding example ; then we shall have 
24X1 
"2X|-XJ" 

228. When the section of the wall assumes the form of a right 
angled triangle ; that is, when the slope c vanishes, and e becomes 
equal to the whole breadth b ; then we have 



*=« 



= 4.571 feet. 



And exactly the same equation would arise, if the slope e remote 
from the fluid were to vanish, and the slope c adjacent to the fluid, 
become equal to b the whole breadth of the section; consequently, 
the thickness of a dyke in the case of a triangular sectiou, whether 
the water presses on the perpendicular or hypothenuse of the tri- 



b = 



4X1 



9.142 feet. 



I that the section of the 



4X* 

In all the preceding cases, it is 
dyke or embankment is of such dimensions, as to oppose an equipois- 
ing resistance to the pressure of the fluid which it supports ; but in 
the actual construction of all works of this nature, it becomes neces- 
sary, for the sake of safety, to enlarge the dimensions considerably 
beyond what theory assigns to them ; but it does not belong to this 
place to determine the limits of the enlargement. 



229. The theory which we have established above, supposes that a 
perfect connection obtains between all the parts of the dyke or 
embankment which is opposed to the pressure of the fluid, so that any 
one portion of it cannot be displaced or overthrown, unless the whole 
be overthrown at the same time; the formulee thence arising, are 
therefore, only applicable to dykes or embankments that are con- 
structed of masonry ; in those which are constructed of earth or other 
loose materials, and having the sides faced or fortified with stone, the 
same connection between the component portions of the wall does not 
exist, and consequently, although the several equations apply when 
the whole perpendicular height of the dyke is considered, yet the dyke 
will not resist equally at every part of the height, but is liable to 
be separated into horizontal sections. 

In order therefore, to adapt our prin- 
ciples to this case also, it becomes neces- 
sary to trace out the steps of another 
investigation ; for which purpose, 

Let acd represent a vertical section of 
the dyke or embankment, whose summit 
at a is on a level with the surface of the fli. 
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Take any point g in the line add, and through the point g thus 
assumed, draw the horizontal ordinate on, cutting the vertical axis 
ac in the point n: now, it is required to determine the nature of the 
curve a g d such, that each portion of the dyke, or of its section, as 
agb, estimated from the vertex, may be equally capable of resisting 
the horizontal pressure of the fluid exerted against a c ; or which is 
the same thing, that each portion may retain its stability and remain 
in equilibrio on its base gb; not separating from the lower portion 
gbcd, either by turning about the point c as a centre of motion, or 
by sliding in a horizontal direction along the base gb. 

Put x — a E, the abscissa of the curve estimated from the vertex 



1/ ~ bg, the horizontal ordinate corresponding to the ab- 
scissa x, 
s rz the specific gravity of the fluid, which endeavours lo 

displace the dyke by pushing it along the line bg, 
/ = the specific gravity of the materials of which the dyke 

is constituted, 
m rz the momentum of the horizontal pressure, 
m'zn the momentum of the resistance offered by the dyke, and 
n = the number of times that the adhesion and friction of the 
dyke are equal to its weight. 
Then we have already seen, equation (145), that the momentum of 
the horizontal pressure of the fluid as referred to the point c, is 

from which, by substituting x* instead of d", we obtain m ™ Jjaj* ; 
which equation indicates the momentum of pressure at the point 11. 
But the momentum of the resistance offered by the wall, that is, 
the momentum of the portion of the section represented by abg, is 

and these momenta in the case of an equilibrium must be equal to 
one another; hence we have 

from which, by taking the fluxion, we shall obtain Jsi'i^Js'i/'j, 

or by suppressing the common factors, it becomes sx , ^s'i/ t ; 

by estracling the square root of both terms, we get x ^ s = y y/ s'. 

Now, when x becomes equal to d, the whole perpendicular depth 

of the fluid, or the altitude of the section ; then 1/ becomes equal to 

b, the thickness of the dyke, or the greatest breadth of the section ; 
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consequently, if d and b be respectively substituted for x and y \ 
the preceding equation, we shall have 

d^=byjl (175). 

This equation involves the conditions necessary for preventing the 
dyke from turning about the point b, and if the equation be resolved 
into an analogy, we shall have b : d : : ij s : V Y. 

Corol. From which we infer, that the section is in the form of a 
rectilinear triangle, whose base is to the perpendicular height, as the 
square root of the specific gravity of the fluid, is to the square root of 
the specific gravity of the wall or dyke. 

230. Example. The perpendicular altitude of an embankment of 
earth is 20 feet ; what must be the breadth of its base, so that each 
portion of it estimated from the vertex, shall resist the effort of the 
fluid, to turn it round the remote extremity of the base, with equal 
intensity; the water and the dyke having equal altitudes, and their 
specific gravities being 1 and 1,5 respectively r 

Here we have given d:=. 20 feet, s= 1, and s' = ].5; consequently, 
by the preceding analogy, we have ^/ 1,5 : V 1 : : 20 : 16.33 feet. 

231. The conditions necessary for preventing the portion of the 
section abg from sliding on its base, may be thus determined. 

We have seen (art. 220), that the momentum of the horizontal 
pressure, to urge the section along its base, is m^ £srf a , 

consequently, by substituting x 1 for d', wc have m zz jsar, 

but the momentum of the section opposed to this, is m' = n&'fyx ; 

therefore in the case of an equilibrium, we have ^sx'^ns'fyx, 

from which, by taking the fluxion, we obtain sxx—ns'yx, 
and by casting out the common factor, we get sx=ns'y. (176). 
From this equation, when converted into an analogy, we shall obtain 
x : y : : 71/ : s. 
Which also indicates a rectilinear triangle, whose altitude is to the 
base, as n times the specific gravity of the embankment, is to the 
specific gravity of the fluid. 

If the water presses against the perpendicular side of the wall, the 
curve bounding the other side, so that the strength of the wall may 
be every where proportional to the pressure which it sustains, must be 
a semi-cubical parabola, whose vertex is at the surface of the fluid, 
and convex towards the pressure. 
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232. We are now arrived at that particular division of our subject, 
which comprehends some of the most interesting and important 
departments of hydrodynamical science ; it unfolds the principles of 
floatation, explains the method of weighing solid bodies in fluids, 
determines the relations of their specific gravities ; and moreover, it 
investigates the laws of equilibrium, and assigns the conditions neces- 
sary for a state of perfect or imperfect stability. Every term in this 
enumeration conveys the idea of mechanical action. 

Floating bodies, rli ..-. --■> which swim on the surface of a fluid, which ia bulk for 
bulk heavier than the body afloat, are pressed downward by their own weight in a 
vertical line passing through their centra of gravity : and they are supported hy 
the upward pressure of the fluid, which ncis in a vertical line passing through ihe 
centre of gravity of the part which is under the water. When these lines are coin- 
cident, the equilibrium of floatation will be permanent. In the pres ant instance we 
have merely to consider the principles oi' Ihuilarioii us Hinds exhibit the properties 
of the mechanical powers, as the lever or balance, the strew, &c. The pulley, in 
iowering a great weight or in lit'ting it up again, does no more than the ocean tide 
when it silently recedes and leaves dry, or majestically advances and without effort 
Hosts a stupendous ship. The lever or balance does no more than a canal lock 
effects, when it transfers from one level to another a heavy barge or vessel laden 
with ponderous commodities. And we behold too the ocean, like a vast screw or 
press, forcing down to its dark recesses vast mosses, which in shipwrecks sre sub- 
merged in its bosom, and which yet might be fashioned to be bulk for bulk much 
lighter than the devouring flood which has swallowed them up in its insatiable 
womb. The eternal and immutable luwa of Nature, in all these cases, are moat 
satisfactorily accounted for in the doctrine of fluid pressure and support ; but this 
doctrine, like all the nidimeuts of human skill applied to natural phenomena, must 
depeud on matters of fact, which can only be learned from observation and experi- 
ment, and which can generally and successfully be applied by the help of muthclnii- 
lical and philosophical investigations. This is the only scientific view wo ought 
to take of all these truths that are denominated tin' phenomena of fluids, whose 
a dec lions, from a serios of concurring experiments, we undertake to expound; or 
assuming these as established principles that operate generully in (he pressure and 
elasticity of fluids, we demonstrate thcul to he adequate (n the production, not only 
of the particular effects adduced to prove their existence and power, but of all 
similar phenomena. This is the only method by which to make the results of 
practical men available in scientific discussions, and on (he olhnr hand render these 
discussions the handmaids of genius in constructive mechanics. This is the province 
of the mathematician; and we shall in the sequel follow it very closely, in expound- 
ing the doctrine of floatation and the specific gravities of bodies, the laws of equilt- 
is necessary for a state of perfect or imperfect stability, 5tc. 



CHAPTER IX. 

OF FLOATATION, AND THE DETERMINATION OF THE SPECIFIC 
GRAVITIES OF BODIES IMMERSED IN FLUIDS. 

Of the several particulars with which we concluded the last 
chapter, we shall speak in order, beginning with the theory of float- 
ation and the determination of the specific gravity of bodies, the 
leading principles of which are contained in the following proposition. 

PROPOSITION III. 

233. When a body floats, or when it is in a state of buoyancy 

on the surface of a fluid of greater specific gravity than itself: — 

// is pressed upwards by a force, whose, intensity is egui~ 

valent to the absolute weight of a quantity of the fluid, of 

which the magnitude is the same as that portion of the body 

below the plana of floatation* 

Let abc represent a verticnl section of a solid body floating on a 
fluid, whose horizontal surface is DE, ran. being the plane of floata- 
tion, and men the immersed portion of the floating body. 

Take any two points g and h on 

the surface of the solid, indefinitely n ~r ^ , , > _, 

near to each other, and through the "~^\ I ,: ~T/ " 

points g and n thus arbitrarily as- '' ~^',<J~ -^,-t\ | 

sumed, draw the straight lines gf -^—.^ -"- -S "Ll^. 

and hi, respectively parallel to de 

the surface of the fluid, and meeting the opposite sides of the solid in 
the points f and i, so that each point in either of the intercepted 
portions o h and pi, may be considered as being at the same perpen- 
dicular depth Hg or if below the horizontal surface of the fluid. 

At B and i erect the perpendiculars ur and is, which produce to 
t and u, and through the points o and r, draw the straight lines ab 
and rf, respectively perpendicular lu the surface of the solid in the 



• ThtPh 
supposed !o 



of M». 
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points g and f; make ob and rf each equal to ha or if, the perpen- 
dicular depth of the points g and f below the surface de; then, 
according to the principles which we have propounded and demon- 
strated in the first proposition and its subordinate inferences, the 
perpendicular pressures upon the indefinitely small portions of the 
body g ir and fi, may be expressed as follows, viz. 

p=sXonxob, and;/ = sXFiXF/, 
where » denotes the specific gravity of the fluid, and p, jf the respec- 
tive pressures exerted by it perpendicularly to gii and fi, any 
indefinitely small portions of the floating body. 

But it is manifest from the resolution of forces, that the pressures 
of the fluid in the directions ba and ft, may each be decomposed 
into two other pressures, the one vertical and the other horizontal ; 
for by completing the rectangular parallelograms aabc and rd/c, it 
is obvious that the pressures in the directions kg, cg and </f, sf are, 
when taken two and two, respectively equivalent to the pressures in 
the directions bo and^F. 

Now, the horizontal pressures cd and cf, by construction are equal 
to one another, and they operate in contrary directions; consequently 
they deBtroy ^each other's effects, and the upward vertical pressures on 
the solid at the points g and p, are respectively indicated by the 
straight lines ac. and dv drawn into the specific gravity of the fluid ; 
therefore, the whole vertical pressures on the indefinitely small por- 

y=sXoHXaG, andj/ = sXFiXdF, 
where p and p', instead of indicating the perpendicular pressures as 
formerly, are now considered in reference to the vertical pressures. 

Since the parallel straight lines o F and 11 1 are indefinitely near to 
one another, the lines gii and fi may be assumed as nearly straight, 
and consequently, the elementary triangles our and fij are respec- 
tively similar to the triangles GBa and tfd\ therefore, by the pro- 
perty of similar triangles, we have 

ob : oa : : gii : Gr, and p/j rd i : Tl l ta; 
and from these analogies, by equating the products of the extreme 
and mean terms, we obtain 

G6xor = GttXGii, and F/Xi's = i'd Xi'i. 
Let therefore, the products G&xor and f/Xfs be substituted 
instead of giiXog and fiX<Zf in the above values of p and ;/, and 
we shall have 

p = sXo&XGr, and p — fxtt. 
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Now, these pressures are manifestly equal to the weights of the 
columns at and ni considered as fluid, and since the same may be 
demonstrated with respect to every other portion of the immersed 
surface, we therefore conclude, that the whole pressure upwards, is 
equal to the sum of the weights of all the columns at, i u, &c. ; that 
is, to the weight of a quantity of the fluid equal in magnitude to the 
immersed part of the body; hence the truth of the proposition is 
manifest. 

Corol. From the principles demonstrated above, it follows, that 
when a solid body floating on the surface of a fluid is in a state of 
quiescence : — 

The pressure downwards is equal to the buoyant effort; 
that is, the weight of the floating body, is equal to the weight 
of a quantity of the fluid, whose magnitude is the same as 
that portion of the solid, which falls below the plane of 
floatation. 



PROBLEM XXXI. 

!34. A cylindrical vessel of a given diameter, is filled to a 
certain height with a fluid of known specific gravity, and a 
spherical body of a given magnitude and substance is placed 



// is required to determine how high the fluid will rise in 
consequence of the immersion of the spherical segment which 
falls below the plane of floatation. 

Let abcd represent a vertical section passing along the a 
cylindrical vessel, filled with an incompressible and 
non-elastic fluid to the height ed, ef being the sur- 
face of the fluid before the sphere whose diameter is 
mn, is placed in it, and ab the surface after the E^ 
immersion of the segment tnu, the liquid rising to the '-■ _' '.'. | 
height ad. 

Then it is manifest from the nature of the problem, 
that the spherical segment tvnwu, together with the quantity of fluid 
in the vessel, must be equal to the capacity of the cylinder whose 
diameter is dc, and perpendicular altitude «i>; for the fluid rises in 
consequence of the immersion of the segment, and fills the spaces 
(iIpe and buwr all urouud the vessel; we have therefore to calculate 
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u, and the cylinders efcd and nil 
i originally rilled v 



the spherical segment tvinn 
for which purpose, 

Put rfrED, the height to which the vessel i 
the fluid, 
I — dc, the diameter of the cylindrical vessel, 
r — c(, or cv, the radius of the sphere, 
s — the specific gravity of the fluid in the vessel, 
s' = the specific gravity of the floating body, and 
x =bd, the height to which the fluid rises on the immersion of 
the spheric segment. 
Then, since by the principles of mensuration, the solid content or 
capacity of a sphere, is equal to two thirds of that of its circumscribing 
cylinder, it follows, that the capacity of the sphere mvnv>, is ex- 
pressed by 

3.1416r'x2rX£ = 4.1888r 3 ; 
but as we have elsewhere demonstrated, that the magnitudes of bodies 
arc inversely as their specific gravities ; consequently, the magnitude of 
the part immersed, is determined by the following analogy, viz, 

.:<:: 4.1888/ : 4 -" ,B J" V . 

Now, as we have already observed, the quantity of fluid in the 
vessel at first, is 

.7854XB , Xd=.7854dB 1 , 

and the capacity of the cylinder formed by the fluid and the spherical 
segment, is 

.7854Xc'XJ:— .7854^x; 
consequently, by addition, we shall have 

.78S4;- I =.7854<»+ 4 -"" i i 8 ' J ' , ; 

and therefore, if all the terms of this equation be divided by the 
quantity .78543 s , we shall obtain 

I6HV 

2fi " (177). 

Or if the height to which the vessel is originally filled, be subtracted 
from both sides of the above expression, the increase of height in con- 
sequence of the immersion of the spheric segment, becomes 
_]GrV 

" 3F* ' 078j. 

where x =: « li the increase of height. 



« = J-f 



-d = x 
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235. Either of these equations will resolve the problem, but the 
latter form is the most convenient for a verbal enunciation, and the 
practical rule which it supplies is as follows. 

Rule. Multiply tixleen times the specific gravity of the 
sphere, by the cube or third power of its radius ; then, divide 
the product by three times the specific gravity of the fluid, 
drawn into the square of the cylinder's diameter, and the 
quotient will give the increase of height, in consequence of the 
immersion of the spheric segment. 

236. Example. A cylindrical vessel whose diameter h 8 inches, is 
filled, with water to the height of 10 inches; how much higher will 
the water rise, and what will be its whole weight, when a globe of 
alder of 6 inches diameter is dropped into the vessel; the specific 
gravity of alder being equal to .8, when that of water is expressed by 

Here, by operating according to the above rule, we get 
16rV=16x3x3x3x.8 = 345.6, 

and in like manner we have 

33"s=:3x8x8xl=:192: 
consequently, by division, we obtain 

- ^ 1 .8 inches, and the whole height is 1 1.8 inches. 



3S*s 



' 19' 



237. If the specific gravity of the globe, and that of the fluid in which 
il is placed, are equal to one another, then equation (178) becomes 

,__16V 
x — 33"* (179). 

In this case it is manifest, that the sphere is wholly immersed in 
the fluid ; consequently, the increase of height will be equal to the 
altitude of a cylinder, whose diameter is S, and whose capacity is 
equal to that of the immersed body; hence, the method of computa- 
tion is obvious ; but the practical rule deduced from the equation for 
this purpose, may be expressed in the following manner. 

Rule. Divide sixteen times the cube or third power of the 
radius of the sphere, by three times the square of the cglin- 
der's diameter, and the quotient will give the increased height 
of the fluid. 

238. Example, A cylindrical vessel whose diameter is 12 inches, 
is fdled with fluid m the height of 6 inches; to what height will 



OF FLOATATION AND THE srECIFrc SUAVITY OF BODIES. 

the fluid ascend when a sphere of 4 inches diameter is placed in it, 
the specific gravities of the fluid and the sphere being equal to one 
another? 

In this example there are given £ = 6 inches and r = 2 inches; 
therefore, by operating as directed in the rule, we shall have 
16r'= 16X2'= 128, the dividend, 
and in like manner for the divisor, we get 
3J*= 3Xl2 ! =: 432, the divisor : 
consequently, by division, we obtain 
x' = U$= 0.2962 of an inch. 
Hence it appears, that the height of the fluid in the < 
increased by a quantity equal to 0.2962 of an inch, in consequence 
of the immersion, and the whole height to which it rises, is 6.2962 
inches. 



PROBLEM XXXII. 

239. A vessel in the form of a paraboloid, is placed with its 
vertex downwards and its base parallel to the horizon; uow, 
supposing the vessel to be filled to the n^ part of its capacity 
with a fluid of known specific gravity, and let a spherical body 
of a given size and substance be placed hi it : — 

It is required to ascertain the height to which the Jluid 
wilt j-ise, in consequence of the immersion of the spherical 
segment. 

Let abc represent a vertical section passing along the axis of the 
vessel, whose form is that of a paraboloid, 
generated by the revolution of the common 
parabola ; and suppose the vessel to be filled 
with an incompressible anil non-elastic fluid 
to the height sc, i>e being its horizontal 
surface when in a stale of quiescence, before 
the sphere whose diameter is mn is placed in 
it; then will ab be the surface or the plane 

of floatation after the immersion of the segment rnw, the fluid rising 
to the height ts all around the spherical body. 

Now, it is obvious from the nature of the problem, that the solidity 
u( the spherical segment rnw, together with the quantity of fluid iti 
the vessel, is equal to the magnitude of the paraboloid acb, whose 
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base is ab and axis c'; therefore, in order to calculate tlie solidity 
of the segment, and that of the paraboloids dcb and acb, 

Put d = me, the whole axis or height of the paraboloid, 
p = the parameter or latus rectum of the axis, 
r ss cr, cm or en, the radius of the sphere, 
s = the specific gravity of the fluid in the vessel, 
if =s the specific gravity of the floating body, and 
x zz tQ, the whole height to which the fluid ascends, n being 
the part originally filled. 

By the principles of solid mensuration, the capacity or solidity of a 
sphere, is equivalent to two thirds of that of its circumscribing cylin- 
der ; consequently, the capacity of the floating sphere, is 

3.1416r'x2r>:£ = 4.1888r* ; 
now, we have demonstrated in another place, that the magnitudes of 
bodies, are inversely as their respective gravities ; hence v 
that portion actually immersed, 



! have for 



: i : : 4.18887* : 



1.18! 



Again, by the principles of mensuration, the solidity of a paraboloid 
is equal to one half the solidity of its circumscribing cylinder, and by 
the property of the parabola, we have 

m^=pd; 

therefore, the capacity of the paraboloidal vessel, is 

3.1416 XpdX ld=\.5705pd>, 

and consequently, the quantity of fluid in it is expressed by 

But the capacity, or the solid content of the paraboloid a c b, whose 
axis is tc, becomes 

3.1418>^fMCXi*= 1.57980*1; 

consequently, by addition and comparison, we have 
_4.1888rV t 1.5708/» tP 



1.5708px"=- 
und dividing all t 



terms by 1.5708, we get 
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and again, if all the terms be divided by p the parameter of the 
parabola, and the square root be extracted from both sides of the 
equation, we shall have 



V? 



But because the parameter of a parabola is a third proportional to 
any abscissa and its ordinate; it follows, that if b denote the base ab 
ot the paraboloid, of which the axis is d, we shall have 



let this value of the parameter be substituted instead of it ii 
equation, and we shall obtain 

x— 4 /32drV , 



-v 



240. The following practical rule supplied by this equation, will 
serve to direct the reader to the method of its reduction. 

Rule. Multiply thirty-two times the axis of the paraboloid, 
by the cube or third power of the radius of the sphere drawn 
into its specific gravity ; then, divide the product by three 
times the square of the base of the vessel multiplied by the 
specific gravity of the fluid, and to the quotient, add the 
square of the axis or depth of the vessel, divided by the 
number, which expresses what part of it is occupied by the 
fluid; then, the square root of the sum, will give the height 
to which the fluid rises after the immersion of the spheric 
segment. 

241. Example. The axis of a vessel in the form of a paraboloid is 
27 inches, and the diameter of its mouth is 18 inches; now, supposing 
that the vessel is one fifth full of water, into which is dropped a sphere 
of hazel whose diameter is 8 inches; to what point of the axis will 
the fluid ascend, the specific gravity of hazel being 0.6, when that of 
water is expressed by unity? 

By proceeding according to the rule, wc get 

32X27X4X4X4X.6 = 33177.6, the dividend, 

and in like manner, for the divisor, we have 

3X18X18X1 = 972, the divisor ; 

consequently, by division, wc obtain 



33177. 6 
972 



■=34.13. 
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This is tlic value of the first term under the radical sign, in t 
expression for x equation (180), and the value of the second term, 
27* 
=£- = 145.8; 



therefore, by addition and evolution 

x =1 / 179.93 = 13.414 inches i 

242. If the specific gravity of the ball, a 

which it is placed, be equal to one anothi 

becomes 



d that of the fluid in 
, then equation (180) 



*V 



_., /39.d7* 



and by reducing the fractions unde 
n denominator, we obtain 



+ "' 



*v 



d(32nr 3 +3b , d) 



(181). 

243, The practical method of reducing the above equation, is 
expressed in words at full length in the following rule. 

Rule. Multiply the cube or third power of the radius of 
the sphere, by thirty two times the number which indicates 
what part of the vessel is occupied by the fluid, and to the 
product add three times the axis of the vessel drawn into the 
square of its diameter; then, divide the sum by three times 
the square of the vessel's diameter, drawn into the number 
which denotes what part of it the fluid occupies ; multiply 
the quotient by the axis of the vessel, and extract the square 
root of the product, for the height to which the fluid rises. 

244. Example. Let the dimensions of the vessel and the immersed 
body, remain as in the preceding example, the vessel containing also 
the same quantity of fluid ; to what height on the axis will the fluid 
ascend, supposing its specific gravity to be the same as that of the 
immersed body ? 

Here, by operating as directed by the rule, we get 
32«r 5 =: 32X5X4X4X4 = 320X32 = 10240, and 

36*d = 3X18X18X27 = 972X27 = 26244; 

consequently, the sum of the parenthetical terms is 

32nr* + 3b*d= 10240 + 26244 = 36484, 

iind for the denominator of the fraction, we have 

3^» = 3X18X18X5 = 324X15 = 48L>0; 
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consequently, by division, we obtain 
32^-j-3M _ 36484 _ 7 507 _ 
36*n ~ ~ 4860 — 

Itiptication we shall have 
202.689, 



therefore, by 

7.507 X27 
and finally, by evolution, it i 
x= V 202.689 =14.23 inch. 



Corol. Hence it appears, that when the specific gravities of the 
fluid and the immersed body, are equal to one another, the fluid rises 
in the vessel to the height of 14.23 inches; but when the specific 
gravities are to each other as 1 : 0.6, it rises only to 13.414; the 
reason of the difference, however, is manifest, for in the case of equal 
specific gravities, the spherical body is wholly immersed; but when 
the specific gravities are unequal, only a part of the body falls below 
the plane of floatation. From the above we deduce the following 
inferences. 

245. iNFJiUENCt I. If a homogeneous body be immersed in a fluid 
of the same density with itself: — 



It will rei 
places and u 






i a state of quiescence, \ 



all 



npressible and 




Let abcd represent a vessel, filled with an in< 
non-elastic fluid to the height a d, and let g be a 
homogeneous body, of the same density or specific 
gravity as the fluid. 

Now, it is manifest, that when the body g is put 
into the vessel and left to itself, it will by reason of 
its own weight, sink below a b the original surface, 
and raise the fluid to the height e d, where the body 
will be entirely under the fluid, and the whole mass 
in a state of equilibrium with the surface at ef. 

Then it is evident, that the body being of the same density as the 
fluid in which it is placed, it will press the fluid under it, just as much as 
the same quantity of the fluid would do if put in its stead, and conse- 
quently, the pressure exerted by the solid, together with that of the 
superincumbent fluid, presses downwards with the same energy, as if 
it were a column of fluid of equal depth. 

Therefore, the pressure of the body against the fluid at it, is equal 
to the pressure of the fluid against the body there; consequently. 




these two pressures are equal and opposite to one another, and must 
therefore be in a state of equilibrium, in which case, the body will 
remain at rest. 

Hence, the truth of the inference is manifest with respect to a 
vertical pressure; but it is equally true in reference to a motion 
horizontally and obliquely ; for the horizontal pressures are obviously 
equal to one another, and they are in opposite directions; therefore, 
they are in equilibrio with one another, and no motion can take place. 

And again, with regard to the oblique pressure, it is evidently 
compounded of a vertical and horizontal one ; but we have just 
demonstrated that these are equal and opposite; consequently, the 
body can have no oblique motion, it must therefore remain at rest in 
any place and in any position. 

If the specific gravity of the immersed body be greater than that of 
the fluid, the pressure downwards will exceed the pressure upwards; 
consequently, the weight of the body will overcome the resistance of 
the fluid under it, and it will therefore sink to the bottom. 

But if the specific gravity of the body be less than that of the fluid, 
the pressure upwards will exceed the pressure downwards; therefore, 
the buoyant principle will overcome the weight of the solid, and it 
will rise to the surface of the fluid. 

246. Inf. 2. If a solid body be immersed in a fluid, and the whole 
mass be in a state of equilibrium : — 

The pressure upwards against the base of the body, is 
equal to the weight of a quantity of fluid of equal magnitude, 
together with the weight of the superincumbent fluid, 

247. Inf. 3. If a solid body be placed in a fluid of greater or le?s 
specific gravity than itself: — 

The difference between the pressures downwards and up- 
wards is equal to the difference between the weight of the 
solid and that of an equal bulk of the fluid, 

248. Inf. 4. Heavy bodies when placed in fluids have a twofold 
gravity, the one true and absolute, the other apparent or relative. 

Absolute gravity is the force with which bodies tend 

downwards. 

By reason of this force, ail sorts of fluid bodies gravitate in their 

proper places, and their several weights, when taken conjointly, 

compose the weight of the whole ; for the whole is possessed of 

weight, as may he experienced in vessels full of liquor. 
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Apparent or relative gravity, is the excess of the gravity 
of the body above that of thejluid in which it is placed. 

By this sort of gravity, fluids do not gravitate in their proper places ; 
that is, they do not preponderate ; but opposing one another's descent, 
they retain their positions as if they were possessed of no weight. 

249. Inf. 5. If a heavy irregular heterogeneous body descends in 
i fluid, or if it moves in any direction, and a straight line be drawn, 
:onnecting the centres of magnitude and gravity of the body : — 

/( will so dispose itself as to move in that line, the centre 
of gravity preceding the centre of magnitude. 

This is a manifest and a beautiful fact; for the centre of gravity 
being surrounded by more matter and less surface than the centre of 
magnitude, it will meet with less resistance from the fluid; conse- 
quently, the body will so arrange itself, as to move in the line of 
direction with its centre of gravity foremost. 

250. What has been here adverted to, in regard to bodies of greater 
density or specific gravity sinking in a fluid, must only be understood 
to apply to such as are solid ; for if a body be hollow, it may swim in 
a fluid of less specific gravity than that which is due to the substance 
of which the body is composed ; but if the hollows or cavities are 
filled with the fluid, the body will then descend to the bottom. 

Again, if bodies of greater specific gravity than the fluid in which 
they are placed, be reduced to extremely small particles, they may 
also be suspended in the fluid ; but the principle or force by which 
this is effected, does not belong to hydrodynamics. 

PROPOSITION IV. 

251. If a solid homogeneous body, be placed in a fluid of 
greater or less specific gravity than itself: — 

It will ascend or descend with a force, which is equivalent 
to the difference between its own weight, and that of an equal 
bulk of thejluid. 

The principle announced in this proposition is almost self-evident, 
yet nevertheless, it may be demonstrated in the following manner. 

Put m — the common magnitude of the body and the fluid, 
w' = the weight of the solid body, 
s' — its specific gravity, 
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w — the weight of an equal quantity of the fluid, 
j S its specific gravity, and 

f — the force with which the body ascends or descends in 
the fluid. 
Then, because as we have elsewhere demonstrated, the absolute 
weights of bodies, are as their magnitudes and specific gravities ; it 
follows, that 

but according to the third inference preceding, the difference between 
the pressures downwards and upwards : — 

Is equal to the difference between the weight of the solid 
body, and that of an equal balk of the fluid. 

But the difference between the upward and downward pressures, is 
equivalent to the force of ascent and descent; consequently, we have 

and this, by collecting the terms, becomes 

/=«(*-,'). (182). 

If, therefore, the specific gravity of the solid be less than that of 
the fluid, the force of ascent will be 

but when the specific gravity of the solid exceeds that of the fluid, the 
force of descent becomes 

/=,,(,■-,), 

and when the specific gravities are equal to one another, the force of 
ascent and descent vanishes, in which case, the body will remain at 
rest, in whatsoever position it may be placed ; this agrees with what 
we have already staled in the first inference to Problem 32. 

From the above proposition and its subordinate formulee, the fol- 
lowing inferences may be deduced. 

252. Ihf. 1. When a solid body is immersed, or suspended in a 
fluid of equal or of different specific gravity : — 

/( loses the weight of an equal magnitude of the fluid in 
which it is placed. 

This is obvious, for when the specific gravities are equal, the body 
loses the whole of its weight; and therefore, it neither endeavours to 
ascend nor descend ; but when the specific gravities are unequal, the 
body only endeavours to ascend or descend, by the difference between 




weight and that of an equal bulk of the fluid, and has there- 
fore lost the weight of as much fluid. 

253. Inf. 2. When a solid body is immersed, or suspended in a 
fluid of the same^or^of different specific gravity : — 

It loses the whole or a part of its weight, according as it 
is totally or partially immersed, and the fluid gains the weight 
which the body loses. 
This is manifest, for the Bum of the weights of the body and the 
fluid must be the same, both before and after the immersion. 

254. Inf. 3. If bodies of equal magnitude are placed in the same 
fluid, whatever may be their specific gravities : — 

They lose equal weight, and unequal bodies lose weights 
that are proportional to their magnitudes. 



suspended in fluids 
tics or specific 
magnitude are in equilibrio 
if they be transferred to 
fluid of greater 



■1Kb, i. 



<■ descent, i 



255. Inf. 4. If the same body be immersed, 
of different specific gravities : — 

The weights lost by the body arc as the dt 
gravities of the fluids. 

256. Inf. 5. When two bodiesof unequal 
with one and the same fluid: — 

They will lose their equilibrium 
another fluid of different density. 

257. Inf. 6. When a body ascends or de 
or less specific'gravity than itself: — 

The force which accelerates its a 

to the quotient that arises, when the difference between the 

weight of the body, and that of an equal bulk of the fluid, is 

divided by the common magnitude. 

It consequently follows, that when the solid is entirely immersed in 

the fluid, the force which urges its ascent or descent is constant; in 

which case, the motion upwards or downwards must be uniformly 

accelerated, if it be not disturbed by the resistance of the medium in 

which it moves. 

258. If the solid is specifically heavier than the fluid, it will tend 
downwards, and press the bottom of the vessel, with a force which is 
equivalent to the excess of its weight above an ei[ual bulk of the 
fluid; and this is what we understand by the relative giavity of the 
body in the fluid. 

But if the body be specifically lighter than the fluid in which it is 
placed, it seems to lose a greater weight than it actually possesses. 



and consequently, it tends upwards, with a force equal to the dif- 
ference between its own weight and that of an equal bulk of the 
fluid ; and continuing to ascend, it will attain a position in which its 
weight is equal to that of a quantity of the fluid of the same magni- 
tude as the part immersed ; and this is what we understand by the 
relative levity of the body in the fluid. 

259. These inferences being admitted, we shall now proceed to 
exemplify the general formula resulting from our proposition, viz. 
that in which we have 

The practical rule for reducing this equation, may be expressed in 
general terms in the following manner. 

Rule. Multiply the common magnitude of the body and 
the fluid, by the difference of their specific gravities, and 
the product will be the force of ascent or descent, according 
as the specific gravity of the body is less or greater than that 
of the fluid in which it is placed. 

260. Example. A mass of dry oak, whose magnitude is equal to 
7 cubic feet, and specific gravity equal to 0.8 (that of water being 
unity), is plunged into a vessel of fluid, whose specific gravity is 
0.932 ; with what force will it ascend ? 

Here, according to the rule, we have 
/— m (s — O = 7(.932 — .8)= .924 of a cubic foot of the 
body whose specific gravity is 0.932 ; consequently, for the force in 
lbs. avoirdupois, we have 1 : 62.5 : : 924 : 57.76 lbs. 

PROBLEM XXXIII. 

261. In a vessel filled with an incompressible and non-elastic 
fluid, is placed a hollow cylinder, which we shall consider as 

being perfectly void of gravity or weight ; to the bottom of 
which, a cylindrical body of a given magnitude, and whose 
specific gravity is greater than that of the fluid, is so closely 
fitted that no fluid can enter: — 

/( is required to determine, how far below the surface of 

the fluid the body will descend, before the tendency down. 

•wards, and the pressure upwards, are in equilibria with one 

another. 

Let abcd in the annexed diagram, be a vertical section of the 



mi 



eight, 
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vessel containing the fluid, abed a corresponding 
section of the hollow cylinder, and efgh that of 
the attached or cylindrical body. 

Now, it is manifest, that in consequence of the 
connection between the hollow cylinder and the 
attached body, the downward pressure of the fluid 
can have no effect upon that portion of the upper 
surface of the body whose diameter is dc; and be- 
cause the hollow cylinder abed, is supposed to be 
without weight, it can have no influence on the 
downward tendency of the body efgii ; an equilibrium will therefore 
obtain, when the downward pressure on the surface Erf, cf, together 
with the weight of the body, is equal to the upward pressure on the 
bottom ii g. 

Put d := dc, the diameter of the hollow cylinder destitute of w 
B = ef, the diameter of the attached body, 
I a eh, its perpendicular leu gth, or vertical altitude, 
a ZS the area of the end of the hollow cylinder, 
a — that of the attached cylindrical body, 
s — its specific gravity, greater than that of the fluid, 
$' — the specific gravity of the fluid, 
w — the weight of the body, 
p = the pressure on its upper surface, 
p „ the pressure on its base, and 
x = erf, the distance below ab, the upper surface of the fluid. 
Then, by the mensuration of surfaces, the area of the lower extre- 
mity of the hollow cylinder abed, becomes a—.7854rf*, 

and that of the base of the attached body, is a= .78543 s ; 
and the difference of these, or the quantity of the upper surface of 
the body, which is exposed to the downward pressure of the fluid, is 

a — a = . 7854(3* — (F); 
consequently, the downward pressure becomes p = . 7854 (3* — cP)s'xi 
but the absolute weight of the body is expressed by its magnitude or 
solidity, drawn into its specific gravity ; consequently the expression 
e weight of the attached body becomes w = aIs = .7854£*/s; 
therefore, we have for the whole tendency downwards, 
p+v} = .7854 (P~ <P) s'x + .7854&ls, 
mil from this, by collecting the terms, we obtain 
p + w= .7854 {(i)'— d<) i'i + J It}, 
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Now, the pressure upwards on the bottom of the attached cylindri- 
cal body, according to the principle of the first proposition, is 

p , = .7B54$ t s'(l + 1 c); 
but in the case of an equilibrium, or when the body has attained a 
state of quiescence, the pressure upwards is exactly equal to the 
downward tendency ; consequently, by comparison, we have 

.7854 SV (f + x) = .78.54 { (£*—(**) s'x + o*/s} ; 
therefore, by suppressing the common factor .7854, and transposing, 
we get 

&s'(l + x) — (P — d')B'x = &ls, and this, 
by expanding and collecting the terms, becomes dV x zz &l(s — s') r 

and finally, by division, we obtain x = — ~^—, — -■ n83\ 

262. The following practical rule, drawn out in words at length, 
will serve for the reduction of the equation. 

Rule. Multiply the difference between the greater and 
less specific gravities, by the square of the diameter of the 
attached body drama into its length ; then divide the product 
by the square of the diameter of the hollow cylinder, drawn 
into the specific gravity of the fluid, and the quotient will 
be the distance below the surface of the fluid at which the 
body rests. , 

263. Example. A cylinder of lignum vitse, whose diameter is 
8 inches, lenglh 36 inches, and specific gravity 1.327, is attached to 
the lower end of a hollow tube, whose diameter is 3 inches, in such a 
manner that no fluid can enter; now, supposing the body, and the 
hollow cylinder to which it i3 attached, to be placed in a vessel full of 
water, it is required to determine, at what distance below the surface 
of the fluid the body will become quiescent ? 

Here, by operating according to the rule, we obtain 
, = tfXM(1.3W-1.000) = 83j707 - nche9 _ 
3X3X1 
Hence it appears, that a cylinder of lignum vitsc of the proposed 
dimensions, will sink to the depth of 83.707 inches, or very nearly 
7 feet below the surface of the water, before the upwaid pressure 
becomes an equipoise for its downward tendency; and this being 
added to the three feet which it is in length, gives 10 feet for the 
depth of the body of water, necessary for admitting an equilibrium, 
under the specified conditions of magnitude and attachment. 



CHAPTER X. 

JF THE SPECIFIC GRAVITIES OF FLUIDS, AND THE METHOD O 
WEIGHING SOLID BODIES BY MEANS OF NON-ELASTIC FLUIDS. 



Tub specific gravity of a body is its weight compared with that of another body 
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ipter were given of ahsolute and relati 

ler for entering upon the doctrine of specific gravities, wbich 
it species of matter from each other, in one of their most 
obvious properties, namely, the weight of matter contained in a given space. The 
weight of any portion of matter is easily ascertained ; but it is not always easy to 
measure the space occupied by a body, or its magnitude ; and in some instances 
tbta cannot well be effected without artificial means. We employ for tbis purpose 

I distilled water, the specific gravity of which, or weight of a given bulk, is nearly 
it all times the same. Adopting, therefore, this pure homogeneous substance as 
[heir specific gravities may be easily discovered \ and denoting the specific gravity 
of water by any number taken at pleasure, the numbers expressing the specific 
gravities of other bodies are hence given, or, at least, assignable. 
1 
stra 
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PROPOSITION V. 
264. When a solid body is immersed in a fluid of different 
specific gravity from itself: — 

The weight which the body loses, will be to its whole 
■weight, as the specific gravity of the fluid is to the specific 
gravity of the solid. 
This is a very important proposition in hydrostatics, but its demon- 
stration does not require the assistance of a diagram ; we must there- 
fore endeavour to establish its validity by the application of symbolical 
arithmetic; for which purpose — 
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Put m = the magnitude of the immersed solid, 
w = its weight, 
■w"=z the weight lost by the pressure of the fluid, 
10* = the weight of a quantity of the fluid, of the same bulk as 

the solid body, 
* = the specific of the solid, and 
»' — the specific gravity of the fluid. 
Then, because, as we have already stated in a former part of this 
work, the weights are directly as their magnitudes drawn into their 
respective gravities ; it follows, that 



mtly, by analogy, we obtain 



Now, when a body is immersed in a fluid of less speeifii 
than itself, it obviously must descend, in consequence of its 
gravity, and the force of descent is equal to the difference 
the weight of the solid body and the weight which it loses 
action of the fluid ; but it has been shown in the preceding 
sition, that the force of descent is equal to the difference betw 
weight of the solid, and that of an equal bulk of the fluid ; 
quently, if/ denote the force of descent, then in the one case, \ 

and in the other case, it is 

therefore, by comparison, wc obtain 



gravity 
uperior 



propo- 



hence, by expunging w, it becomes 



If, therefore, we substitute v 
above analogy, we shall get 



hence the truth of the proposition is manifest. 
The pari of the weight which the body loses by descending in the 
fluid, is not annihilated, it is only sustained by the upward pressure 
of the fluid opposing the descent of the body ; and this is the reason 
why the weight of a vessel full of water is not perceptible while 
beneath the surface. 
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By equating the products of the extreme and mean 1 
preceding analogy, we obtain 

and dividing by s, we have 






but according to our notation, w" denotes the weight which the body 
loses; consequently, the weight which it retains in the fluid, becomes 

w ~ w " = w 7= W , ■ (184). 

265. If, therefore, the weight of the body, together with its specific 

gravity, be known, before it is immersed in a fluid of a given specific 

gravity ; its weight after immersion can easily be ascertained by the 

following practical rule. 

Rule. From the specific gravity of the body, subtract that 
of the fluid in which it is immersed; multiply the remainder 
by the weight of the body, and divide the product by its 
specific gravity for the weight which it retains after im- 



266. Example. A piece of cast iron which weighs 14 lbs. is 
plunged into a cistern of water ; what force will be required to 
sustain the iron at rest in any point, its specific gravity being to that 
of water as 7 to 1 ? 

Here, by operating according to the rule, we have 

14(7—1) ,„, L 

- — li-j - = 12 lbs. avoirdupois. 

From which it appears, that 14 lbs. of cast iron being suspended 
in water, loses 2 lbs. of its weight; or which is the same thing, the 
upward pressure of the water exceeds its downward pressure, by a 
force which is equivalent to 2 lbs. 

Corol, We may also infer from the above, that the weights which 
the same body loses by being immersed in different fluids : — 
Are as the specific gravities of the fluids. 

PROBLEM XXXIV. 

267. If a body be weighed in air and in water respectively, 
and the weights be exactly ascertained : — 

i required, from the weights thus exhibited, to deter- 
he real weight. 
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Here again, we are under the necessity of dispensing with the 
assistance of a diagram, the investigation being wholly analytical; in 
order therefore to proceed, 
Put ti> zz the weight of the body when weighed in water, 

w'=z the weight when weighed in air, 

s zz the specific gravity of water, generally expressed by unity, 

&' zz the specific gravity of air, and 

x zz the real weight of the body required. 
Then we have x — iu', and £ — w, for the weights which tbe body 
loses in air and in water; but we have deduced it as an inference 
from Proposition V., that when the same body is weighed in different 
fluids, it loses weights in proportion to the specific gravities of the 
fluids in which it is weighed ; consequently, we have 

therefore, by making the product of the mean terms equal to the 
product of the extremes, we have 

and from this, by separating the terms, and transposing, we get 

consequently, by division, we obtain 



— 7=1 ■ (185). 

268. The equation in its present form, supplies us with the follow- 
ing practical rule for its reduction. 

Rule. Divide the difference between the products of the 
alternate weights and specific gravities, by the difference of 
the specific gravities, and the quotitnt will be the real weight 
of the body. 

269. Example. A certain body when weighed in water and in air, 
is found to equiponderate 12 and 13.9975 His. respectively; what is 
its real weight, the specific gravities of air and water being as 1 to 
.0012? 

Here, by operating as directed in the rule, we have 
1X13.9975— .0012X12 



1 — .0012 



: 14 lbs. 



Prom which it appears, that a body of 14 lbs, avoirdupois, wilt 
completely fulfil the conditions of the question. 
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PROBLEM XXXV. 

270. If the weights which a body indicates, when weighed 
in air and in water, are exactly ascertained : — 

It is required from thence to determine the specific gravity 
of the body, the specific gravities of air and water being 
known. 
Here also, as in the case of the preceding Problem XXXIV., and 
Proposition V., the aid of a diagram is not required ; for it would be 
totally inconsistent with scientific precision, to denote the specific 
gravities of bodies by geometrical magnitudes. 
Put W — the real weight of the solid body, 
w S the weight when weighed in water, 
w' ~ the weight when weighed in atmospheric air, 
s = the specific gravity of water, expressed by unity, 
s' = the specific gravity of air, and 
S = the required specific gravity of the solid body. 
Then, according to the principle announced and demonstrated in 
the 5th proposition, we have 



W- 



: W : 



where it is manifest, that W — w expresses the weight which the body 
loses by being weighed in water ; therefore, we have 
W — <W — w) : W :: 5— s : S; 
or by equating the products of the extremes and means, we get 

and by proceeding in a similar manner when the body is weighed in 
air, we obtain 

Sw'=(S— V)ff. 
Now, from the first of these equations, we have 

w= s " , 

and from the second, it is 



hence by comparisol 
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and by taking away the denominators, we get 



Sw- 



suf, 



from which, by transposing and collecting the ten 
and 8nally, by division, we have 



(186). 

271. The practical rule or method of reducing this equation, may 
be expressed in words in the following manner. 

Rule. Divide the difference between the products of the 
alternate weights and specific gravities, by the difference of 
the weights when weighed in air and in water, and the 
quotient will express the specific gravity of the body. 

272. Example. A certain body when weighed in water indicates 
exactly 12 lbs. avoirdupois ; but when the same body is weighed in 
air, it indicates 13.9975 lbs.; required the specific gravity of the 
body, the specific gravities of water and air being as in the preceding 
problem, or as 1 to .0012 ? 

The process performed according to the directions given in the 
rule, or after the manner indicated in equation (186), will stand as 
follows. 

1X13.9975— .0012x12 __ 
~~ " 13.9975-— 12 

Therefore, a body whose specific gravity is seven times the specific 
gravity of water, will fulfil the conditions of the question. 

PROBLEM XXXVI. 

273. If the weights which a solid body indicates, when weighed 
in air and in water, together with its specific gravity and real 
weight, are exactly ascertained : — 

It is required from thence, to determine the magnitude of 
the body, on the supposition that it is globular. 
If the specific gravity of the body and its real weight were unknown, 
the solution of the present problem would include that of the two pre- 
ceding ones; but in order to abbreviate the investigation, we have 
supposed the specific gravity and the real weight of the body to be 
given ; the process of the solution is therefore as follows. 
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Put W ■=. the real weight of the globular body, 
S ~ its specific gravity, 
vi S the weight which the body indicates when weighed in 

s =z the specific gravity of water, 

vf si the weight which the body indicates when weighed in air, 

s* — the specific gravity of air, and 

d — the required diameter of the solid body. 

Then, according to the principles of mensuration, the solidity of a 
globe is expressed by the cube or third power of its diameter, multi- 
plied by the constant decimal .5236 ; therefore, we have 

dX dXdX .5236 = .5236d' ; 
but it has been stated in a former part of this work, that the absolute 
weight of any body, is expressed by its magnitude drawn into the 
specific gravity ; hence we have 

W = .5236Sd"; 
consequently, by division, we obtain 

.52365' 
and from this, by extracting the cube root, we get 



-</'-, 



!5236s' (is')- 

274. The equation in its present form, expresses the diameter of 
the body in terms of its absolute weight and specific gravity ; this is 
certainly the simplest and only mode of determining the magnitude 
of any body or quantity of matter, when the weight and specific 
gravity are known & priori ; but when this is not the case, we must 
have recourse to other methods ; and a very elegant and simple one, 
consists in weighing the body in water and in air, as implied in the 
problem, and then proceeding as follows. 

I By equation (185), Problem XXXIV., it appears, that the real or 
absolute weight of the solid, expressed in terms of its relative weights, 
and the specific gravities of the fluids in which it is weighed, viz. water 



and by equation (186), Problem XXXV., the specific gravity of the 
solid expressed in terms of the same quantities, is 
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But the real or absolute weight of any body, is expressed by its 
magnitude drawn into the specific gravity ; consequently, we have 
W _.5M6J(.»W»,) ; 

let this value of the real weight be compared with that above, and we 
shall have 

. 5236 d* (s w' — 8w)_ato'— s'w 

If the expression (««/ — s'w) be suppressed on both sides of the 
above equation, we shall obtain 

■5236<j" _ 1 

and again, by suppressing the denominators, we get 

.5236 (s — aV" — w' — w; 

therefore, dividing by .5236 (s — s"), we have 



— .5236 (s — s')' 
md finally, by extracting the cube root, we obtain 



-v; 



.5236(s — *') (188). 

'275. Now, the methods of reducing the equations (187) and (188), 
or the practical rules derived from them, may be expressed as follows. 
1 . When the absolute weight and specific gravity are given. 

Rule. Divide the absolute weight of the body, by .5236 
times the specific gravity, and the cube root of the quotient 
will be the diameter of the solid sought. 
1. When the weights indicated by the body in water and in air 
are given. 
Rule. Divide the difference between the weights, as obtained 
from weighing the body in air and in water, by .5236 time* 
the difference between the specific gravities of water and air ,- 
then, the cube root of the quotient will be the diameter of the 
solid sought. 
276. Example 1. The absolute weight of a globular body is U lbs., 
and its specific gravity 7 ; what is its diameter ? 
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This example corresponds to equation (187), and must therefore 
: resolved by the first case of the foregoing rule, observing to bring 
the numerator into the same denomination with the denominator, that 
is, reducing lbs. avoirdupois into ounces ; or thus, 14X 16^W, the 
absolute weight, from which we get 



V .5236X7 



1 nearly 4 inches. 



Hence it appears, that a globular body, whose specific gravity is 
seven times greater than that of water, will weigh 14 lbs. when its 
diameter is 3.9313 inches, which corresponds very nearly with a globe 
of cast iron. 

277. Example 2. A globular body whose specific gravity and 
absolute weight are unknown, indicates 12 lbs. avoirdupois when 
weighed in water, and 13.9975 lbs. when weighed in air; what is its 
magnitude, the specific gravity of water and air being to one another 
as the numbers 1 and .0012? 

This second example corresponds to the conditions represented in 
equation (188), and must therefore be resolved by the second case of 
the foregoing rule, the numerator being brought into the same deno- 
mination with the denominator, or the lbs. avoirdupois being turned 
into ounces, as (13.9975 — 12) 16, from which we obtain 



-Y 



(l.'um,-,— m u!_ 



3.9313 or nearly 4 inches, the K 



.5236(1 — .0012) 
as above. 

From the principles established in the foregoing Proposition (V), and 
the problems derived from it, we deduce the following inferences. 

278. Inf. 1. When bodies of equal weights, but of different magni- 
tudes, are immersed in the same fluid : — 

The weights which they lose, are reciprocally proportional 
to their specific gravities, or directly proportional to their 
magnitudes. 

279. Inf. 2. When a solid body is weighed in air, or in any other 
fluid whatever : 

The difference between its absolute weight, and the weight 
exhibited in the fluid, is the same as the weight of an equal 
bulk of the fluid. 

280. Inf. 3. If two solid bodies of different magnitudes, when 
weighed in the same fluid indicate equal weights : — 

The greater body will preponderate when they are brought 
into a rarer medium. 



281. Inf. 4. If two solid bodies of different magnitudes, indicate 
equal weights when weighed in the same fluid : — 

The lesser body will preponderate when they are placed in 
a denser medium. 

282. Inf. 5. If two or more solid bodies, when placed in the same 
fluid, sustain equal diminutions of weight :— 

The magnitudes of the several bodies are equal among 

This is manifest, for the losses of weights are as the weights of the 
quantities of fluid displaced ; and these are as the magnitudes of the 
bodies which displace them. 

PROBLEM XXXVII. 

283. If two bodies of equal weighty but different specific 
gravities, be exactly equipoised in air, and then immersed in a 
fluid of greater specific gravity, the smaller body will prevail : — 

/( is therefore required to determine, what weight must 
be added on the part of the greater body, to restore the 
equilibrium. 
Put s = the specific gravity of the fluid, in which the bodies are 
immersed, after being equipoised in air, 
/ — the specific gravity of the greater body, 
s" z£ the specific gravity of flic smaller body, 
w = the common weight of each, 
uf — the weight lost by the greater body, by reason of the 

immersion, 
w" = the weight lost by the lesser body, and 
x ~ the weight which must be added to restore the equi- 
librium. 
Then, because by the preceding proposition, when a body is im- 
mersed in a fluid, the weight which it loses, is to its whole weight, as 
the specific gravity of the fluid is to that of the body; it follows, 
that 



and this, by reducing the proportion, gives w' = -y, 
Again, for the weight lost by the lesser body, we have 



I 
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which by reduction gives 



Now, it is manifest, that the weight required to restore the equili- 
brium, must be equal to the difference between the results of the 
above analogies ; therefore, we obtain 






which, by a little farther reduction, becomes 

_ »'<'•-■') 

'- W— ' (189). 

284. The practical rule which this equation affords, may be ex- 
pressed in words at length in the following manner. 

Rule. Multiply the difference between the specific gravities 

of the bodies, by their common weight in air, drawn into the 

specific gravity of the fluid in which they are immersed, and 

divide the result by the product of the specific gravities of the 

bodies, for the weight to be added in order to restore the 

equilibrium. 

It may be proper here to observe, that the weight determined by this 

rule must not be immersed in the fluid, it must only be attached to 

that side of the balance on which the greatest weight is lost. 

285. Example. Suppose that 84 lbs. of brass, whose specific gravity 
is 8.1 times greater than that of water, is equipoised in air by a piece 
of copper, whose specific gravity is 9 times greater than that of water ; 
how much weight must be applied to the ascending arm of the balance 
to restore the equilibrium, the same being destroyed by immersing the 
bodies in water, of which tlie specific gravity is expressed by unity 1 

Here, by attending to the directions in the rule, we get 



4X1X(9 — 8.1) 
8.1X9 " 



1.037 lbs. 



^nce it appears, that if a mass of brass and of copper, each equal 
to 84 lbs. when weighed in air, be immersed in a vessel of water, the 
copper will preponderate, in consequence of its greater specific gravity; 
and in order that the equilibrium may be again restored, a weight of 
1 ,037 lbs. must be attached to the ascending arm of the balance, or 
that from which the brass is suspended. 
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PROBLEM XXXVIII. 

286. If two bodies of different, but known specific gravities, 
equiponderate in a fluid of given density : — 

It is required to determine the ratio of the quantities 
matter which they contain. 
Put * ^r the specific gravity of the fluid, in which the bodies 
found to equiponderate, 
m ■=. the magnitude of the greater body, 
s' — its specific gravity, 
m' ;s the magnitude of the lesser body, 
s" =r: its specific gravity, 

w = the weight of the greater body in the fluid, and 
v>'= the weight of the lesser body under the same circum- 
stances. 

Then, by Proposition V., when a solid body is immersed in a fluid 
of different specific gravity, the weight which it loses, is to its whole 
weight, as the specific gravity of the fluid, is to the specific gravity of 
the solid ; it therefore follows, that 

J : s : : ms' : ms = the weight lost by the greater body; 
but the weight of the body in the fluid, is manifestly equal to the 
difference between its absolute weight, and that which it loi 
consequence of the immersion ; hence we have 

and by a similar mode of procedure, we obtain 
s" : s : : m' s" : m's = the weight lost by the lesser body; 
consequently, the weight which it possesses in the fluid, is 

Now, according to the conditions of the problem, these are i 
equilibrio with one another; therefore by comparison, we have 

»(,'-»)=»■(."-,), 

and by converting this equation into an analogy, it is 
»:„'::(.•—.):(/-.); 

and finally, if we multiply the first and third terms by s', and the 
second and fourth by i", we shall have 

287. Example. Twenty ounces of brass, whose specific gravity is 
eight times greater than that of water, and a piece of copper whose 



UNO OF SOLID 



equilibrio with one another 
required the weight of t 



specific gravity is nine times greater, are i 

iu a fluid whose specific gravity is unity ; 

copper ? 

Here we have given ms':=20 ounces; ^ = 8; s"=9,andsrr 

consequently, by substitution, the above analogy becomes 

20 : m's" : : 8(9 — 1) : 9(8—1); 

and by equating the products of the extremes and means, we get 

dim's" = 1260, 

and dividing by 64, we have 

, „ 1260 ,„ 
m s"=.-^—=l9}^ ounces. 

It therefore appears, that 20 ounces of brass and 19-fi ounces of 
copper, are in equilibrio with each other, when immersed in a fluid 
whose specific gravity is unity ; but if put into a fluid of greater 
density, the copper will prevail. 

PROBLEM XXXIX. 

288. Suppose a cylinder and cone, of the same altitude, base, 
and specific gravity, to balance each other at the extremities of 
a straight lever, when immersed in a fluid of given density; the 
cone being suspended at the vertex, and the cylinder at the 
extremity of the axis. Now, suppose a cone equal to the one 
proposed, to be abstracted from the cylinder, and its place sup- 
plied by another of the same magnitude and half the specific 
gravity; it is manifest that in this state, the cone will prepon- 
derate : — 

/( is therefore required to determine, how much must be 
taken from the cone, in order that the equilibrium may be 
ayain restored. 

Let ah be a straight inflexible lever, supported upon and easily 
moveable about the fulcrum f, and 
let the cone cde and tlie cylinder 

ik, (equal in altitude, base, and 
specific gravity.) be suspended from 
the extremities at a and b. 

Then it is manifest, that in conse- 
quence of the equality of the bases 

and altitudes, the magnitude of the cylinder is equal to three times 
the magnitude of the cone; and since the specific gravities of the 
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bodies are the same, it follows also, that the weight of the cylinder is 
equal to three times the weight of the cone ; consequently, by the 
principles of the lever, the length of the arm af, is three times the 
length of the arm bf; for it is a well known property in the doctrine 
of mechanics, that when two bodies of different weights are in equi- 
librio on the opposite arms of a straight lever : — 

The lengths of the arms are to each other, reciprocally as 
the weights of the suspended bodies. 
Now, suppose the cone ixi, which is obviously equal in magnitude 
to cde, to be abstracted from the cylinder, and to have its place sup- 
plied by another cone of half the specific gravity as the former; then 
it is evident, that if the cone ens is suffered to retain its magnitude, 
it will preponderate and cause the cylinder to ascend ; it is therefore 
necessary, in order that the equilibrium shall not be disturbed, to 
diminish the magnitude, and consequently the weight of the equili- 
brating cone ; and for the purpose of assigning the quantity of 
diminution, 

Put m = the magnitude of the conical body cde, 

m' = the magnitude of the cylindrical body g imc, 
m"= the magnitude of the remaining portion cab, 
«j — the weight which the cone loses in the fluid, 
vi' ss the weight lost by the cylinder, 
iu"— the weight lost by the remaining cone cab, 
s = the specific gravity of the fluid, and 
s' = the specific gravity of the cone and cylinder. 
Then, since the weight which a body loses by being immersed in a 
fluid, is to its whole weight, as the specific gravity of the fluid is to 
the specific gravity of the body, we have 



therefore, by equating the products of the extremes and means, it is 
!* = ms — the weight lost by the cone; but according to the 
principles of mensuration, the magnitude of a cylinder is equal to 
tliree times the magnitude of a cone of the same base and altitude ; 
consequently, we have 

m! — 3m, 

and for the weight lost by the cylinder, we get 

s' : s :: 3ms' ; iu' ; 

from which, by equaling the product of the extremes and meanB, we 

obtain 
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and in like manner, the weight lost by'the cone cab, is found to be 

But the weights which the several bodies possess in the fluid, ate 
manifestly equal to the difference between the absolute weights and 
the weights lost : and the absolute weights are equal to the magni- 
tudes drawn into the specific gravities ; therefore, we have 

ms —ms = m {/ — s) = the weight of the cone in the fluid, 

3ms' — 3ms~3nt{$' — *) — the weight of the cylinder, 
mV — m"s=™"(s' — s) = the weight of the remaining cone. 

Now, if from the weight which the cylinder possesses in the fluid, 
we subtract the corresponding weight of the cone, and to the remainder 
add the weight of another cone of equal magnitude and half the 
specific gravity ; then, the reduced weight of the cylinder in the fluid 



1ms +lms' — 3ms = t»(2Js' — 3*). 
But according to the conditions of the problem, this weight is to 
be in eqnilibrio with the weight of the remaining cone; therefore, by 
the property of the lever, we have 

m(2|5 : — 3s) i m"{s' — s) : : 3 : 1; 
and from this, by equating the products of the extremes and mean3, 
we get 

3m" (s' — s) = m (2 £ s' — 3s), 

in which equation m 1 ' is unknown ; in order therefore to determine its 

value, divide both sides of the equation by 3(s' — s), and it becomes 

„ _ m(5s~6s) 

m — 6<«' — f) ' (190). 

But this that we have determined, is the magnitude of the part 

which remains, whereas the problem requires the magnitude of the 

I part to be cut off; now, the magnitude of the whole cone is m ; con- 
sequently, by subtraction, we have 



_ „_ m(5s--6s) _ mi 

m m m 6($ ._ s) - 6(j -_ s) - (19])< 

289. The practical rule for reducing this equation is very simple, 
it may be expressed in the following manner. 

Rule. Multiply the magnitude of the cone by its specific 
gravity, and divide the product by six times the difference 
between, the specific gravity of the cone and cylinder, and that 
of the fluid, and the quotient will give the magnitude of the 
part to be cut off, in order to restore the euiiilibrium. 
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290. Example. Suppose that a cone and cylinder of copper, whose 
specific gravity is nine times greater than that of water, are immersed 
in a fluid, whose specific gravity is 1.85, and placed under the con- 
ditions specified in the problem ; how much must be cut from the 
lower part of the cone to restore the equilibrium, the diameter of the 
bases and the altitude of the cone and cylinder being respectively 
2 and 5 inches ? 

Here, by operating according to the rule, we shall have 
„_ 5.236' X9 _ 47. 124 
m ~ m -~6(9— 1.85) - " 42.9 : 
the part to be cut off from the cone, in order that the remainder may 
equipoise the cylinder; or we may calculate the magnitude ( 
equipoising cone by equation (190), in the following manner. 
, _ 5.236(5X9 — 6X1. 85) __ 
m ~ 6(9 — 1.86) 

which, by subtraction, gives 1,098 cubic inches for the part t 



I cubic inches, 



— —4.135 cubic inches; 



Put d = the diameter of the base of the 
k = the common height or altitude. 
Then, the equations (190) and (191) wi 
;erms of the dimensions, into those that follow, i 
„_.2618(fA(5s'— 6s) 



e and cylinder, and 



become transformed, in 



This equation expresses the magnitude of the cone which restores 
the equilibrium, and the following one expresses the magnitude of the 
frustum which has to be deducted, in order that the equilibrium may 
obtain ; that is, 

„_.2618<i*As' 
m ~ m ' ~ 6(/-,)- (193). 

The above is a better mode of expressing the quantities, than that 
exhibited in equations (190) and (191) ; since it is not probable, that 
the magnitudes or solid contents of the bodies will be proposed, with- 
out having previously stated their linear dimensions. 

It would be superfluous to propose an example, for the purpose 
of illustrating the reduction of the equations in their modified form ; 
for sioce the expression .2618(/ ! A, is equivalent to the magnitude of 






* The number 3.23b i 
I ! X.7a.HxSXl=5.836. 



that which eipresses ilia magnitude of the 



tie. for 
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* cone, the rule in words would be the same in both cases, and 
therefore, it need not be repeated. 

PROBLEM XL. 

291. If a solid body be weighed in vacuo and in a fluid, and 

the different weights correctly noted : — 

/( is required front thence, to compare the specific gravities 
of the solid, and the fluid in which it is immersed. 
The solution of (his problem is extremely easy, for the difference 
between the weight of the body in vacuo and in the fluid, gives the 
(eight lost; therefore, 
Put vi — the weight indicated by the body when weighed in vacuo, 
«/= the weight when weighed in the fluid, 
s s the specific gravity of the fluid in which the body is 

weighed, and 
j* ~ the specific gravity of the body. 
Then we have m — w' — the weight which the body loses by being 
weighed in the fluid ; therefore, by the fifth proposition, we obtain 
w — »':«::t:i'| that is 



hence, the specific gravity of the solid, 
specific gravity of water. 



eight times greater than the 



w - / ' (194). 

consequently, since the one ratio is given, the latter can be found. 

292. Example. Suppose a piece of metal to indicate 40 ounces 
when weighed in vacuo, and 35 ounces when weighed in water; what 
is^he specific gravity of the metal ? 

Here, by substituting the given numbers in equation (194), we get 

140 — 35_ 1 _t 
hence 
specil' 
29: 
andt 



PROBLEM XLI. 

293. If two solid bodies be weighed in vacuo and in a fluid, 
and tbe different weights correctly noted : — 

It is required from thence, to compare the specific gravities 
of the bodies. 
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The intelligent reader will readily perceive, that the present 
problem is only an extension of that which immediately precedes 
and is proposed with the design of detecting the law, by which the 
specific gravities of different bodies are compared ; for which purpose, 

Put W = the weight of the heavier body when weighed in vacuo, 
W= its weight when weighed in the fluid, 
w — the weight of the lighter body when weighed in vacuo, 
v/ — its weight when weighed in the fluid, 
s =r the specific gravity of the fluid in which the bodies are 

weighed, 
s' ZZ the specific gravity of the heavier body, and 
s" = the specific gravity of the lighter. 

Then, the weights which the bodies lose by being weighed in the 
fluid, aie respectively W — W, and w — «/, and because the weight 
lost, is to the whole weight, as the specific gravity of the fluid is to 
the specific gravity of the solid ; it follows in the case of the heavier 
body, that 

W — W : W :: s : s', 
and in the case of the lighter body, it is 

therefore, by equating the products of the extreme and mean terms in 

each of these analogies, we have 

i'(W— W')=*W, and, *•(*—*') = »»» 

consequently, by division, we obtain 

sW , , sw 
s = -=; — s=r-, and s ■=. ; ; 



hence, by analogy, we 

s : w— w : : s : i 

and finally, by suppressing s 



Hence it appears, that the specific gravities of the two bodies, are 
to one another, as their absolute weights divided by the weights which 
they lose in the fluid; and it is manifest, that the same law will 
extend to any number of bodies whatever ; therefore, the method of 
comparison has been determined. 
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. A solid body whose absolute weight is 23 ounces, 
when weighed in a certain fluid, loses i 
another body of 800 ounces, when weighed in the same fluid, loses 
102 ounces; what is the ratio of their respective gravities ? 

Here, since the loss of the one is 3 ounces, and that of the other 
102 ounces, it follows, that the specific gravities of the bodies, are to 
one another as the numbers 391 and 400 ; for we have 



3 102" 
And in like manner, if three or more bodies be weighed in the 
same fluid, their specific gravities may be compared with one another, 
and also with that of the fluid in which they are weighed. 






PROBLEM XLII. 
295. If a solid body of known specific gravity, be weighed in 
several different fluids, and the weights correctly indicated : — 

/( is required from thence, to determine the ratio of their 
respective gravities. 
This problem, it will readily be perceived, is exactly the reverse of 
the preceding one, and therefore, the method of its solution may easily 
be discovered ; it is, however, of equal utility in philosophical inqui- 
ries, for which reason we have proposed it in this place. 
Put W= the weight of the solid when weighed in vacuo, 
s SS the specific gravity of the solid, 
vi = the weight which it indicates in a fluid whose specific 

gravity is s' , and 
id' = the weight which it indicates in a fluid whose specific 
gravity is s''. 
Then the weights which the body loses, by being weighed in the 
two fluids, are respectively W — w and W — w' ; but the weight lost, 
is to the whole weight, as the specific gravity of the fluid is to the 
specific gravity of the solid ; hence, for the first fluid, we have 

W — w: W :;s' :s; 
from which, by equating the products of the extremes and means, 
we get 

/W= s(W— w); 
therefore, by division, we obtain 

__ , ( w-«o 

W * (195). 



248 Or SPECIFIC GRAVITY ASD THJ WEIGHING OF SOLID BODIES. 

Again, for the second fluid, we have 
W— w' : W ::«" : s, 
and from this, by equating the products of the extremes and means, 
we get 

s" W = s(W — w"), 
and this by division becomes 
,_ «(W-«Q 
s — w ■ (196). 

hence, by analogy, we obtain 



quantities in the second and 



: W - 



j the weights 



and finally, by suppressing the 
fourth terms, we get 

s ' : W — u 
that is, the specific gravities of different i 
which the body loses. 

296. Example. A mass of brick whose absolute weight is 64 
ounces, and its specific gravity equal to twice the specific gravity of 
water; when weighed in one fluid indicates 37 ounces, and when 
weighed in another, it indicates only 30 ounces ; it is required from 
thence, to determine the ratio of the respective gravities of the fluids, 
and also the specific gravity of each ? 

Here it is manifest, that the weight lost by the solid when weighed 
in one fluid, is 

W — w = 64 — 37 = 27 ounces, 

and on being weighed in another fluid, it loses 

W — w' = 64 — 30 = 34 ounces. 

Now, we have seen above, that the specific gravities of the fluid 
in which the solid is weighed, are to one another, respectively as the 
weights which the solid loses in them ; consequently, we have 
*' : *" : : 27 : 34. 

This is the ratio of the specific gravities ; but it appears from equa- 
tions (195) and (196), that when the specific gravity of the solid is 
known, the specific gravity of the fluid in which it is weighed caa 
easily be ascertained. 

If, therefore, we employ the specific gravity of the body as given in 
the question, the specific graviiy of the first fluid, by equation (195), 
becomes 



and for the specific gravity of the second fluid, it is 
t „ = S(64_-30) = 10( . 

64 J 

Hence, the absolute specific gravities of the fluids, are respectively 

equal to 0.844 and 1 .062, that of water being unity ; and if we refer 

a table of the specific gravities of known fluids, we will find these 

numbers ft> correspond with alcohol and acetic acid, the two fluids in 

which the brick is weighed. 

. is manifest, that what has been done above in respect of two 
fluids, may be extended to any number of fluids whatever, the law, 
and the method of determining the specific gravity, being the same 
in all. 



PROBLEM XLIII. 

297. If a body be weighed in air, and again in a vessel filled 

with water, the weight of the vessel and water being known : — 

It is required from thence, to determine the specific gravity 

of the body. 

The principle upon which the solution of this problem depends is 

lot so evident; it may, nevertheless, be briefly expounded in the 

following manner. 

The body is first weighed in air ; then being put into a vessel filled 
with water, the weight of which is known, it will expel a quantity of 
the fluid equal to its own bulk, and because the specific gravity of the 
body ib supposed to be greater than that of water, it is obvious, that 
the vessel and its contents will now be heavier than it was before the 
body was put into it, by a quantity, which is equal to the difference 
between the weight of the body, and that of an equal bulk of the 
water; but the body loses as much of its own weight in the fluid, as 
is equal to that of the water displaced ; hence, the determination of 
its specific gravity becomes easy, for which purpose, 
Put w ■=. the weight of the body when weighed in air, 

vi = the weight of the vessel and the water before the body 

is put into it, 
w" := the weight of the vessel, the water, and the solid, and 
■ = the specific gravity of the solid. 
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Then the weight gained by the vessel, by reason of the immersion 
of the solid body, is w" — v/, and this expresses the weight of the 
body in the fluid ; consequently, the weight which the body loses, is 

But by the 5th Proposition preceding, the weight lost, is to the 
whole weight, as the specific gravity of the fluid is to the specific 
gravity of the body ; therefore, because the specific gravity of water 
is expressed by unity, we have 

k, — («," — tf) ; w ;:\:s; that is 



w— (w"— «/)' (197). 

298. The practical rule for reducing the above equation, may be 
expressed in words at length in the following manner. 

Rule. Divide the weight of the body in air, by the difference 
between that weight, and what is gained by the vessel in con- 
sequence of the immersion, and the quotient will express the 
specific gravity of the solid. 

299. Example. A solid body when weighed in air, indicates a 
weight of 16 ounces; and when put into a vessel filled with water, 
the vessel, the Bolid and the water together, indicate a weight of 36 
ounces ; whereas the vessel when filled with water alone weighs only 
32 ounces; required the specific gravity of the body, that of water 
being expressed by unity ? 

Heie, by following the directions of the rule, we have 



16 



= H, 




— 16 — (36 — 32)~ 
being a measure of specific gravity, which corresponds very nearly 
with American ebony, a very suitable material for hydrostatical expe- 
riments. 

300. We have hitherto been considering the nature of bodies that 
are specifically heavier than the fluids in which they are weighed, and 
consequently, such as would sink to the bottom, if they were left to 
the free action of their own gravity ; we have therefore, in the next 
place, to consider such bodies as are specifically lighter than the fluids 
on which they are placed, and consequently, such as would float on 
the surface, if left to the free exercise of their own buoyancy. 

This is a very abstruse, but interesting and important department of 
Hydro-Dynamical science; for on it depends the principles by which 
we determine the conditions of equilibrium, and the stability of floating 
bodies. 
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PROBLEM XLIV. 



301. If a solid body is weighed in a fluid of greater specific 
gravity than itself, and of which the specific gravity is given : — 
/( is required from thence, to determine the specific gravity 
of tke solid. 
The usual method of resolving this problem, is, to attach the body 
whose specific gravity is required, to another body specifically heavier 
than the fluid, and of a sufficient magnitude to cause the compound 
mass to sink; then, by observing the weights indicated by the sub- 
sidiary body, and by the compound mass, when they are separately 
placed in the. fluid, the specific gravity of the lighter body will become 
known. 

Put ro = the weight of the lighter body when weighed in vacuo, 
jtf— the difference between the weight of the compound mass, 
and that of the heavier body, when weighed separately 
in the fluid, 
■ = the specific gravity of the fluid, and 
s' — the specific gravity of the solid required. 
Now, it is manifest, that the effort of buoyancy, or the force of 
ascent of the lighter body, is equal to the difference between the 
weight of the compound mass in the fluid, and that of the heavier 
body in the fluid ; therefore, 

in' = the force of ascent of the lighter body. , 
But, the force of ascent of the lighter body, or, as it is more ele- 
gantly denominated, the effort of buoyancy, is evidently equivalent to 
the excess of the weight of a quantity of the fluid, equal in magnitude 
to the lighter body, above the weight of the lighter body when weighed 

I in vacuo; consequently, the weight of a quantity of the fluid, equal 
iu bulk to the lighter body, is expressed by w + w' ; hence, we have 
from which, by reducing the proportion, we get 
flu 
we 






» + »'' 

Or put W= the weight of the compound mass when weighed in the 
fluid, and W — the corresponding weight of the heavier body when 
weighed separalely ; then we have 
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let this value of the force of ascent, be substituted instead of it, 
above value of/, and we shall obtain 



302. The practical rule for reducing this equation, may be expressed 
in words at length in the following manner. 

Rule. Multiply the absolute weight of the body, of wkicli 
the specific gravity is required, by the specific gravity of the 
fiuid ; then, divide the product by the absolute weight of the 
body, increased by its force of ascent, and the quotient will be 
the specific gravity sought. 

303. Example. A piece of wood which weighs in vacuo 22 ounces, 
is attached to a piece of metal of such a magnitude as to weigh 12 
ounces in water; now, supposing that when the compound mass is 
placed in water, it is found to weigh 20 ounces ; what is the specific 
gravity of the wood, that of water being expressed by unity? 

Here, by proceeding according to the rule, we get 
1X22 



*" = - 



- = 0.733; 



22 + 20—12" 

and this, by referring to a table of specific gravity, is found to cor- 
respond very nearly with the medium species of citron wood. 

PROBLEM XLV. 

304. Having given the weight of a vessel full of water, both 
before and after a body of a given weight in air is immersed 
in it, together with the specific gravity of the air at the time of 
observation : — 

It is required to determine the specific gravity of the 
immersed solid, the weight of the air being taken into 
consideration. 
This problem is perhaps more curious than useful; but since it 
tends to excite the reader's attention, and to render him familiar with 
(fee rMOHMM of analysis, we have thought proper to introduce it in 
i In.- place; and in order to its resolution, 
Put w — the weight of the vessel when full of water, 

n>' ~ the weight of the solid body when weighed in air, 
Ir*— the weight of the vessel with the solid in it, when filled 
up with water, 



in the 
(198). 
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Put m — the magnitude of the solid, 

s = its specific gravity, or the quantity which the problem 

demands, and 
s' = the specific gravity of air at the time of the experiment. 
Then, because the weight of any body, is expressed by the product 
of its magnitude drawn into its specific gravity ; it follows, that when 
the weight of the air is disregarded, the weight of the solid is 

but the weight of a quantity of air equal in magnitude to the body, 
is ms', and it evidently loses as much weight as that of the fluid which 
it displaces; consequently, when the weight of the air is considered, 
i.hi' weight of the body when weighed in air, becomes 

therefore, by division, the magnitude of the solid is 



?onsequently, the weight in vacuo, i 



Then, because ro" denotes the weight of the vessel with the solid in 
it, when filled up with water, and w the weight of the vessel when full 
of water ; then w"- — w exprMSM the weighl which the vessel has gained 
by the immersion of the solid, and this is manifestly equal to the dif- 
ference between the weight of the solid, and that of an equal bulk of 
the fluid; therefore, the weight of a quantity of water, equal in bulk 
to the solid, is 

aw' _ ,{*+*— *»)+*{»»— ») 

Then, as the specific gravity of the body, is to the specific gravity 
of water, so is the weight of the body, to the weight lost ; that is, 

*«.' - .( w + »'-,0 + ,y-») . 

' s — f ' ~ t=? ' 

and this, by suppressing the denominator in the homologous terms, 
becomes 

..:! ::.»':.(» + »'-»■) + >'(»■-»), 
and by equating the products of the extreme and mean terms, we 
obtain 

«(» + »'— •") + •'(»''-») = ■' ; 



therefore, by transposition, we get 

,( w + «r— »»)= *■—* t« D — »),, 

and finally, by division, we shall obtain 
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(199). 
m of the above eqiia- 
ingth in the following 



305. The practical rule by which the redw 
s effected, may be expressed in words a 

manner. 

Role. From the weight of the vessel with the solid in it, 
when filled up with water, subtract the weight of the vessel 
■when full of water only ; then multiply the remainder by the 
specific gravity of the air at the time of observation, and 
subtract the product from the weight of the solid in air for a 
first n- 

To the weight of the vessel when full of water, add the 
weight of the solid when weighed in air, and from the sum, 
subtract the weight of the vessel with the solid in it, when 
filled up with water, and the remainder will be a second 
number. 

Divide the first number by the second, and the quotient 
will give the specific gravity of the solid. 

306. Example. The weight of a vessel when full of water is 68 lbs. 
avoirdupois, and the weight of a solid body when weighed in air of a 
medium temperature, is 34 lbs. ; now, when the solid is placed in the 
vessel, its bulk of water is expelled, and the vessel being then weighed, 
is found to indicate 86 lbs. ; required the specific gravity of the solid 
body? 

When the air is of a medium temperature, its specific gravity is very 
nearly expressed by the fraction 0.0012, that of water being unity; 
therefore, by proceeding according to the rule, we have 

34- .0012(86- 68? _„ 

68 + 34—86 — ' 

which, by referring to a table of specific gravities, is found to correspond 
very nearly with the opal stone, a silicious material of very great value, 
for the senator Nonius preferred banishment to parting with his 
favourite opal, which was coveted by Antony. 




OF THE EQUILIBRIUM OF FLOATATION. 



Dr tbe tguilitrium tf floatation is generally meant the position of a floating body, 
:a of gravity is in the same vertical line with the centre of gravity of 
the displaced fluid. Wheo the loner surface of the floating hody ia spherical or 
cylindrical, the centre will coincide with the centre of the figure ; us, in all circarn- 
stances, the height of this point, as well as the form of the volume of fluid displaced, 
must remain invariable. In the next proposition, wo shall prove, that the place of 
nined by the doctrine of forces combined with the elementary 
principles of hydrostatics, by considering the form and eitent of the surface of the 
displaced portion of tho fluid, compared with its bulk, and with the si 

e of gravity. Our inquiry will be found to embrace also rectangular figures ; 
s in the form of paraboloids and cylinders, together with tbe equilibrium of 
floatation of solids immersed in fluids of different specific gravities; the theory of 
icromeler; tho hydrostatic balance, and tho method of weighing 
solid bodies in fluids. The reader will therefore consider this syllabus as tho 
paraphrase of a definition for the term eifuiiifcrium of floatation. 



PROPOSITION VI. 

307. When a body floats in a state of equilibrium on the 
surface of an incompressible and non-elastic fluid ! — 

The centre of gravity of the whole body, and that of the 
part immersed ,- or which is the same thing, that of the fluid 
displaced, must occur in the same vertical line." 

«t adbh be a vertical section passing through o and g, the centres 
of gravity of the whole body hied, and of the immersed part abb, 
which falls below ef the plane of floatation. 



* The vertical line, which passes through the centres of gravity of the whole 
body, and tbe part immersed beneath the plane of floatation, is generally denoroi- 
d the lint of tuppart. 
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For since g is the centre of gravity 
of the immersed part of thg body, or of 
the fluid a db, it is also the cei 
the forces or weights of the particles of '.--. 'VtK 
fluid in adb, tending downwards; but 
because the body is at rest, the same 
point g is also the centre of all the 

pressures of the fluid tending upwards, by which the weight of the 
body ad eh is sustained in a state of equilibrium. 

Now, it is manifest, that the sum of all the downward forces, is 
equal and opposite to the sum of all the upward forces, otherwise the 
body could not be in a state of rest; but the direction in which the 
weight of the body tends downwards from c, is perpendicular to the 
horizon; consequently, the line cd which passes through o and g, 
the centres of gravity of the whole body arid of the part immersed, 
must also be perpendicular to the horizon ; for if it is not, the body 
must have a rotatory motion, but according to the hypothesis, the body 
is at rest; therefore, the line cd is perpendicular to the horizon. 

From Propositions III. and VI., it is obvious, that for a floating- 
body to remain at rest, or in a state of equilibrium, two conditions 
must obtain, and these are, 

The weight of the floating body, and that of the fluid dis- 
placed, must be equal to one another. 

This is manifest from the inference under the third Proposition, and 
the second condition to which we have alluded forms the substance of 
Proposition VI., viz. 

The centre of gravity of the whole body and that of the 
part immersed, or of the fluid displaced, occur in the same 
vertical line. 

It is extremely obvious, from the nature of the subject, that both the 
above conditions must have place ; for if the first do not obtain, the 
body will ascend or descend in a direction which is perpendicular to 
the horizon ; and if the second fail, the body will turn about its centre 
of gravity, until the centre and that of the fluid displaced occur in 
the same vertical line ; and if both these conditions fail together, the 
body will partake of a progressive and a rotatory motion at one and 
the same time. 

From the Proposition which we have demonstrated above, two or 
three very useful inferences may be deduced, as follows. 



OF THE EQUILIBRIUM OF FLOATATION. 



308. Inf. 1. If an 
trically by its vertical 
gravity than itself : — 

It will remain i 



is plane figure be divided symme- 
, and placed in a fluid of greater specific 






librio with Us bisecting axis vertical. 
solid, generated by the revolu- 



, be placed in a fluid of greater 
n that position, that is, with its 



309. Inf. 2. If any homogenec 
tion of a curve round its vertical 
specific gravity than itself: — 

It wilt remain in eyi/rUO. 
ax it vertical. 

310. Inf. 3. If in any homogeneous prismatic body, whose axis is 
horizontal, the centre of gravity of the section made through its middle 
parallel to its base, be in the same vertical line with the centre of 
gravity of that part of the solid which falls below the plane of float- 
ation : — 

The body will rem/iin in equilibria in that position, if placed 
in a fluid of greater specific gravity than itself. 
This is manifest, for the centres of gravity of the whole prism, and 
of the part immersed, may be conceived to lie in those points, and 
consequently, the prismatic body is in a state of equilibrium. 

PROPOSITION VII. 

3111 When a solid body floats upon a fluid of greater specific 
gravity than itself, and has attained a stale of equilibrium : — 

The magnitude of the body, is to that of the part immersed 
below the plane of floatation, as the specific gravity of the 
fluid is to that of the floating body. 

For by the inference to the third proposition, when the body floats 
n a state of equilibrium : — 

The weight of the floating body, is egval to the weight of a 

quantity of the fluid, whose magnitude is the same as that 

portion of the solid which falls below the plane of floatation. 

And according to this principle, the truth of the above Proposition 

rs demonstrated ; for, 

Put m = the magnitude of the whole floating budy, 
m'~ the magnitude of the part immersed, 
s ^ the specific gravity of the floating body, 
w — ila weight, 
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f FLOATATION, 



s' = the specific gravity of tiie fluid, and 

■&'■=. the weight of a quantity of the fluid, of the same magni- 
tude as that part of the body which falls below the 
plane of floatation; then, according to the above in- 
ference just stated, we get 



But because the weight of any body is expressed by the product of 
its magnitude drawn into its specific gravity ; it follows, that 

consequently, by comparison 



Therefore, if this equation be converted 
of the Proposition will become manifest 



for 



(200). 

n analogy, the truth 



being precisely the principle which the Proposition implies. 

From the principle demonstrated above, various curious and inte- 
resting questions may be resolved, and by selecting a few which point 
directly lo practical subjects, the information afforded by their reso- 
lution will sufficiently repay the labour of an attentive perusal. 

312. Example 1. A cubical block of fir, whose specific gravity is 
0.55, floats in eqnilibrio on the surface of a fluid whoae specific gravity 
is 1.026; how much of the block is above, and how much below the 
plane of floatation, the entire magnitude being equal to 512 cubic 

Here, by the Proposition, we have 
512 :m' : : 1.026: 0.55, 
iquating the products of the extreme and mean 



and from this, 
terms, we get 



e obtain 
- 274.464 cubic inches. 



1.026m' = 281.6, 
and finally, dividing by 1.026, 
,_ 881.6 _ 
m — L026" 

It therefore appears, that the quantity of the solid immersed below 
the plane of floatation, is 274.464 cubic inches; consequently, the 
part extant is 512 — 274.464 = 237.536 cubic inches, being less than 
half the magnitude of the body, by 1 8.464 cubic inches. 

313. Example 2. Let the specific gravities and the magnitude of 
the body remain as in the last example ; what weight must be added 
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to the body, in order that its upper surface may be made to coincide 
with that of the fluid ? 

Put x z=z the weight which must be added to the solid, in order that 
it mav sink to a level with the surface of the water ; then, we have 

m : m 4- x : : 0.55 : 1.026, 

and by equating the products of the extremes and means, we get 

Q.55(m + x)= 1.026m; 

therefore, by transposition, we obtain 

0.55* = 0.476m ; 

but according to the question, wzz:512 cubic inches, hence we get 

0.55a; = 243.712, 

and finally, by division, we have 

243.712 
xzz. — -T-—Z — = 443.113 cubic inches; but a 
\j.5o 

cubic inch of fir of the given specific gravity, weighs 0.0198 lbs, 

avoirdupois, very nearly ; consequently, the weight to be added for 

the purpose of making the solid sink to the same level as the surface 

of the fluid, is 

.0198X443.113 = 8.774 lbs. nearly. 

314. But to determine generally, the magnitude which must be 
added to the original solid, in order that its surface may be coincident 
with that of the fluid : — Let a? = the weight to be added ; then, by 
the Proposition, we have 

m •+- x : m : : s : s, 

from which, by equating the products of the extremes and means, 

we get 

s(m -f- x)zns l m, 

and by separating the terms, it becomes 

am •+- sxzus'm, 

and finally, by transposition and division, we obtain 

m(s' — s) 

X ~~ s ' (201), 

Therefore, the practical method of reducing this equation, may be 
expressed in words in the following manner. 

Rule. From the specific gravity of the fluid, subtract that 
of the solid ; then, multiply the remainder by the magnitude 
of the solid, and divide the product by its specific gravity far 
the weight to be added. 

s2 
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315. Example 3. A cubic mass of oak, whose specific gravity is 
0.872, is placed in a cistern of water, and when it has attained a state 
of equilibrium with its sides vertical, it stands 20 inches above the 
surface of the fluid; what is the magnitude of the solid, the specific 
gravity of the water being represented by unity ? 

In order to resolve this example, we shall first investigate a general 
formula, which will apply to every case of a similar nature, when the 
specific gravity of the fluid and that of the solid are given ; for which 
purpose, 

Put x zz the length of one side of the solid ; then is 
x — a*zz the length of that portion which is below the plane of 
floatation. 

But by the principles of mensuration, the magnitude of the whole 
body is 

mzza? 8 , 

and that of the part immersed, is 

rrl zz (x — a) X«* zz x* — ax 9 ; 

therefore, by the Proposition, we obtain 

m : m! : : s' : s ; 

and this, by substitution, becomes 

«*•■ • f* ___ ft i»* ••©'•»• 

from which by equating the products of the extremes and means, 
we get 

and by separating the terms, we obtain 

sx*zz:s'x* — as'x*; 

consequently, by transposition and division, it is 



a?zz 



as' 



d—s)' (202). 

And the practical rule supplied by this equation, may be expressed 
in words at length in the following manner. 

Rule. Multiply the specific gravity of the fluid by the 
height of the body above its surface, and divide the product 
by the difference between the specific gravity of the fluid 
and that of the solid, and the quotient will give the side 
of the cube required. 



* The quantity a, is here put to denote the height of the body above the fluid. 




_- = 156.29 inches; consequently, 

the magnitude, or cubical contents of the body, is 

156.29X156.29X156.29 = 3815627.7 inches. 
i to the foregoing examples, which might very appro- 
priately have been ranked under the head of problems, the seventh 
proposition affords the following inferences. 

316. Inf. 1. If two bodies floating on the same fluid, be in a state 
of equilibrii 

The specific gravities of those bodies, will be to one another 
directly as the parts below the plane of floatation, and in~ 
versely as the whole magnitudes of the bodies. 

317. Ihf. 2. If the same body float upon two different fluids, and 
be in a state of equilibrium on each : — 

The specific gravities of the fluids, will be to one another, 
inversely as the parts of the body below the plane of floatation. 

318. Inf. 3. If different bodies float in equilibrio on the surfaces 
of different fluids, and if the parts below the planes of floatation be 
equal among themselves: — 

The specific gravities of the fluids, will be to one another 
directly as the weights of the bodies, or directly as the magni- 
tudes of the bodies drawn into their specific gravities. 

319. Int. 4. If any number of bodies of the same weight, but of 
different specific gravities, float in equilibrio on the surface of the 
same fluid: — 

The magnitude! of the parts below the plane of floatation, 
are equal to one another. 

320. Inf. 5. If a body float in equilibrio on the surface of a given 
fluid, and if the part below the plane of floatation be increased or 
diminished by a given quantity : 

The absolute weight of the body, (in order that the equili- 
brium may still obtain,) must be increased or decreased by a 
weight, which is equal to the weight of the portion of the fluid 
that is more or less displaced, in consequence of increasing or 
diminishing the immersed part of the body, or that which falls 
below the plane of floatation. 
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321. The principle announced in the last inference, may be demon- 
strated in the following manner. 

Put m = the magnitude of the body at first, when in a state of 
equilibrium, 

«i'=z the part originally below the plane of floatation, 

m"zzz the part by which it is increased or diminished, 

s =: the specific gravity of the body, 

s' — the specific gravity of the fluid, and 

w = the weight by which the body is increased or diminished, 
in consequence of the increase or decrease of the im- 
mersed part. 

Then, because the quantity of fluid displaced, is equal to the mag- 
nitude of the body which displaces it, it follows, that the weight of 
the displaced fluid is expressed by (m'-\- m")sf, and the weight of the 
whole solid with which it is in equilibrio, is (ms -j- w ) > consequently, 
we have 

(m! -|- m'')s' zz: ms -|- w. 

Now it is manifest, that in the case of the first equilibrium, 

m V rrrw s ; 

it therefore follows, that 

m" s' = w. 

That is, the weight by which that of the body must be increased or 
diminished, to restore the equilibrium : — 

Is equal to the weight of that quantity of the fluid which 
is more or less displaced, in consequence of the increase or 
decrease of the part below the plane of floatation. 



PROBLEM XLVI. 

322. If a solid body in the form of a paraboloid, be in a state 
of quiescence on the surface of a fluid, whose specific gravity 
bears any relation to that of the body : — 

It is required to determine how much of the solid will sink 
beneath the plane of floatation. 

Let gacbh be a vertical section passing along the axis of the solid, 
and cutting the plane of floatation in the line ab; cd being the axis 



I 
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of the solid, gh the diameter of its base, 
id a duo the portion which falls below 
f the surface of the fluid. 
Put a =cd, the axis of the paraboloid, 

d ~gh, the diameter of its base, 

m ~ the magnitude of the entire 

solid GACBH, 

m*=the magnitude of the immersed part, 
s =the specific gravity of the body, 
&' —the specific gravity of the fluid, and 
a: —ci, tbe axis of that portion of the body, which in a state 
of equilibrium, remains above the plane of floatation. 
Consequently, by the seventh proposition, we have 



But by the principles of mensuration, the solidity of a paraboloid is 
equal to one half the solidity of its circumscribing cylinder ; there- 
fore, we get 

m=z .3927a d*, 
and similarly, we obtain 
solidity acb = 1.5708^**, 
where p is the parameter of the generating parabola. 
Now, the writers on conic sections have demonstrated, that accord- 
ing to the property of the generating curve, 

let this value of d 5 be substituted instead of it ii 
of m, and we shall obtain 

m =i 1 .5708«> ; 
consequently, by subtraction, 
m'=1.5708/j(a*— **); 
therefore, by substituting these valu( 



i the preceding valm 



eget 









and from this, by equating the products of the extreme and i 
terms, we obtain 



and by transposition we have 
therefore, by division and evolution, we obtain 



(203). 
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and finally, by subtraction, we have 
io = a(l— y/fjzi). 

323. The practical rule for effecting the reduction of the above 
equation, may be expressed in words at length in the following 
manner. 

Rule. Divide the difference between the specific gravity 
of the fluid and that of the solid, by the specific gravity of 
the fluid; t hen , from unity subtract the square root of the 
quotient, and multiply the remainder by the axis of the 
parabola, and the result will give the height of the frustum 
that falls below the plane of floatation* 

324. Example. The axis of a paraboloid which floats in equilibrio 
on the surface of a fluid, is 29 inches ; what part of the axis is im- 
mersed below the plane of floatation, supposing the body to be of 
oak, whose specific gravity is 0.76, that of water being unity ? 

Here, by proceeding as directed in the rule, we get 

id z= 29 (1 ~y -■ — ) zz 14.79 inches very nearly. 

If the vertex of the figure be downwards, as in the annexed dia- 
gram, then the part of the axis which 
falls below the plane of floatation will 
be greater than it is in the preceding 
case ; for it is manifest, that since the 
same magnitude or part of the body 
must be immersed in both cases, it will 
require a greater portion of the axis, 
towards the vertex of the figure, to 
constitute that magnitude, than it would require towards the base. 

Therefore, by retaining the foregoing notation, we have, by the 
principles of mensuration, 

GACBHzz?razzl.5708/?a% and acbzzwi'zz l.570Spx % ; 

consequently, by the seventh proposition, we obtain 

1.5708/>a* : 1.5708/?** : : s' : s; 

therefore, by suppressing the common factors 1 .5708/?, and equating 

the products of the extreme and mean terms, we get 

s' x* zz 5 a 2 , 
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and this, by division, becomes 



ind finally, by extracting the square root, 



-=V! 



(204). 
mple; 



325. The practical rule deduced from this equation is very s 
it may be expressed in words at length in the following manner. 

Rule. Divide the specific gravity of the solid, by that of 

the fluid on which it floats ; then, multiply the square root 

of the quotient by the axis of the body, and the product will 

give the height of the part below the plane of floatation. 

Therefore, by retaining- the data of the foregoing example, we shall 

obtain as under, 

ci=x — 19 y/ 0.16 = 25.151 inches; 
being a difference of 10.46 inches, in the depths of immersion, for the 
two cases of the question. 

PROBLEM XLVII. 

326. When a body floats in equilibrio on the surface of a 
homogeneous 8uid, it is a necessary condition, that the centre 
of gravity of the body, and that of the fluid displaced, shall be 
in the same vertical line. Supposing, therefore, that the equili- 
brium is disturbed by the addition or subtraction of a certain 
weight : — 

It is required to determine, how far the body will be 
depressed or elevated in consequence of the extraneous weight? 

The above problem will obviously admit of two cases, for a weight 
may be added to a body, and it may be subtracted from it; in the 
one case the body will descend, and in the other it will ascend ; the 
Following general solution, however, will 
answer both cases. 

Let A(»e represent a vertical section 
of the solid body, floating in a state of 
equilibrium on a fluid of which the hori- 
zontal surface is k l ; and suppose, that 
when the body is acted on by its own 
weight only, the straight line oe is coin- 




but in consequence of the addi- 

ds through the apace a h, where 

and the plane of floatation 
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cident with the surface of the fluid ; b 
tional weight abed, the body des 
it again attains a state of quie 
mounts to ab. 

Now, it is manifest, that when the body is acted on by means of its 
own weight only, (in which case, de is coincident with the surface of 
the fluid,) the weight of the whole body is equivalent to that of a 
quantity of the fluid, whose magnitude is dce; but when the weight 
abed is applied, the compound weight is equivalent to that of a 
quantity of the fluid, whose magnitude is acb; consequently, the 
subsidiary weight abed, and the weight of a quantity of the fluid, 
whose magnitude is abed, are equal to one another. 

Draw the straight line ef parallel and indefinitely near to de; 
then is db/e, the small elementary increase of the immersed portion 
of the body, corresponding to any indefinitely small increase of the 
weight a bed. 

Put a ■=. the area of the horizontal section passing through a b, 
determinable from the position and the figure of the 
body, before the weight abed is applied, 
w = the weight abed, 

w = the fluxion or small elementary variation of w; 
x — g h, the distance through which the body passes in con- 
sequence of the weight jw being applied. 
* 2 the fluxion or elementary variation of x, corresponding 

to w, and 
s ~ the specific gravity of the fluid. 
Then, because the line efis supposed to be indefinitely near to d e, 
it follows, that the portion of the body whose section is de/e, may be 
considered as uniform in area between its bases, and consequently, its 
magnitude is expressed by ax; but DE/e, is equal to the quantity of 
fluid displaced by reason of the elementary weight h; and it is a well 
ttested principle in hydrostatics, that the weight of the quantity of 
id that of the body which displaces it, are equal to 



fluid dis] 

one another ; therefore 






and the aggregate of the small elementary weights, or the whole weight 
added, is 

w=fasx. (205). 

This is the general form of the equation of equilibrium; but it 

admits of various modifications, according to the conditions of the 
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question and the nature of the body. For instance, if the body be a 
solid of revolution, and r the radius of the section coincident with the 
plane of floatation ; then, the above equation becomes 

w = vsfax, (206). 

where the Bymbol ■k denotes the number 3.1416, or four times the area 
of a circle whose diameter is expressed by unity. 

327. The solution of the problem, however, may be effected inde- 
pendently of the fluxional analysis, especially in all cases where the 
floating body is symmetrical with respect to its axis; for if it be in 
the form of a right cylinder with its axis vertical, as in the annexed 
diagram ; then, the solution becomes an object of the greatest 
simplicity ; for since the area of the horizontal section is constant, 
the space through which the body moves will be the same, whether 
the weight be added to it or subtracted from it. 

Let abcd be a vertical section of a 
cylinder, floating in equilibrio on a fluid 
whose surface is on, the axis mn being 
perpendicular to the horizon, and sup- 
pose the weight ir to be placed on the 
upper end of the cylinder ; it is obvious 
that the equilibrium will thcri be de 
stroyed, and the body will continue to 
descend, until it has displaced a quan- "•^pgg^gsr^"" 

tity of the fluid, whose weight h equal 

to that of the compound mass, consisting of the cylinder, together with 
the applied bodv whose weight is n; or it wilt continue to descend, until 
the weight of the fluid displaced by the space ikfe is equal to w the 
weight of the applied body ; in which case, tbe equilibrium will again 
obtain, and the plane of floatation, which originally cut the cylinder 
in ef, will now be transferred to IK. 

Again, on the other hand, if a weight w be subtracted from the 
cylinder, supposed to be in a state of equilibrium with the plane of 
floatation passing through ef, the body will then ascend, until the 
weight of the fluid which rushes into its place becomes equal to the 
weight subtracted, in which case the solid will again be in a state of 
quiescence with the plane of floatation passing through ab. 

Put r ~ id or nd, the radius of the horizontal section, 
m = the magnitude of the space ikfe or ef6«, 
x =r de or ec, the space through which the body is depressed 
or elevated in consequence of the extraneous weight, 























*-' : ki 
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k =z the weight which is added to or subtracted from the 

cylinder, and 
s =z the Bpecific gravity of the fluid. 
Then, by the principles of mensuration, the solidity of the cylinder, 
of which the section is ikfe or Brba, becomes 
m=3.U16r»*, 
and the weight of an equal magnitude of the fluid, is 
ms = 3.1416r«j;i; 
but this, by the nature of equilibrium, is equal to the disturbing 
weight ; hence we have 

w= 3.1416r*tx, 
and from this, by division, we obtain 



— 3.1416rV (207). 

328. The practical rule for reducing this equation is very simple; 
it may be expressed in words at length in the following manner. 

Rule. Divide the given disturbing weight, whether it be 
added to or subtracted from the cylinder, by the area of the 
horizontal section, drawn into the specific gravity of the fluid, 
and the quotient will express the quantity of descent or ascent 
accordingly. 

329. Example. A cylinder of wood, whose diameter is 24 inches, 
floats in equilibrio with its axis vertical, on the surface of a fluid 
whose specific gravity is expressed by unity; now, supposing the 
equilibrium to be destroyed by the addition or subtraction of another 
body, of which the weight is 56 lbs. ; through what space will the 
body move before the equilibrium be restored ? 

Here, by proceeding as directed in the rule, we have 



3.1416X12'X. 03617" 
Again, if the body should be in the 
form of a paraboloid, floating in equi- 
librio on the surface of a fluid with its ~&3TkLI 
vertex downwards, as represented in the 7sSS5 
annexed diagram, where acb is a ver- 
tical section passing- along the axis CD, 
and on the surface of the fluid on 



z3.42 inches. 



' Tbe decimal froetion 0.03617 ei 



sight in lbs. of a cubic inch, of water. 




be 



which the body floats, with the plane of floatation originally passing 
)ugh et, but which, on the addition or subtraction of the weight n>, 
ascends to i k or descends to a b. 

Put p =z the parameter of the generating curve, 

S = (c, the distance of the vertex below Ihe surface of the 

fluid at first, 
m ZZ the magnitude or sol id it v of the pat.ibolciidal frustum, of 
which ikpe is a section, 

of the frustum whose section is s.vba ; 
x — de, the descent of the body in consequence of the addi- 
tion of the weight w, 
x' zz ec, the corresponding ascent in the case of subtraction, 
and s = the specific gravity of the fluid. 

Then we have crf = 2 + jr, and ce = 3— /, and according to the 
writers on mensuration, we have 

m=1..5708j)(2Sx + *'), 

and in a similar manner, we obtain 

m' = 1.5708^(23*' — x'2); 

and since the weight of any body is expressed by its magnitude drawn 

into its specific gravity, it follows, that the weight of a quantity of 

fluid equal respectively to m and m', are 

ms=l.5708ps(2$x + x*), wadm's=l.5708ps(Sx' — x"). 
Now, these according to the conditions of the problem, are respec- 
tively equal to the disturbing weight; hence we have in the case of 
addition, 

w= \ .57QBps(2ex + X*), (208). 

and in the case of subtraction, it is 

»=u?r<&pi(ia*'— **), (209). 

330. The equations which we have just obtained, are precisely the 
Bame as would arise, by taking the fluent of the expression in equation 
(20G) ; it therefore appeals, that although the fluxional notation is the 
most convenient for expressing the general result, yet in point of sim- 
plicity as regards symmetrical bodies, there is little advantage to be 
derived from its adoption. 

Suppose that in the first instance, the equilibrium is destroyed by 
the addition of the weight n>, and let it be required to determine how 
far the body will descend in consequence of the addition. 

Equation (208) involves this condition ; consequently, if both sides 
be divided by the expression 1.5708ps, we shall obtain 
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** + 2ds = 



1.5708ps' 
which being reduced, gives 



v 



S>+ l.57(>8ps~ S - (210). 

331. And the practical rule for reducing this equation, may be 
expressed in words at length, as follows. 

Rule. Divide the weight which disturbs the equilibrium, 
by 1.5708 times the parameter of the generating parabola, 
drawn into the specific gravity of the fluid, and to the quotient 
add the square of the distance between the vertex of the figure 
and the plane of floatation in the first position of equilibrium ; 
then, from the square root of the sum, subtract the said dis- 
tance, and the remainder will express the quantity of descent. 

332. Example. A solid body in the form of a paraboloid, floats on 
a vessel of water in a state of equilibrium with its vertex downwards, 
when 12 inches of the axis are immersed below the plane of floata- 
tion ; how much farther will the body sink, supposing a weight of 
28 lbs. to be laid on its base, the parameter of the generating parabola 
being 16 inches? 

Here, by pursuing the directions of the rule, we get, 



*=V / 



12' H — 12 = 1 .22 inches. 

M.5708X16X.03617 



333. If the weight w should be subtracted from the paraboloid 
instead of being added to it, the quantity of ascent will then be deter- 
mined by equation (209), where we have 

w = 1 .5708/> s (2^ x 9 — a'*) ; 

divide both sides of this equation by the quantity 1.5708/* s, and we 
shall obtain 

2S/ — x H = - , 

1. 5708p$ ' 

which, by transposing the terms, becomes 

x *> _ 2$ x ' = ™ . 

1.5708/? s 

By completing the square, we get 
^ l.570Sps' 



UH OF FLOATATION. 

nid finally, by extracting the square root and transposing, 



~\/ s — — 

v 1.5708; 






.5708ps" (211). 

334. And the practical rule by which this equation is reduced, may 
be expressed in words at length, in the following manner. 

Rule. Divide the weight which is proposed to be subtracted 
from the paraboloid, by 1.5708 times the parameter of the 
generating parabola drawn into the specific gravity of the 
fluid, and subtract the quotient from the square of the dis- 
tance of the vertex below the plane of floatation in the first 
position of equilibrium i then, from the said distance, subtract 
the square root of the remainder for the quantity of ascent 
required. 

335. If we take the data of the foregoing example, and proceed 
iiecording to the directions of the rule, we shall obtain 



*~/»4-_ 



_ =1.35 if 



.5708X16X.03617 
exceeding the descent in the former example, by 0.13 of an inch. 

Numerous other examples akin to the above, respecting bodies of 
various forms, and placed in different positions, might here be pro- 
posed ; but since they are all resolvable by the general formula, 
equation (206), we have thought proper to omit them. 

PROBLEM XLVIII. 

336. If a body which is symmetrical with respect to its verti- 

Icat axis, floats upon a fluid in a state of equilibrium : — 
/( is required to determine what weight must be placed 
upon the body, so that it shall sink to a level with the surface 
of tke fluid, the specific gravities of the solid and the fluid, 
together with the magnitude of the solid, being given. 
In the second example to the seventh proposition, we have advanced 
principles of nearly a similar import to those required for the solution 
of the present problem, yet nevertheless, we think a separate solution 
in the present instance is necessary, since it can be somewhat differ- 
ently represented ; for which purpose, 
Put m = the entire magnitude of the floating body, 
w = its weight before the external body or weight is super- 
added, 
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»' = the added weight, 
»''= the weight of the fluid displaced, 
s = the specific gravity of the fluid, and 
s' rz: the specific gravity of the floating solid. 

Then, because the absolute weight of any body, is expressed by its 

magnitude drawn into its specific gravity ; it follows, that the weight 

of the floating solid, is 

rv^zms', 

and in like manner, the weight of the displaced fluid, is 

n;" rz m s ; 

now, it is manifest, from the nature of the problem, that the weight 
of the displaced fluid is equal to the weight of the floating body, 
together with the superadded weight ; consequently, we have 

»' + w zz: w' -|- ms'zzzms; 
from which, by transposition, we obtain 

w'=m(s — s'). (212). 

337. The practical rule for the reduction of this equation is very 
simple : it may be expressed as follows. 

Rule. Multiply the difference between the specific gravities 
of the fluid and the floating solid, by the whole magnitude of 
the floating body y and the product will express the value of 
the added weight. 

338. Example. A mass of oak, whose specific gravity is .872, that 
of water being unity, floats in equilibrio on the surface of a fluid 
whose specific gravity is 1.038 ; what weight applied externally to the 
floating body, will depress it to the level of the fluid surface, sup- 
posing the magnitude of the body to be equal to 8 cubic feet ? 

Here, by operating as the rule directs, we shall have 

tv'= 8(1.038 — - .872) = 1.328 cubic feet of water ; 

but it is a well known fact, that one cubic foot of water weighs 62J 
lbs. avoirdupois, very nearly ; consequently, we have 

rv'= 1.328X621 = 83 lbs. 

PROPOSITION VIII. 

339. If a solid body, which is specifically heavier than one of 
two fluids which do not mix, and specifically lighter than the 
other, be immersed in the fluids : — 
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/( will fioal in equilibria between them, when the weight 

of the fluids respectively displaced, are together equal to the 

weight of the solid body which causes the displacement ; the 

specific gravities of the fluid being supposed known. 

Let a bcd be a vertical section pawing through the centre of gravity 

of the floating body, and suppose lhat 

ik is the common surface of the two 

fluids, in which the solid is quiescent, 

en being the surface of the lighter fluid. ■ 

Nan, it is manifest, that since the 
bodyABCD is specifically heavier than 
one of the fluids, and specifically lighter 
tban the other, it cannot be entirely at 

rest in either, but must rest between them in such a position, that the 
sum of the weights of the fluids displaced shall be equal to the whole 
weight of the solid. 

Let efd be perpendicular to ik, tbe common surface of the fluids 
in which the body floats ; then it is evident, that the pressure down- 
ward on any point of the base d, is equal to the weight of the incum- 
bent line of solid particles, whose altitude is bd the thickness of the 
body, together with the weight of eb the superincumbent column of 
the lighter fluid ; and again, the pressure upwards on the same point 
», is equal to the weight of a column of the heavier fluid whose alti- 
tude fd, together with the weight of a column of the lighter fluid, 
■whose altitude is ef. 

Put iI^ieb, the depth of the body below the upper surface of the 
lighter fluid, 
d' = ef, the whole depth of the lighter fluid, or the depth of 

the common surface, 
S =fd, the depth of the body below the common surface, or 

the surface nf the heavier fluid, 
i' 3 « b, the whole thickness of the solid body, 
s =r the specific gravity of the lighter fluid, 
s' — the specific gravity of the heavier fluid, 
s" z= the specific gravity of the solid body, 
p ^z the downward pressure, and 
p' = the upward pressure. 
Then, because the weight of any body, whether it be fluid or solid, 
■ expressed by the product of its magnitude drawn into its specific 
gravity, it follows that the downward pressure on the point d, i» 
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p=Xs" + ds, 

and in like manner, the pressure upwards, is 

p' ~$s' -\-d's. 

But when the body floats in a state of equilibrium, the upward and 
the downward pressures are equal to one another ; hence we have 

Vs"+ds = $s' + d's, 

from which, by transposing and collecting the terms, we get 

Vs" = $s' + (d'— d)s. 

Now, it is obvious, that what we have demonstrated above with 
respect to the point d, may also be demonstrated to hold with 
respect to every other point of the surface whose section is adc; 
consequently, by taking the aggregate of the upward and downward 
pressures, we obtain 

(X + y + y 4. &c.) s"= (a + a + a+ &c.) s' +{(# + #+ d'+ &c.) 

—{d + d 4- d 4- &c.)} s. 

Put m = (}' 4- ^ + 3 ' + & c to infinity, equal to the magnitude 
of the entire floating body, 

m' rz: (d 4- 3 + ^ 4- & c to infinity, equal to the part immersed 
in the heavier fluid, and 

m"= {(d' + d' + d' + &c.) — (d + d + d 4- &c.)} to infinity, 
equal to the part immersed in the lighter fluid ; conse- 
quently, by substitution, we get 

ms" = m's' + m"s. (213). 

This equation involves the principle announced in the Proposition, 
and its application to practical cases will be exemplified in the reso- 
lution of the following Problems. 

PROBLEM XLIX. 

. 340. Suppose that a solid body in the form of a regular cube, 
is observed to float in equilibrio between two unmixable fluids 
of different specific gravities : — 

It is required Jo determine, how much of each fluid is dis- 
placed by the body, the specific gravities of the body and the 
fluid being given. 

Let a bcd be a cubical body, floating in equilibrio between the 
two unmixable fluids, whose upper horizontal surfaces are respec- 
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tively IK and oh, gh being* thej surface 
of contact of the two fluids. 

Put mrr abcd, the magnitude of the 
whole body, 
* =abcfe, the magnitude of the 
part immeTsed in the lighter 
fluid, and 
m — x zzefcd, the magnitude of the part immersed in the heavier 

fluid. 
Therefore, if the specific gravities of the body and the fluids be 
respectively denoted by s", s and s', as in the Proposition ; then, we 
shall have 

ms"=xs-%- (m — x)s', 

from which, by transposition, we obtain 

x(s'— s) = m(s' — s"), 

and finally, by division, it becomes 

__ w ( s '_- s ") 



x 



(s'-s) 



(214). 



341. An equation of an extremely simple and convenient form, from 
which we deduce the following practical rule. 

Rule. Multiply the magnitude of the immersed solid by 
the difference between its specific gravity and that of the 
heavier fluid ; then divide the product by the difference between 
the specific gravities of the fluids, and the quotient will give 
the magnitude of the part immersed in the lighter fluid. 

342. Example. A cubical piece of oak containing 2000 inches, 
and whose specific gravity is 0.872, that of water being unity, floats 
in equilibrio between two fluids, whose specific gravities are respec- 
tively 1.24 and 0.716 ; what portion of the solid is immersed in each 
of the fluids, supposing them to be altogether unmix able ? 

The operation being performed according to the rule, will stand as 
below. 



x 



_ 2000(1.24 — 0.872) . „. _ ft .. . , 
(1,24-0.716) = 1404 ' 58 CublC ,ncheS ' 



This result expresses the solid contents of that part of the body 
which is immersed in the lighter fluid ; consequently, the part which 
is immersed in the heavier fluid, is 

2000—1404.58 = 595.42 cubic inches, 

t 2 
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343. In tliis example, a greater portion of the body is immersed in 
the lighter fluid than what is immersed in the heavier ; but this cir- 
cumstance manifestly depends upon the nature of the immersed body, 
and the relation of the specific gravities ; for an instance may readily 
be adduced,, in which exaclly the reverse conditions will obtain : — 
Thus, let the magnitude of the body and the specific gravities of the 
fluids remain as above, and suppose the specific gravity of the body 
to be 1.17 instead of 0.872; what then are the parts immersed in the 
respective fluids ? 

The numerical process is represented as below. 
2000(1.24—1.17) „., ,„ r .. . . 

Here then, we have 267.175 cubic inches for the portion which is 
immersed in the lighter fluid, while that immersed in the heavier is 
2000—267.175 = 1732.825 cubic inches; this agrees with the case 
represented in the diagram, for there the body displaces a greater 
quantity of the heavier than it does of the lighter fluid. 

PROBLEM L. 

344, Having given the specific gravities of two nnmixable 
fluids, and the magnitude of a solid body which floats in equili- 
brio between them: — 

It is required to determine the specific gravity of the solid, 
so that any proposed part of it may be immersed in the 
lighter fluid. 
Put m — the magnitude of the immersed solid, the same as in the 
preceding Problem, 
« ~ the specific gravity of the lighter fluid, 
s' = the specific gravity of the heavier fluid, 
x = the specific gravity of the solid body, being the required 

quantity, and 
n r= the denominator of the fraction which expresses the part 
of the body immersed in the lighter fluid. 
Then, according to the principle demonstrated in Proposition VIII., 
we shall obtain 



.<- 



,,,:.,' 



and from this, by a little farther reduction, we get 



consequently, by divisio 



')• 



(215). 



345. And from this 



e deduce the following rule. 



s equation 

Rule. Multiply together, the magnitude of lite body, the 
number which expresses what part of it is immersed in the 
lighter, and the specific gravity of the heavier fluid ; then, 
from the product subtract the difference between the specific 
gravities of the fluid drawn into the magnitude of the solid 
body, and divide the remainder by the magnitude of the body, 
multiplied by the number which expresses what part of it is 
immersed in the lighter fluid ; then shall the quotient express 
the specific gravity of the body. 
346. Example. The specific gravities of two unmi.xable fluids are 
respectively 1.24 and 0.716, that of water being unity ; now, sup- 
posing that when these fluids are poured into the same vessel 
of 2000 cubic inches which is in equiiibrio between them, 
seventh part of its magnitude immersed in the lighter fluid; 
the specific gravity of the body ? 

Here, by proceeding according to the rule, we have 
mn *' =2000X7 X 1 .24 = 17360 
_m(/— ,) — 2000(1.24 — 0.716) = — 1048 subtract 
difference =16312: 
consequently, by division, we shall obtain 
_ mn3 - — m jJ — S ) _ 16312 
X ~ mn ~ 2000X7 



a body 
what is 



: 1.17 nearly. 



347. From what has been done above, it is easy to ascertain what 
sill be the specific gravity of the body, when equal portions of it are 
immersed in the lighter and in the heavier fluids ; for in that case, we 
have n equal to 2, which being substituted in equation (215), gives 

* = «•-!(*•-,). (216). 

And the practical rule for reducing this equation may be expressed 
n words at length, in the following manner. 



-C-fO. 
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Rule. From the specific gravity of the heavier fluid, subtract 
half the difference between the given specific gravities, and the 
remainder will be the specific gravity of the solid body, 

348. Example. Let the specific gravities of the fluids remain as 
above ; what must be the specific gravity of the body, so, that when 
it is in a state of equilibrium, one half of it may be immersed in each 
solid ? 

One half the difference of the given specific gravities, is 

£(1.24 — 0.7 16) = 0.262; 

consequently, by subtraction, we have 

x = 1 .24 — 0.262 = 0.978, and with this specific 
gravity, a body, whatever may be its magnitude, will be equally 
immersed in the two unmixable fluids. 

349. If the specific gravity of the lighter fluid vanish, or become 
equal to nothing; then equation (215) becomes 

ms' znm' s' , 

and by converting this equation into an analogy, we get 

m : m' : : s' : s". 

This analogy expresses the identical principle, which is announced 
and demonstrated in Proposition VII. preceding ; it is therefore pre- 
sumed, that the examples already given will be found sufficient to 
illustrate the application of this very elegant and important property. 

Since the magnitude of the whole floating body is equal to the sum 
of its constituent parts, it follows, that according to our notation, 

mz:m'4- m" ; 

consequently, by substitution, equation (215) becomes 

(m! + m" ) s" = m' s' + m" s, 

or by transp6sing and collecting the terms,we get 

wi'V — s) = m'(s — s"), 

and by converting this equation into an analogy, we obtain 

m' : m" : : (s" — s) : (s' — s"). 

By comparing the terms of the proportion as they now stand, it 
will readily appear, that if the specific gravity of the lighter fluid be 
increased, the term (s" — s) is diminished, while (s' — s") remains the 
same ; consequently, the first term m' will be diminished with respect 
to the second term m" ; which implies, that the part of the body in, 
the lighter fluid will be increased ; hence arises the following very 
curious property, that 
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If any body float upon the surface of a fluid in vacuo, and 
air be admitted, the body will ascend higher above the surface, 
and consequently, the proportion of the immersed part to the 
whole will be diminished. 

PROBLEM LI. 

350. Suppose a solid body to float in equilibrio on the surface 
of water, both in air and in a vacuum : — 

It is required to determine the ratio of the parts immersed 
in the water in both cases. 

Put m zz the magnitude of the whole floating body, 

m'zz the magnitude of the part immersed below the surface 

of the water, wlien the incumbent fluid is air, 
w»"zz the portion immersed when the body floats on water in 

vacuo, 
s zz the specific gravity of air, 
/ zz the specific gravity of water, and 
s" zz the specific gravity of the floating body. 

Then we have m — m', for the part above the surface of the water, 
when the incumbent fluid is air, and m — m" for the extant part when 
the body floats in vacuo; consequently, by equation (213), we have, 
when the body floats in air, 

ms" turn's' -\-(m — m') s, 

from which, by a little reduction, we obtain 

m' (s' — s) zz m (s" — s), 

and finally, by division, it becomes 

,_ m(s" — s) 

m ~ (s'-s) l (217). 

and again, when the body floats in vacuo, we have 

m s" zz m" s' + ( m — ™")s ; 

but in this case, s vanishes, hence we get 

ms"zz.m" s, 
and by division, it is 

m zz — — — 

s' ' (218). 

Let the equations (217) and (218) be compared with one another in 
the terms of an analogy, and we shall have 

, mis' — s) H ms" 

m! : -J: : : m" : — -- ; 

(s — s) s 
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therefore, by equating the products of the extreme and mean terms, 
and casting- out the common quantity m, we obtain, 

by clearing the equation of fractions, we 
m"s'{s" — s) = mTs"(s' — s), 
and finally, bv division, we have 



351. Now, 



s\s°-s) ' (219). 

nifest, that in order to determine from this 
equation, what part of the body is immersed in the water when it 
floats in vacuo, it is necessary in the first place, to ascertain how 
much of it is immersed when the floatation occurs in air: — Equation 
(217) determines this, and the practical rule deduced from the equa- 
tions (217) and (219) may be expressed in words at length in the 
following manner. 

Rule. From the specific gravity of the floating body, sub- 
tract III-- specific gravity of air ; multiply the remainder by 
the magnitude of the body, and divide the product by Che 
difference between the specific gravities of water and air, for 
the part which is immersed in water, when the incumbent fluid 



Again. Multiply the difference between the specific gravities 
of water and air by the specific gravity of the floating body ; 
divide the product by the difference between the specific gra- 
vities of the solid hotly and air, drawn into the specific gravity 
of water ; then, multiply the quotient by the magnitude of the 
part immersed in water when the body floats in air, and the 
product will be the magnitude of the part immersed in water, 
when the body floats in vacuo. 
352. Example. A mass of oak whose specific gravity is 0.925, con- 
tains 185 cubic inches; what quantity of it exists below the plane of 
floatation, supposing it to float on water in vacuo, the specific gravity 
of the air being 0.0012 at the instant of observation ? 

By operating according to the directions given in the first clause of 
the rule, the quantity below the plane of floatation when the incumbent 
fluid is air, becomes 

, 185(0.925 — 0.0012) ,_. ,. Q .. . , 

m = - ■. ■ — 171.108 cubic inches; 

(1—0.0012) 
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r therefore, according to the second clause of the rule, the part immersed 
when the body floats in vacuo, becomes 
_„_ 0.925(1 



-0.0012) 



X 171. 108 = 171.125 cubic inches. 



lX(0.925— 0.0012) 

353. If we refer to the equation (218) preceding, it will readily 
appear, that the above result may be determined with much less labour 
and greater simplicity ; for the magnitude of the immersed part, when 
the body floats in vacuo, is there expressed in terms of the weight of 
the body and the specific gravity of water, and the practical rule for 
reducing the equation, may be expressed in words at length, as follows. 

Eule. Multiply the magnitude of the body by its specific 

gravity ; then divide the product by the specific gravity of 

water, and the quotient will express the magnitude of the 

immersed part when the body fioats in vacuo. 

Therefore, by taking the data as proposed in the above example, 

the magnitude of the immersed part becomes 

■ 185X0.925 ,„, _„ ,. . . , . 

m , — j ;= 171.125 cubic inches; being precisely 

the same quantity as we obtained by the foregoing prolix operation. 

If we compare the computed values of m' and m" with one another, 
we shall find that the latter exceeds the former by a very small quan- 
tity, that is, 

171.125 — 171.108 = 0.017, 
which verifies the concluding inference under Problem L. 

354. On the principles which we have explained and illustrated in the 
foregoing problems, depends the construction and application of the 
Hydrometer, an instrument which is generally employed for detect- 
ing and measuring the properties and effects of water and other fluids, 
such as their density, gravity, force, and velocity. 

When the hydrometer is employed to determine the specific gravity 
of water, it is sometimes denominated an aerometer or water-poise; 
and being an instrument of very general utility in numerous philoso- 
phical experiments, we think it will not be amiss in this place, to 
discuss its nature and properties a little in detail; and we may here 
observe, that the following problems and remarks are quite sufficient 
to establish and exemplify its most important applications. 

The hydrometer, or aerometer, in general consists of a long cylin- 
drical stem of glass, or other metal, connected with two hollow balls. 



into the lower of which is introduced a small quantity of mercury or 
leaden shot, for the purpose of preventing the instrument from over- 
turning, and causing it to float steadily in a vertical position, or per- 
pendicularly to the surface of the fluid in which it is immersed. 

Numerous schemes have been promulgated by different ingenious 
and experienced philosophers for the improvement of this instrument ; 
but however much the forms which have been recommended may differ 
among themselves, yet the general principle is the same in all. 

The following is a list of the principal writers who have registered 
their improvements in the annals of science, viz. 

Adic, Charles, Desaguliers, Guyton, Nicholson, Speer, 

Atkins, Clark, Dicas, Jones, Quin, and 

Brewster, Depareieux, Fahrenheit, Levi, Sikes, Wilson. 

355, It would he quite superfluous to detail the various alterations 
and improvements suggested by these authors; suffice it to say, that in 
all there is something different and in all there is something common ; 
but that which merits the greatest share of our attention, by reason 
of the extreme delicacy of its indications and the simplicity of its 
construction, is the hydrometer of Depareieux, which was presented 
to the Academy of Sciences in the year 1766. 

This instrument, which was intended by its inventor to measure the 
specific gravities of different kinds of water, is 
represented in the annexed figure, where ac is a 
glass phial about seven or eight inches in length, 
loaded with mercury or leaden shot, to prevent it 
from overturning; and in order that no air may 
lodge below it, when it is immersed in the fluid, the 
lower part is rounded off into the form of a spheric 
segment. 

In the cork of the phial at a, is fixed a hrass wire 
of one twelfth of an inch in diameter, and from thirty to thirty six 
inches long, or of any other length which may be found convenient 
for the purpose, but such, that when the phial is loaded and immersed 
in spring water of a medium temperature, the entire phial and about 
one inch of the wire should be below the graduated scale dh, which 
is fixed upon the side of the tin vessel defg; to the other end, or 
summit of ihe wire, is attached a small box b, intended for containing 
the minute weights which it may be found necessary to apply, in order 
to cause the instrument to sink to a certain fixed point in the 
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[different kinds of water whose specific gravities are required to be 
found.* 
The while iron vessel defg, is used for holding the fluid on which 
the experiment is to be performed; it is generally about three feet in 
length, and from three to four inches in diameter, according to the 
circumstances under which it may happen to be employed. The small 
scale dh, is attached for the purpose of measuring the different depths 
to which the instrument sinks when differently loaded, or when it is 
immersed in fluids of different specific gravities. 
The indications of this instrument are so extremely delicate, that if 
a small quantity of alcohol, or a little common salt, be added to the 
fluid, the phial will ascend or descend through a very sensible dis- 
tance, which circumstance greatly enhances the value of the aerometer; 
for in proportion to its sensibility and the delicacy of its indications, 
are its importance and utility to be appreciated. 
We come now to consider the theory of this instrument, and we 
shall just remark in passing, that the same principles, under very 
slight and obvious modifications, will apply to any other hydrometric 
instrument, of a similar, or nearly similar nature and construction, to 
that which forms the subject of our present discussion. 

PROBLEM HI. 

356. Having given the capacity or volume of the phial, toge- 
ther with the dimensions of the immersed wire, and the entire 
weight of the aerometer : — • 

It is required to determine the specific gravity of the Jluid, 
in which the instrument settles in a state of equilibrium. 
Now, because the weight of any body when floating in equilibrto, 
whatever may be its form and the substance of "which it is composed, 
is equal to the weight of the fluid which it displaces; it follows, that if 
we put c ~ the capacity or volume of the phial immersed in the fluid, 
I == the length of the immersed wire, 
r ^ the radius of its transverse section, 

ir= 3.1416, the number which expresses the circumference of 
a circle whose diameter is equal to unity, 

* To the bottom of the box b we have affiled llio aria a b, from one extremity ,,f 
which is suspended tha wire c d currying the index i, the whole being truly balanced 
hy the small bull 6 attached to the other extremity of the lioriaontid arm aft. In all 
other reaped* the in«trumenl i» llint "I" l)eji;ircii>iix. 
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* -=. the specific gravity of the fluid sought, and 
w— the entire weight of the aerometer, always known. 
Then, it is manifest, that the capacity or volume of the phial, 
together with the magnitude of the immersed wire, is equal to the 
quantity of fluid displaced; and the weight of this quantity of fluid 
is equal to the weight of the aerometer ; but by the principles of men- 
suration, the magnitude of the immersed wire is expressed by irr'i; 
consequently, the quantity of fluid displaced is c + irr'l, and the 
magnitude of any body multiplied by its specific gravity is equal to 
its weight ; hence we have 

w = {c + *r*l) S ; (220). 

therefore, by division, we obtain 

' = c + iri»l* (221). 

357. Here follows the practical rule for reducing the equation. 

Rule. Divide the entire given weight of the aerometer, by 
the capacity or volume of the phial, increased by the quantity 
of wire immersed, and the quotient will give the specific gra- 
vity of the fiuid. 

358. Example. The whole weight of an aerometer, when so loaded 
as to have the attached wire depressed 15 inches below the surface of 
the fluid, is 23 ounces; required the specific gravity of the fluid, 
supposing the diameter of the wire to be one twelfth of an inch, and 
the capacity of the phial 40 inches 1 

Here, by the mensuration of solids, the magnitude of the wire is 

15x3.1416XViXVt= 0.082 of a cubic inch, very nearly; 

therefore, the whole quantity of fluid displaced, is 

40 + 0.082 = 40.082 cubic inches; 

therefore, by the rule, we obtain 

The number 0.5738, which we have obtained from the above calcu- 
lation, expresses the weight of one cubic inch of the fluid in ounces; 
but since it is customary to express the specific gravity of bodies in 
ounces per cubic foot, it becomes necessary, for the sake of compari- 
son, to reduce the above result to that standard ; hence we have 

* = 0.5738X1728 = 991.5264 ounces per cubic foot for 
the specific gravity of the fluid on which the experiment was tried. 




volume of the phial, the 
whole weight of the aerometer, the specific gravity of the fluid, 
i the radius of the wire:— 

It is from thence required to determine, how muck of the 
stem or wire is immersed below the surface of the fluid when 
the instrument rests in a state of equilibrium. 
By recurring to the equation marked (220), and separating the 
terms, we obtain * 

^stw- cs; 
from which, by division, we get 






nr^s ' (222). 

360. The practical rule for reducing this equation, may be expressed 
in words at length, in the following manner. 

Rule. From the entire weight of the hydrometer, subtract 
the capacity of the phial drawn into the specific gravity of 
the fluid ; then, divide the remainder by the area of a trans- 
verse section of the wire, drawn into the specific gravity of 
the fluid, and the quotient wilt express how far the wire is 
immersed below the upper surface of the fluid, when the 
instrument floats in a state of equilibrium. 

361. Example. The entire weight of an aerometer, when so adjusted 
as to remain at rest in a fluid whose specific gravity is 0.5738*= 23 
ounces ; what length of the stem or upright wire falls below the sur- 
face of the fluid, supposing its diameter to be one twelfth of an inch, 
and the magnitude of the immersed phial 40 inches? 

Here, by the foregoing rule, we have 
23 — 40x0.5738 ,,„. , . 

t== mi6x^a X075738 = 15 ' 33 *"*» Dear1 ^ 

362. If the entire weight of the aerometer be multiplied by 1728, 
the number of cubic inches in one cubic foot, the formulas (221) and 
(222) become transformed into 






ober 0.5T38, by which the apecii 
weight in ounces of one cubic inch, which hi 
ibic fool, gives i=0.5738X l«8=981.56M at. 



gravity is her 
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1728m; , . 1728m; — cs 
•,and/= — r 



from the first of which the standard specific gravity is obtained, and 
in the second, the specific gravity as calculated from the first mast be 
employed. 

By comparing the quantities in equation (222) with each other, it 
will readily be perceived, that a very small variation in to the weight 
of the instrument, or in s the specific gravity of the fluid, will produce 
a very considerable variation in I, the immersed portion of the stem 
or wire ; for it is manifest, that the numerator of the fraction w — cs, 
expresses the weight of the fluid displaced by the wire or upright 
stem of the instrument, and consequently, since r the radius of the 
stem is a very small quantity, it^ follows, that the weight of the fluid 
which it displaces must also be very small. 

PROBLEM LIV. 

363. Suppose that a small variation takes place in the density 
of the fluid in which the instrument is immersed : — ■ 

It is required to determine the corresponding variation that 
takes place in the depth to which it sinks before the equili- 
brium is restored. 

Let the notation for the first position of equilibrium remain as in 
Problem L1I., and let V denote the immersed length of the stem or 
wire, corresponding to the specific gravity s' ; then, by equation (222), 
we have 

consequently, by subtraction, the variation in length becomes 

w — cs w — cs' 

7rr*s 7rrV, ' 

and this, by a little farther reduction, gives 

/ v ^. w (s—s) 

~ vr*ss' ' (223). 

364. The practical rule for reducing this equation, may be expressed 
in' words as follows. 

Rule. Multiply the whole weight of the aerometer by the 
variation in the specific gravity ; then, divide the product by 
the area of the transverse section of the upright stem or wire, 
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drawn into the greater and lesser specific gravities of the fluid, 

and the product will express the required variation in the 

position of the instrument. 

365. Example. Suppose the specific gravity of the fluid to vary 

from 0.5738 to 0.5926 ounces per cubic inch during the time of the 

experiment, what is the corresponding variation in the depth of the 

instrument, its whole weight lieiiicr 53 ounces, and the diameter of the 

upright stem equal to one twelfth of an inch ? 

Here, by attending to the directions in the rule, we obtain 
23(0.5926 — 0.5738) 



l-f = 5 



- X576 == 233.155 inches. 



"3.1416X0.5956X0.5738 
Hence it appears, that by a difference of 0.0325 in the absolute 
specific gravity of the fluid, there arises a difference of 233 inches in 

■ the position of the instrument ; this seems a very great difference, and 
is in reality far beyond the bounds prescribed for the whole apparatus 
to occupy; it serves, however, to exemplify the extreme delicacy of 
the principle, and when the changes in the specific gravity are very 
minute, the corresponding changes in depth will nevertheless be suffi- 
ciently distinct to admit of an accurate measurement. 

366. By diminishing the diameter of the upright stein, or increasing 
the entire weight of the instrument, which is eiiuivalent to an increase 
in the weight of the fluid displaced, the sensibility of the aerometer 
may be greatly increased. This is manifest, for by inference 5, 
equation (202), it will readily appear, that if the specific gravity 
remains the same, the quantity by which the instrument sinks in the 
fluid on the addition of a small weight w', varies directly as the mag- 

Initude of the weight added, and inversely as the square of the radius 
of the upright stem. 
Let us suppose, that by the addition of the small weight «/, the 
length of the part of the stem I, which is originally immersed, becomes 
equal to I'; then, by the principles of mensuration, the increased 
magnitude of the immersed stem is *r*(V — I); but the weight of a 
body is equal to its magnitude multiplied by its specific gravity; 
hence we have 
*r , (l' — t)s = w'; 
and this, by division, becomes 
■ 
grav 



Now it is obvious, that by the supposition of a constant specific 
gravity, the quantity its is also constant ; it therefore follows, that 




In the above investigation, we have supposed the specific gravity of 
the fluid to remain constant; but admitting it to vary, bo that s may 
become equal to *' ; then, in order that the upright stem may rest at 
the same depth of immersion, w must become equal to (u> + w") ; if, 
therefore, we substitute s and (w -f- 10'), for a aud w in equation (223), 
we shall obtain 

an equation from which we find the value of s' to be 
and by a similar reduction, equation (223) gives 



consequently, by analogy, and suppressing 
we get 

From this analogy, the difference between the specific gravities in 
the two cases can very easily be ascertained, for by the division of 
ratios, we have 



_ w ■ (224). 

367. This is a very simple equation for expressing the difference 
of the specific gravities ; it may be reduced by the following practical 
rule. 

Rule. Multiply the added weight by the lesser specific 
gravity ; then, divide the product by the lesser weight, and 
the quotient ■will be the difference between the specific gravities 
sought. 

368. Example, An aerometer, whose absolute weight is equal to 
23 ounces, is quiescent in a fluid whose specific gravity is 0.5738 
ounces, as referred to a cubic inch ; but on being put into a denser 
fluid, it requires the addition of 0.7536 of an ounce, to cause the 
instrument to sink to the same depth; what is the specific gravity 
of the denser fluid' 




■ 



= .0188; 

consequently, the specific gravity of the heavier fluid, is 
s' = 0.5738 + 0.0188 = 0.5926 ; 
and this, when reduced to the standard of one cubic foot, becomes 
0.5926x1728 = 1024.0128, which, on being referred to a table of 
specific gravities, will be found to correspond with sea water at a 
medium temperature. 

In the above operation, we have taken the specific gravity as re- 
ferred to one cubic inch of the fluid only, but the well informed reader 
will readily perceive, that the same result would obtain if the specific 
gravity should be estimated by the cubic foot ; for in that case, we 
should have w' = 0.7536 of an ounce, and $^991.5264, conse- 
quently, by the rule, we have 

j ,_ <= 991.52MX0. 75 36 = 3M864; 

therefore by transposition, the specific gravity of the denser fluid, is 
s' = 991. 52644-32.4864 — 1024.0128, being precisely the same 
result as that which we obtained on the former supposition. 

369. The diagram which we have employed to illustrate the general 
principle of the aerometer, is at the best but a very rude and imper- 
fect representation, and in its present state, it is altogether unfitted 
for ascertaining tlie specific gravities of fluids with any degree of pre- 
cision ; it is therefure requisite, in cases where extreme accuracy is 
required, to have recourse to some other method of indicating the 
precise measure of density, and for this purpose, the hydrometer or 
aerometer, is very advantageously replaced by the 
HYDROSTATIC BALANCE, 
an instrument which determines the specific gravities of bodies with 
the greatest correctness, and which, on account of its simplicity and 
cheapness, is rendered available for almost every purpose in which 
the specific gravity of bodies forms the subject of inquiry. 

The Hydrostatical Balance, so called, is nothing more than a 
furnished with some additional apparatus for ena- 
bling it to measure the specific gravities of bodies with accuracy and 
expedition, whether the bodies be in a solid or a fluid state. The 
description of the instrument is as follows. 
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Let a b be the beam of a balance very nicely equipoised upon its 
centre of motion at c, and suspended 
from the fixed object represented at r, 
the centering being so delicately exe- 
cuted , that the equilibrium of the instru- 
3 dislurbed by the smallest por- 
tion of a grain being added to or sub- 
tracted from either arm of the beam, 

D and e are two scales, which, together 
with their appendages are also balanced 
with the greatest exactness ; one of them 
as e having a hook in the middle of its 
bottom surface, to which the weight w 
is suspended by means of a horse hair, 
or any other flexible substance of such extreme levity, as to have no 
sensible effect upon the equilibrium. 

p is an upright pillar placed directly under the centre of motion, 
and carrying the circular arc mmm, which serves to prevent a too 
great vibration on either side, and also, by means of the index i, which 
is fixed on the beam immediately under the fulcrum, it indicates the 
exact position of equilibrium ; for it is manifest, that when the beam 
is horizontal, the pointer must be directly over the middle of the arc. 

The pieces in the scale d, denote the weight of the body when 
weighed in air; but when the body is immersed in water, as repre- 
sented by the figure abed, the scale r> with ils accompanying weights, 
must evidently preponderate, and for the purpose of restoring the 
equilibrium, small weights must he placed in the opposite scale at E ; 
and since the weights thus added, indicate the weight of a quantity of 
waterof equal bulk with the immersed body, it follows, that the specific 
gravity of the body can from thence be determined. 

The hydrostalical balance, like the hydrometer or aerometer pre- 
viously explained, has undergone various alteration's and improve- 
ments, according to the ideas of the different individuals who have 
had occasion to apply it in their inquiries respecting the specific 
gravities of bodies ; but since the general principle is the same ii 
under whatever form the instrument may appear, it would lead to 
nothing useful to enter into a detailed description of the variou: 
improvements which it has received, and the numerous changes that 
have been made upon it; we shall therefore refrain from farther dis 
cussion on the nature of its construction, and proceed to exemplify the 
n which it is applied to the determination of specific gravities. 
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PROBLEM LV. 

370. Having given the specific gravity of distilled water, 
equal to 1000 ounces per cubic foot: — 

/( is required to determine the specific gravity of a solid 
body that is wholly immersed in it. 
It is manifestly implied by the total immersion of the body, that its 
specific gravity exceeds the specific gravity of the fluid in which it ia 
immersed; therefore, attach the body to the hook in the bottom of 
the scale £ by a very fine and light thread, and balance it exactly by 
weights put into the other scale at d ; then, immerse the body in the 
water, and find what weight is required to restore the equilibrium, the 
weight thus required will measure the specific gravity of the body. 
Put w = the weight of the body when weighed iu water, 
w'rr the weight when weighed in atmospheric air, 
s — the specific gravity of water, and 
s' = the specific gravity of the body sought. 
Then h w — w' equal to the weight which must be put into the scale 
e to restore the equilibrium; consequently, by the fifth proposition, 
we have w' — w> : w' : : s : s' ; 

from which, by reduction, we get 

* == «/ — . w* (225), 

371. The following is the practical rule in words at length for 
reducing the iibove equation. 

Rule. Multiply the weight of the body when weighed in 
air, by the specific gravity of the fluid, and divide the product 
by the weight which it loses in water for the specific gravity 
of the body , 

I This rule determines the specific gravity of the body when it 
exceeds that of the fluid in which it is weighed ; but when the body 
is specifically lighter than the fluid, the method of finding its specific 
gravity is shown in Problem XL1V., it is therefore unnecessary to 
repeat it here, 
372. Example. If a piece of stone weighs 20 lbs. in air, but in water 
only 13J lbs.; required its specific gravity, that of water being 1000 ? 
Here, by the rule, w> = 13£, u/= 20, s— 1000, 
, , , 20X1000 20000 



therefore V = ■ _ ■- - ==: ■■■- - = 3076.923 = the specific gravity 
of the mass when it is wholly immersed in water. 
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OF THE POSITIONS OF EQUILIBRIUM. 



PROBLEM LVI. 

373. Suppose that a solid homogeneous triangular prism, 
floats upon the surface of a fluid of greater specific gravity 
than itself, with only one of its edges immersed : — 

It is required to determine in what position it will rest, 
when it has attained a state of perfect equilibrium. 

Let abc be a vertical transverse section, at right angles to the axis 
of the homogeneous prism, floating 
in a state of equilibrium on the fluid 
whose horizontal surface is ik. 

Bisect ah, ec the sides of the tri- 
angle in the points f andn, and de, 
dc in the points h and m ; draw the 
straight lines cr and An, intersecting 
one another in the point g, and CH, 
Em intersecting in g; then is i. the 
centre of gravity of the whole triangle 
abc, and g the centre of gravity of 
the triangle dec, which falls below 
de the plane of floatation. 

Join the points g, g by the straight 
line og ; then, according to the prin- 
ciple announced and demonstrated in the sixth proposition, the straight 
line g a is perpendicular to de the surface of the fluid. 

Draw fii, and because cf and ch the sides of the triangle cfh, 
are cut proportionally in the points o and g, it follows from the prin- 
ciples of geometry, that the straight lines Gg and fb are parallel to 
one another ; but we have shown that ga is perpendicular to the hori- 
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zontal surface of the fluid, or the plane of floatation passing through 
de; consequently, v 11 is also perpendicular to de, and fd, fe are 
equal to one another. 

Put a =: ab, the unimmersed side of the triangular section, 
b — bc, one of the sides which penetrate the fluid, 
c zz ac, the other penetrating side, 
d zz cf, the distance between the vertex of the section, and 

the middle of the extant Bide, 
^> zz the angle acf, contained between the side ac and the 

^' = the angle bcf, contained between the line cf and the 

s zz the specific gravity of the solid body, 
s' z= the specific gravity of the fluid on which it floats, 
» zrco, the immersed portion of the side a c, and 
y — ce, the immersed portion of the side bc. 
Then, according to the principles of geometry, since the line cf is 
drawn from the vertex of the triangle at c, to the middle of the base 
or opposite side at f, it follows, that 

ac' + bc' = 2(af« + cf'), 
or by taking the symbolical representatives, we shall obtain 

from which, by reduction, we get 

d=W2iF + <?) — a\ (226). 

■ Since all straight lines drawn parallel to the axis of the prism are 

equal among themselves ; it follows, that the weight of the whole solid 
abc, and that of the portion dec below the plane of floatation, which 
corresponds to the magnitude of the fluid displaced, are very appro- 
priately represented by the areas drawn into the respective specific 
gravities of the solid and the fluid on which it floats. 

I Now, the writers on the principles of mensuration have demon- 
strated, that the area of any right lined triangle : — 
/* equal to the product of any two of its sides, drawn into 
half the natural sine of their contained angle. 
Therefore, if we put a' and a" to represent the areas of the triangles 
abc and dec respectively, we shall have for the area of the triangle 
ABC, 



= 16c«n.(* + f), 



ns OK equilibrium. 

and for the area of the triangle dec, it is 
a"=t*ysin.[> + f). 
But according to the principle demonstrated in the third proposition 
preceding, the weight of a floating body : — 

Is equal to the weight of the quantity of fluid displaced. 

Consequently, the weight of the solid prism whose section is abc, 

is equal to the weight of the fluid prism, whose section is d£c; that is, 

16ciwd^ + *') = 1*»«' «».(? + A 

and from this, by suppressing the common quantities, we get 

bcs = X yi\ (227). 

By the principles of Plane Trigonometry, it is 
FD , =:d , - r - a' ! — 2rfxcos.^, and Fz , = d'-\-if — 2dy cos.f'; 
but these by construction are equal ; hence we have 
a;' — Idx cos.^ SE y* — 2dy cos.f. 
Let the value of d as expressed in equation (226), be substituted 
instead of it in the above equation, and we shall obtain 

*•- * o».f v '2(c , + P) — «(»= y % —y cos.f V2(c'+i')— a\ (228). 



Recurring to equation (227), by div 

y =z — r , the square of which is y i 

substitute these val 



on, we have 
6'cV 



s of i/ and y* i 
6'cV b , 



and multiplying by x* 
fi'cV b 



equation (228), i 
<**4 77rrr-r- 



xs 1 



e obtain, 



**— cos^V 2 (* J +0— a , Xx s =-p — -v/^i' + O-a'Xj; 

from which, by transposition, we get 



-cos.^y / 2(6 , 4-c ! )— a'XaM-- 



- v '8(* , + 0— *'X«: 



(229). 

374. The equation as we have now exhibited it, involves the several 
circumstances that accompany the equilibrium of ;i floating body, and 
its root determines the position in which the equilibrium obtains; the 
general form of the expression, is however exceedingly complex, and 
rising as it does to the fourth order or degree, the resolution is neces- 
sarily attended with considerable difficulty, especially when the sides 



ro? the transverse section are represented by large numbers ; in parti- 
cular cases, the ultimate form will admit of being modified, and may 
in consequence, be rendered somewhat more simple ; but it must 
nevertheless be understood, that whenever the position of equilibrium 
is required by computation, we must inevitably perform a very irksome 
and laborious process. 

A geometrical construction may also be effected by the intersection 
of two hyperbolas ; but since this implies a knowledge of principles 
higher than elementary, we think proper to pass it over, and proceed 
to illustrate the application of the above equation by the resolution of 
a numerical example. 

375. Example. Suppose a triangular prism of Mar Forest fir, 
the sides of whose transverse section are respectively equal to 28, 26, 
and 18 inches, to float in equilibrio in a cistern or reservoir of water, 
having only one angle immersed ; it is required to determine the posi- 
tion of equilibrium, on the supposition that the two longest sides of 
the section penetrate the fluid, the specific giavity of the prism being 
to that of water as 686 to 1000 ? 

By recurring to equation (229), and comparing its several consti- 
tuent quantities with the parts of the diagram to which they respec- 
tively refer, it will readily appear, that x, cos.^ and cos.f' are the only 
terms whose values require to be calculated ; of which cos.^ and cos,^' 
are to be determined from the nature of the figure, and x from the 
resolution of the biquadratic equation in which its values are involved. 
The length of the straight line cf, which is drawn from the vertex 
of the section at c, to the middle of the opposite side at f, is accord- 
ing to equation (226), expressed by 

d=JiVW + <?) — <*': 
sequently, by substituting the numerical values of the sides, we 



obtain 

rf=Jv/2(28"-|- 

Hence, in the triangles 

the three sides a c, a f, v i 

; for which purpose, 



from the elements of Plane Trigonometry, 
it is 

j _4(c' 1 + ^)- 



18* = 25.4754784 inches, 
id dcf respectively, we have given 
c, bf, fc to find cos.acf and cos. 
the following equations as deduced 
In the triangle a c f. 



Mid in the triangle nc 

„. v_ 4 <" +•'■>- 
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Now, by substituting the numerical values of a, b and c, as given 
in the question, and the value of d as deduced from calculation, the 
absolute values of cos. f and cos. 4/ mill stand as below. 

Thus, for the absolute numerical value of cos.^, we have 
4(784 + 649)- 



" 8X28X25.4754784" 
and for the absolute numerical vali 
, 4(676 + 649) — 324 



0.94769, 

of COS. ^1', 

= 0.93906. 



ill suffice 
or thence 
:, and the 



8X26X25.4754784 

Let the numerical values of cos.# and cos.<j>' as determined by the 
above computation, together with the numerical values of a, b, c, s, 
and *', as given in the question, be respectively substituted in equa- 
tion (229), and we shall obtain 

«* — 48.2859i 3 + 23894.7x = 249408 ; 
but in order to simplify the resolution of this equation, it v 
to take the co-efficients to the nearest integer, for the en 
arising will be of very little consequence in cases of practict 
modification will very much abridge the labour of reduction; the 
equation thus altered, will stand as below. 

x* — 481 s + 23895* = 249408. 

Therefore, if this equation be red uced by the method of approxima- 
tion, or otherwise, the value of x will come out a very small quantity 
less than 22 inches ; but taking it equal to 22, the result of the equa- 

22 4 — 48 X22 s + 23895X22 =248842. 
By substituting the given values of b, c, s and s' 
putcd value of 3?, in equation (227), we shall have 
22000y = 499408, 
from which, by division, we obtain 
_ 499408 _ 
V ~ 22000 ~ 

Consequently, from these computed dimensions, together with the 
sides of the section given in the question, the prism may be exhi- 
bited in the position which it assumes when floating in a stale of 
equilibrium. 

376. Construct the triangle abc to represent the transverse section of 
the floating prism, and such that the sides AC, nc, and a a are respec- 
tively equal to 28, 26, and 18 inches; make cd and ce respectively 



vith the c 



= 22.7 i: 
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equal to 22 and 22.7 inches, and through the points d and e, draw 
the straight line ik, which » 
with the plane of floatation, or the sur- 
e of the fluid on which the body floats. 
Bisect a b, the extant side of the sec- 
tion in the point f, and join fd andrs; 
then, the conditions of equilibrium ma- 
nifestly are, that the lines fd and o B 
are equal to one another, and that the M 
area of the immersed triangle dce, is - r \_\ 1 JBB 
to the area of the whole triangle acb, "* ■ ,- 

as the specific gravity of the solid is to tf=5ga^fe^.^d==r-- " 

the specific gravity of the fluid. 

That the lines fd and fe are equal to one another, appears from 
an inspection and measurement of the figure j but the following proof 
by calculation will be more satisfactory, inasmuch as numbers can be 
more correctly estimated than measured lines, which depend for their 
accuracy upon the delicacy of the instruments and the address of the 
operator. 

In the plane triangle dcf, we have given the two sides dc and cf, 
respectively equal to 22 and 25.4754784 inches, and the natural cosine 
of the contained angle dcf equal to 0.94769 ; consequently, the third 
side d f can easily be found ; for by the principles of Plane Trigono- 
metry, we know that 

df*— dc ! 4-fc' — 2dc.fcco3.dcf; 

therefore, by substituting the respective numerical values, we obtain 

df*=:484 + 649 — 2X22X25.4754784X0.94769 = 70.72; 

consequently, by extracting the square root, it is 

DP = v"70-72 = 8.4 inches. 

Again, in the plane triangle bcf, we have given the two sides 

ec and cf, respectively equal to 22.7 and 25.4754784 inches, and 

the natural cosine of the contained angle ecf equal to 0.93906; 

consequently, by Plane Trigonometry, we have 

ef* = ec* -+-CF* — 2ec.cfcos.ecf; 

and substituting the respective numerical values, we obtain 

ef' = 515.29 + 649 — 2 X22.7X25.4754784 X0.93906 = 77.895 ; 

therefore, by extracting the square root, we shall have 

ef = ^/ 77. 895 = 8.82 inches. 



i have given the 



Hence.'the length of the line df is 8.4 inches, and the length of ef 
is 8.82 inches, giving a difference of 0.42, or something less than half 
an inch; being as small a difference as could be expected, from the 
manner in which tiie co-efficients of the equation that furnished the 
value of x were modified, and also from the circumstance of x being 
determined only to the nearest integer, without considering the frac- 
tions with which it might be affected. 

377. Upon the whole then, the position of equilibrium is sufficiently 
manifest, from the condition of equality between the straight lines d f 
and ef ; we shall therefore proceed to inquire if it be equally apparent, 
from the proportionality between the triangles ACB and PCE. 

Since cos. <p = 0.94769, and cos.f = 0.93906, it follows that 
<p= 18" 37' and ^>' = 20° 6' ; consequently, by addition, the whole 
angle acb becomes 

p + f = 18* 37' + 20° 6' = 38°43'; 
therefore, in each of the triangles acb and dce, 
two sides ac, bc and dc, ec with the contained a 
to both, to find the respective areas. 

Now, the writers on mensuration have demonstrated, that when 
two sides of a plane triangle, together with the contained angle are 
given : — 

The area of the triangle is equal to the product of the two 
sides drawn into half the natural sine of their included angle. 

378. This is a principle which we have already stated in the investi- 
gation, and expressed analytically in deducing equation (227) ; we 
shall now employ it in determining the areas of the triangles according 
to the magnitudes of the sides and the contained angle, as given in 
the example and derived from computation. 

The natural sine of 38" 43' is 0.62547, and the sides a c and b c are 
respectively 28 and 26 inches; consequently, by the above principle, 
we have 

e' = j(28X26x0.62547) — 227.671 square inches. 

The natural sine of the contained angle remaining as above, the 

sides dc and ec as derived from computation, are equal respectively 

to 22 and 22.7 inches; hence, from the same principle, we have 

a*= J(22X22.7X0.62547) = 156.1798 square inches. 

Now, according to the conditions of the question, the specific 

gravity of the fluid is 1000, and that of the floating body is 686 ; 

consequently, wc obtain 

1000 : 227.671 ; : 686 : 156.1823. 
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In this case the error is extremely small, amounting only to 
156.1823 — 156.1798=0.0025 of a square inch; hence we con- 
clude, that the position of equilibrium under the given conditions, is 
very nearly the same as we have found it to be from the resolution of 
the equations (227) and (229). 

379. The preceding solution, however, indicates only one position 
of equilibrium; but it is manifest from the nature of the equation 
(229), that there may be more, for by transposition, we have 
:scos.^' 



>s.<f v '2(A , +c*)-a , X3:'4- - 



L V2(i'+c")- ( 



-=o, 



a y r 



and it is demonstrated by the writers on algebra, that in every equa- 
tion of an even number of dimensions, having its last term negative, 
there are at least two real roots, the one positive and the other nega- 
tive ; consequently, the above equation has two of its roots real and 
determinable ; but the equation being of four dimensions has also four 
roots, hence, the other two roots may also 
be real, and in that case, there will be three 
values of x positive and the fourth negative ; 
but for every positive value of x there may 
be a position of equilibrium, that is, there 
may be three positions, in which the body 
may float in equilibrio with the angle acb 
downwards ; but there cannot be more. \ / 

380. If the sides b and c are equal to one \ / 

another, as represented in the annexed dia- » 

gram, then cos.^ and cos.r// are also equal, 
and the general equation becomes 

fi'scos.* JV 

x*— cos.AV^"— "'X* + i — • [ /W—(?Xx— -jT — 1 

Now, it is manifest from the relation of the terms in this 
that it is resolvcable into the two quadratic factors 

a — ~^~, and x' — cos.f v/46* — h'Xj; -(-— , each of which 

is equal to nothing; consequently, the four roots of the equation 
(230), are the same as the rootB of the two quadratic equations 

6". , b's 

x*= — r, and x* — cos.jk ij 46' — b'Xi= — —r, 

and the positions of equilibrium are indicated by the number of real 
positive roots which these equations contain. 



. (230). 

equation, 
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By extracting the square root of both sides of the equation **:= — ' 
we shall obtain 

«**/!■ (231). 

This expression exhibits two roots of the original equation (230), one 
positive and the other negative; but the positive root only becomes 
available in determining the position of equilibrium, the negativ 
referring to a case which does uot exist. 

It has already been Bhown in equation (227), that when a solid 
body floats in equilibrio on a fluid of greater specific gravity than 
itself; then we have 

xys' = bci, 

but according to the supposition, b and c i 
hence we get 

xys' = b*s, 



equal to one another ; 



from which, by division, we obtain 



, by substituting the above value of x, it becomes 



y=— " 



yi=*i/y 



(232). 



Hence it appears, that the values of x and ;/ are each of them 
expressed by the same quantity; consequently, the triangle dce 
isosceles, and a b the extant side of the section, is parallel to d e the 
base of the immersed portion, both of them being parallel to the plant 
of floatation or the horizontal surface of the fluid. 

381. The practical rule for the reduction of the equation (231) or 
(232), may be expressed in words at length, in the following manner. 

Rule. Divide the specific gravity of the solid body, by the 
specific gravity of the fluid on which it floats ; then, multiply 
the square root of the quotient, by the length of one of the 
equal sides of the section, and the product will give the port io 
of that side which is immersed below the plane of floatation, t 
that which is intercepted between the vertex of the section 
and the horizontal surface of the fluid. 

382. Example. A prism of wood, the sides of whose transverse 
section are respectively equal to 20, 28 and 28 inches, is placed 
with its vertex downwards in a cistern or reservoir of water whose 
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surface is horizontal; it is required to determine, what position the 
solid will assume when in a state of equilibrium, its specific gravity 
being to that of water as 686 to 1000 ? 

Here, by the rule, we have 



eget 



s' 1000~ ' ' 

from which, by extracting the square root, 

t/0.686 = 0.8282, 

and finally, by multiplication, we obtain 

1 = 28X0.8282 = 23.1896 inches. 

But according to equation (232), y possesses the very same value; 

consequently, if 23.1896 inches be set off from the vertex of the 

section upwards on each of its equal sides, the straight line which 

a these points will coincide with the plane of floatation, or the 

horizontal surface of the fluid on which the body floats. 

383. This is the most natural and obvious position of equilibrium, 
and such as must always obtain when the body is homogeneous, and 
symmetrical with respect to a vertical plane passing through the axis 
and bisecting the base ; but there may be other situations in which 
the body may float in a state of quiescence, and the circumstances 
under which they occur must be determined by the resolution of the 
following equation, viz. 

b's 

a* — cos.0 ^4A* -a'Xi = r- 

Complete the square, and we shall have 

b's 

a;'— cos.^V 4 ^— a'Xar + dcos.^v'*^— a 1 j"=4cos , .*(4i*— a") — - r -, 

and by extracting the square root, we get 



-w\ 



— I COS.f, ^ 46" — a* = d=y j C0S '.^(4i' — a')- 

hence, by transposition, we shall obtain, (233). 

: = £eos.4>/46 r ^r , ±;^/ J C os'.f(4i*— a*) "4p 

The corresponding values of y are (234). 

= J cos.^ y/4W — cfdzy I C o8*.^46'— a*) r- 



302 



OF THE POSITIONS uF EQUILIBRIUM. 



Expressions of this form, arising from the reduction of an adfected 
quadratic equation, are in general rather troublesome and difficult to 
render intelligible in words, and even when intelligibly expressed, they 
are to say the least of them, but very dull and uninviting guides, from 
■which a tasteful reader turns with disgust; we are therefore unwilling 
to crowd our pages with long and formal directions for the purpose of 
reducing equations, when it is probable after all, that nine out of every 
ten of our readers will pass them over, and proceed immediately to 
discover their object by the direct resolution of the original equation. 

384. It is however necessary, in conformity to the plan of our 
work, to express the most important final equations in words at length, 
and since the preceding forms are of considerable utility in the doctrine 
of floatation, it would be a direct violation of systematic arrangement, 
to omit the verbal description, and leave the subject open only to 
algebraists; we shall therefore, in order to render both parts of the 
operation intelligible, endeavour to express the method of reduction 
in as brief and comprehensive a manner as the nature of the subject 
will admit. 

1. To determine the value of x. 

Rule. From four times the square of one of the equal 
sides of the section, subtract the square of the base, or side 
opposite to the vertical angle ; multiply the square root of the 
remainder by one half the natural cosine of half the vertical 
angle, and call the product m. 

From four times the square of one of the equal sides of the 
section, subtract the square of the base, or side opposite to the 
vertical angle, and multiply the remainder by one fourth of 
the square of the natural cosine of half the vertical angle, 
or that which is immersed in the fluid ; then, from the product, 
subtract the quotient that arises, when the specific gravity of 
the solid, drawn into the square of one of the equal sides 
of the section, is divided by the specific gravity of the fluid, 
and call the square root of the remainder n. 

Finally, to and from the quantity denoted by m, add and 
subtract the quantity denoted by n ; then, the mm in the 
case, and the difference in the other, will give the two values 
of,. 

2. To determine the corresponding values of y. 

Rule. Calculate the values of m and n, precisely after the 
• described above; then, from and to the quantity 
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subtract and add the quantity denoted by », 
nee in the one case, and the sum in the other, 
dues qfy corresponding to above values of x. 
rules by which the other positions of equilibrium 
; but it is necessary to remark, that beyond cer- 



denoted by m, 

and the differer, 

will give the va. 
385. These are thei 
are to be detem 

tain limits no equilibrium can obtain. In the first place, in order that 
the body may float with only one of its angles immersed, it is mani- 
festly requisite, that the equal sides of the section should each be 
greater than m-\-n; and in the second place, in order that x and y 
may be real positive quantities, the expression 4cos 3 .^(4i* — a 8 ) must 
J.0(4ff-a) 



exceed — -, 



- must be less thar 



46» 



The reason of these limitations is obvious from the nature of the 
quadratic formula (233) and (234), but it will be more satisfactory to 
show, that unless the data of the question are so constituted as to 
fulfil these conditions, the rules will fail in determining- the positions 
of equilibrium ; or in other words, there is no other position in which 
the body will float at rest, but that which is indicated by the equa- 
tions (231) and (232). 

386. Example. The data remaining as in the preceding example, 
let it be required to determine from thence, whether under the pro- 
posed conditions, the body can float at rest in any other position than 
that which we have already assigned for it, by the reduction of the 
equations (231) and (232), in which the extant side or base of the 
figure is parallel to the horizon. 

By the principles of Plane Trigonometry, we have 
Jcos.0 = 5 Vv / 28-t- 10)(28 — 10) = £(0.93406) = Jcos.20* 55' 29 u ; 

consequently, by proceeding according to the rule, we get 

m — Jcos.f(46 1 — a*)'=0.46703 y/iXW— 20*= 24.429 very nearly. 

Again, to determine the value of n, it is 

icos. s ^(46" — u») = 0.46703*(4X28*— 20 s ) = 596.768, 

and for the value of the term, involving the specific gravities, we have 

b"s 28'X686 „„„ , 
_-————_ =537.824; 
s" 1000 

consequently, by subtraction, we get 

596.768 — 537.824 = 68.944. 

It therefore appears from the last result, that both the values of * 

and y are real positive quantities; consequently, one of the limiting 



conditions is answered, and we shall shortly see, whether or not the 
data are sufficient to satisfy or fulfil the other condition. 

By extracting the square root of 58 .944, we get 

n = /58.944 = 7.677 nearly; 

therefore, by addition and subtraction, the values of x, are 

x = m + n = 24.429+7.677 = 32.I06, and x = m— n = 24.429— 

7.677=16.752 inches. 

Now, we have seen by equation (234), that the < 

e expressed i 



2sponding 
e terms, having the signs of the 



second member reversed ; hence we h 

y = 16.752, and y = 32. 106 inches. 

But here we have m-\- n = 32.106 inches, being greater than b the 
downward side of the transverse section, which by the question is only 
28 inches ; it therefore follows, that with the proposed data and under 
the specified circumstances, there is only one position in which the 
body can float in a state of rest, and it is that which we have already 
determined, where the base of the section, or the extant side of the 
body, is parallel to the surface of the fluid. 

But we may here observe, that notwithstanding the values of x and 
y, as we have just assigned them, do not satisfy the conditions of the 
question, yet they are not to be considered as being useless; for they 
actually serve, with a slight modification of the body, to furnish posi- 
tions in which it will float at rest, although those positions do not 
agree with the case, in which oidy one angle of the figure falls below 
the plane of floatation. 

387. The positions of equilibrium corresponding lo the preceding 
values of x and y, are 
as represented in the an- 
nexed diagrams, where 
ed is the horizontal sur- 
face of the fluid, abc 
being the position which 
the body assumes when 
x is equal to 32.106 and 
y equal to 16.752 inches, 
and a&c the correspond- 
ing position when y is eq 
these being the respective 
process. 




al to 32.106 and x equal to 16.752 inches ; 
values as obtained by the above numerical 
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That the positions here exhibited are those of equilibrium, is very 
easy to demonstrate, for produce the sides ca and cb to meet the 
surface of the fluid in the points e and d, and bisect ab and a b in 
the points f and/; then, if the straight lines fe, fh and/D, /i be 
drawn, they will be equal among themselves. 

This ia one of the conditions of equilibrium, as we have already 
demonstrated in the construction of the original diagram, and the 
other condition is, that the areas of the immersed figures ecu and 
dci, are respectively to the whole areas a nc and a be, as the specific 
gravity of the solid, is to the specific gravity of the fluid which sup- 
ports it. 

Now, if the first of these conditions obtain, that is, if the straight 
line fe be equal to fh, and/D equal to/i, then, by the principles of 
Plane Trigonometry, we shall have 

ec'-J-cf' — 2ec.cpcos.ecf = hc*-1-cf* — 2hc.cfcos.fch ; 
but the angles ecf and pen are equal to one another, and each of 
them equal to <j, ; consequently, by substituting the literal representa- 
tives, we have 

x* -\-d* — 2dacos.£=7/ 9 -|-rf' — Idy cos.^, 

or by expunging the common term d*, we get 

a* — 2d x cos.^ = y % — Idy cos.^, 

and this, by transposing and collecting the terms, becomes 

?— tf=2dct»4(x— if); 

therefore, if both sides of this equation be divided by the factor (a — y), 

we shall obtain 

* + y = 2rfcos. ¥ .. 
Now, by a previous calculation we found x to be equal to 32.106 
inches, y 16.752 inches, d equal to v/28* — 10", a 
0.93406; consequently, by substitution, we have 

32.106 -f- 16.752 = 2X0.93406x6/19; 
hence the equality of the lines fe and fh is manifest. 
What we have shown above with respect to the triangle abc, may 
also be shown to obtain in the triangle abc, the one being equal and 
subcontrary to the other ; this being the case, it is needless to repeat 
the process; but we have yet to prove, that the area ceii, is to the 
whole area abc, as the specific gravity of the floating body, is to that 
of the fluid on which it floats. 

therefore, by the principles of Plane Trigonometry, we get 
ac : af : : rad. : sin.AC f, 



i. <£ equal to 
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or numerically, we shall obtain 

28 : 10:: 1 : sin.^— 0.35714, 

and we have already found that 

cos.^ = ^(28 + 10) (28— 10) ~ 28 = 0.93406 ; 

but according to the arithmetic of sines, it is 

ain.2£ = 2 sin.^ cos.^, 

and by substituting the above numerical values, we get 

i aui.20 = O.35714xO.934O6 = 0.33359. 

Then in the triangle ec h, there are given the two sides ec and n c, 

respectively equal to 32.106 inches and 16.752 inches, together with 

half the natural sine of the contained angle; to find the area of the 

triangle. 

Now, by the principles of mensuration, the area of any plane tri- 
angle is expressed by half the product of any two of its sides, drawn 
into the natural sine of the contained angle, hence we get 

32.106X16.752X0.33359=179.417 square inches. 

Again, in the isosceles triangle arc, there are given the sides ac 

and bc, respectively equal to 28 inches, and half the natural sine of 

the contained angle acb, equal to 0,33359 ; to find the area. 

Here, by the principles of mensural ion, we have 

28x28x0.33359 = 261.53456 square inches; 

then, by the property of floatation, it is 
1000 : 686 :: 261.53456 : 179.413 square inches. 
388. Since this result agrees so very nearly with that derived from 
a direct computation of the triangular area, we may reasonably con- 
clude, that the positions exhibited in the diagram are those of equili- 
brium ; it is however necessary to remark, that since the weight of the 
body remains unaltered in what position soever it may be situated, it 
does not readily appear in what manner the adequate quantity of fluid 
is displaced, unless we conceive some physical plane, of sufficient 
breadth and totally destitute of weight, to be fined on that edge of the 
solid which becomes immersed by reason of the change of position 
that the body is supposed to undergo. 

This plane, during the oscillation of the prism, will dislodge the 
fluid which occupies the space eabi or vba, and the weight of this 
quantity of fluid added to that which is displaced by the quadrilateral 
figure c> ma or cfim, will be equal to ihe whole weight of the float- 
ing body 
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389. The above modification, however, doe3 not strictly accord with 
the conditions of the problem ; we must therefore inquire, whether the 
j ust principles of equilibrium do not depend upon some other element, 
such as the specific gravity. Now, we have already stated, that in 
order to have the values of x and y real positive quantities, it is neces- 
sary that 

oJ.#4tf-a') 



— should be less than - 



" 4A V " 



and for a similar reason 

is.?V4&^ 



— must be greater than 

And if the specific gravity of the fluid be denoted by unity, as is 
the case with water, then the specific gravity of the floating body must 
lie between the limits 

cosV(4&' — a?) , cos.»V4y- 



- — 1. 



The specific gravity of the floating body, as we have proposed it in 
the question, is 686, that of water being denoted by 1000; conse- 
quently, when the specific gravity of water is expressed by unity, that 
of the solid is 0.686 ; let us therefore try if this number lies between 
the above limits; for which purpose, we must substitute 28 for b, 20 
for a, and 0.93406 for cos.^ ; then we shall have as follows. 

„ , ,. . 0.93406 a (4x28' — 20') „ 
For the greater limit we have r== 4x28' —0-761 

nearly. 

It is therefore manifest, that the specific gravity of the floating 
body, as we have employed it, is less than the greater limit, and con- 
sequently properly chosen with regard to it, and we have next to 
inquire if it exceeds the lesser limit ; for which purpose, it is 



_0.9340rV4x28'— 20* 



= 0.745. 



Here then it is obvious, that the lesser limit exceeds the given 
specific gravity ; and from this we infer, that without the modification 
specified above, the body will not fulfil the conditions of the problem 
in any other position than that in which its base is parallel to the 
surface of the fluid ; but if the specific gravity of the floating body 
fall between the numbers 0.761 and 0.745, all other things reriiaining, 
then the prism, besides the situation of equilibrium in which its base 
is parallel to the surface of the fluid, may have two others, in both of 
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which the conditions of the question will be truly satisfied, for only 
one angle of the figure will fall below the plane of floatation. 

In order therefore to exhibit those positions, we shall suppose the 
specific gravity of the floating prism to be expressed by 0.753, which 
is the arithmetical mean between the limits above assigned ; then, by 
operating according to the rules under equations (233) and (234), we 
shall obtain 

w = lco9.^^44 , — «* = 0.46703 ^4x28' — 20" = 24.429 as for- 
merly computed ; 

and after a similar manner, we have 



■=l/i 



cob.*$(4 j* — a s ) j- = 



• 



0.46703*(4X28 a — 20") ■ 



2S*X753 



= 2.528 ; 



of 



1000 

consequently, by addition and subtraction, we shall get 

• = m + n = 24.429 + 2.528 = 26.957 inches, and * = m — » = 

24.429 — 2.528 = 21.901 inches; 

and the corresponding values of y, are 

21,901 and 26.957 inches respectively. 

390. The positions of equilibrium corresponding to the above values 

and y, are as represented 




/Inch it floats, 



in the annexed diagrams, where 

it may be shown that the 

straight lines tz, pm and/o, 

f\ are equal to one another, 

and also that the areas of the 

immersed spaces EciiandDci 

are respectively to the whole - - - ' 

areas abc and abc, as the 

specific gravity of the solid, is to that of the fluid 

or as 0.753 to unity in the case of water. 

These conditions being satisfied, the body will float in equilibrio in 
the positions here exhibited ; and it from hence appears, that the 
problem admits of a complete solution, by retaining the specific gra- 
vity of the solid within determinate limits. 

391. When the transverse section of the floating prism, is to the 
form of an equilateral triangle ; then a and b are equal to one another, 
and equation (230) becomes 

g* — iicos,^ v ' 3 Xar s H ; ' --- ' Xi i£-=0, 
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: of s' be espressed by unity, as in 



ther 



c liav< 



x' — bcos.^x/3xx s +b'scos.<j,^3xx — 6V = 0. (235). 

Now, it is manifest that this equation is composed of the two 
quadratic factors i* — 6*s=.0, and ,t* — bcos.<p-\/3xx + b°s = 0, 
whose roots give the positions of equilibrium. 

Since the sides a and b are equal to one another, and s' equal to 
unity ; then, the limits between which the value of s must be retained, 
are 

|cos*.fi and cos. ^3 — 1 ; 
but in the case of the equilateral triangle, ^ = 30° ; consequently, 

>s.^ = £ ^3, and cos\^ = J; therefore, by substitution, the above 



limits become 



^ = 0.5625, and |— 1 = 0.5, 
the arithmetical mean of which. Is 
£(0.5625 + 0.5) = 0.53125. 
Let this value of s be substituted instead of it, in each of the con- 
stituent quadratic factors, and the equations whose roots determine 
the positions of equilibrium, become respectively 

*> = 0.53125&', and x*— bcos.$i/3~Xx = — .531256'; 
but by the property of the equilateral triangle, 
ij> = 30°, and consequently cos.^ = J ^ 3 ; 
hence, the above adfected quadratic equation becomes, 
«"— \.5bx = — .531256*. 
392. If 6 the side of the triangle be equal to 28 inches, as we have 
hitherto supposed it to be ; then, the preceding equations become 
*" = 416.5, and a' — 42*=— 416.5. 
Now, it is manifest, that the first of these equations has one positive 
and one negative root, each of them being' expressed by the same 
numerical quantity, viz. the square root of 416.5; for by extracting 
the square root of both sides of the equation, we have 
X=±: v/416.5 ==t 20.4083 inches. 
But according to equation (227), we have xys' = t>cs, where by 
the present supposition, b and c are equal to one another, and s is 
equal to unity; therefore, it is 

* s = 4''s=416.5; 
hence, by division, we shall get 
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416.5 



= =£20.4083 inches. 



* ~ x sfc 20.4083" 
Then, by taking the positive values of x and y respectively, the 
|n»sition of equilibrium indicated by the 
above results, is represented in the an- 
nexed diagram, where cb and en are 
respectively equal to 20.4083 inches, 
and consequently, ab the base of the 
section is parallel to l K the surface of ■ "=5 

the fluid. 

Bisect the base ab in the point f, and 
draw the straight Hues cr, fe and Fii ; then because cb is equal to 
ch, and the angle ecf equal to the angle iicf, it follows, that the 
line fe is equal to the line fii ; this is one condition that must be 
satisfied, when the body floats in a state of quiescence ; and another 
is, that the area of the immersed triangle ecu, is to the area of the 
whole section acb, as the fraction 0.53125 is to unity. 

Now, by the property of the equilateral triangle, the area of the 
section acb, is expressed by the product of one fourth of the square 
of its side, drawn into the square root of the number 3, and the same 
property holding with respect to the area of the triangle ecu; it 
follows, that in the case of an equilibrium, 

i*V3 : iAV3 : : 0.53125 : 1, 
or by suppressing the common quantity J; ^3, we have 
x> : V : : 0.53125 : 1 ; 
bui»*=r4I6.S, and 6*= 784; therefore, hy substitution, we obtain 
41G.5 : 784 : : 0.53125 : 1. 
It is therefore evident, that by the above results, both the condi- 
tions of equilibrium are satisfied, aud consequently, the body floats in 
a state of equilibrium when placed as represented in the diagram; 
that is, with 20.4083 inches of its side immersed, and its base parallel 
to the plane of floatation. 

393. The adfectcd quadratic equation a; 5 — 42i= — 416.5, has 
obviously two positive roots, each of them less than b the side of the 
section ; from which we infer, that besides the position of equilibrium 
above exhibited, the body may have other two, and these will be 
& by the resolution of the equation, as follows. 
Complete the square, and we obtain 
««_ 4U + 21 s =— 416 5 + 441 = 24.5, 
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extract the square root of both sides, and we get 

x — 21=;±:/2475r=:±;4.95 nearly; 

consequently, by transposition, we obtain 

1 = 21 + 4.95=25.95 inches, and * = 21 —4.95 z= 16.05 inches; 

and the corresponding values of y are 

Now, the positions of equilibrium supplied by the above values of 
x and y, arc as exhi- ^ 

bited in the subjoined 
diagrams, where lk is 
the surface of the water, : 
adc the position of the 
body corresponding to 
x equal 25.95 inches, 
and y equal 16.05 \ 
inches; abc being the -~-^=--~-~-— - — — ------ _.^- !i -. 

position which the solid 

assumes, when the values of x and y reverse each other ; that is, when 

a: equal 16.05 inches and y equal 25.95 inches. 

Bisect ad and ab in the points f and/', and draw the straight lines 
* £, fh and/i,/i> to meet the surface of the water in the points e, h 
and i, d, the points in which the plane of floatation intersects the im- 
mersed sides of the solid; then are the lines ee, fii and/i,/D equal 
among themselves, and the areas ecu, icd, are respectively to the 
whole areas a bc, a be as the number 0.53125 to unity. 




PROBLEM LVI1. 

394. Suppose that a Holid homogeneous body, in the form of 
a triangular prism, floats upon the surface of a fluid of greater 
specific gravity than itself, in such a manner, that two of its 
edges shall fall below the plane of floatation : — 

It is required to determine its position, when it has attained 
a state of perfect quiescence. 

Let abc represent a section perpendicular to the axis of a solid 
homogeneous triangular prism, floating in a state of quiescence on a 
fluid whose horizontal surface is ik; adsb and dce being respec- 
lively the immersed and extant portions, 
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Now, it is manifest, that since the 
whole section abc, is divided by de 
the line of floatation, into the two 
parts a deb and dce; it follows, 
that the centre of gravity of the 
section abc, and the common centre 
of gravity of the two parts into which 
it is divided occur in the same point ; ■ 
consequently, the centres of gravity 
of the triangular areas abc aod dec, 
with that of the quadrilateral space 
aoeb, are situated in the same 
straight line. 

But by the principles of floatation we know, that when the solid is 
in a state of quiescence, the centre of gravity of the whole section 
abc, and that of the immersed portion adeb occur in the same verti- 
cal tine; that is, the vertical line passing through their centres of 
gravity is perpendicular to the horitoatal surface of the fluid; and for 
this reason, the vertical line passing through the centre of gravity of 
the whole section abc, aod that of the extant portion dec, i 
perpendicular to the horizon. 

Bisect the sides ab, bc and de, ec in the points f, n and H, m and 
draw the straight lines cf, am and ch, Dm intersecting two and two 
in the points a and g, which points are respectively the centi 
gravity of the triangular spaces abc and dec. 

Draw the straight lines eg and fh, and because cf and c 
sides of the triangle cfh, are cut proportionally in the points i 
g, it follows, that og and r M are parallel to one another ; but it has 
been demonstrated, that og is perpendicular to ik the hor 
surface of the fluid ; therefore, fii is perpendicular to d t the line of 
floatation ; and since de is bisected in n, it follows that fd and fe 
are equal to one another. 

Put a = a b, the immersed side of the triangular section abc, 

b = aC, one of the sides of the triangular section which 

penetrate the fluid, 
c ^ bc, the other penetrating side of the flgui 
rf^cr, the distance between the vertex of the section ami 
the middle of the immersed side ; 
acf, the angle contained between the side ac and the. 
bisecting line cf, 
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^' zr BCf, the angle contained between the bisecting line cf 

and the side bc, 
s = the specific gravity of the floating solid, 
s' ~ the specific gravity of the supporting fluid, 
x = cd, the extant portion of the side ac, and 
y =ce, the corresponding portion of the side ac. 
Then, since the area of any plane triangle, is expressed by the 
product of any two of its sides, drawn into half the natural sine of 
their included angle, it follows, that the area of the entire section 
abc, is expressed as under, viz. 

and for the area of the extant triangle dec, we have 

a" = ixyiin.(t + $>'). 

where the symbols a' and a", denote the areas of the whole section 

and the extant portion respectively; consequently, by subtraction, 

the area of the immersed part adeb, is 

(o'_ «■) — J<to4f+tf<**— *y). 

But by the principles of floatation, the area of the whole section 

abc, is to the area of the immersed portion adeb, as the specific 

gravity of the supporting fluid, is to the specific gravity of the floating 

solid ; that is 

i6csin.(^-|-f): i«n.(? + B>')(ftc — xy)::s':s; 

from which, by casting out the common terms, we get 

be : (»«-«») ::.':., 

and equating the products of the extremes and means, it is 

bcs=bcs'— xys'; 

therefore, by transposing and collecting the terms, we obtain 

xya' = bc(/ — s). (236). 

Since the line cf is drawn from the vertex of the triangle abc, to 
the middle of the opposite side or base ab, it follows from the prin- 
ciples of geometry, that 

»c' + ,C!'=2(iF'+CF'), 

and this, by substituting the literal representatives, becomes 

<,' + c'=2<l«' + ,F); 

therefore, by transposition, we have 

and finally, by dividing and extracting the square root, we get 

d= £ i/W + t')—*- (237). 
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This is the very same expression for the value of d as that which we 
obtained in equation (226), as it manifestly ought to be, since the 
same letters refer to the same parts of the figure; but we have thought 
proper to repeat the investigation, in preference to directing the 
reader's attention to the former result ; for by this meaus, our per- 
formance is rendered more systematic, and the several steps of the 
operation are more readily traced and applied. 

Now, in the plane triangle dec, there are given the two sides en 
and cp, with the contained angle dcf ; to find the side fd. 

Therefore, by the principles of Plane Trigonometry, it is 
x' + d* — 2dxCos.^ = FD 5 ; 
iiud in the triangle evc, there are given the two sides ce andcF, with 
the contained angle ecf ; to find the side fe, 

Consequently, as above, we have 
y* -f- rf 1 — Zdy cos.f = fe'; 
but we have demonstrated, that according to the principles of floata- 
tion, the lines fd and fe are equal to one another; therefore, their 
squares must also be equal ; hence, by comparison, we have 
x° — Idx cos ^ = y* — 2dy cos.^' ; 
or by substituting the value of d, equation (237), we get 



■s.0 V 2(6' +C 1 )— o* X x=y'—cos.>p' y/ 2(t>> +<■-)— a" Xy- (238). 
If both sides of equation (236) be divided by the expression xif, we 



shall obtain 



.*£!.-«). 



msequently, by involution, we have 

..i—g^v— *y 



Let these values of y and y' be substituted instead of them in equa- 
tion (238), and we shall have 



_&y(s'-s) a ic(/__s)C0B.ft' 



and multiplying all the terms by ,■<- , we get 



-XV2(6 5 + C =)- 
■liiil finally, by Iransposi 



M.ttW+?F^x^+- 



- V2(i a + c')- 



* ,'» ' (239). 

395. The above is the general equation, whose roots give the several 
positions in which the solid may float in a state of equilibrium ; it is 
similar to equation (229), having (s' — s) instead of s, and («' — $}" 
instead of s s ; the body may therefore have three positions of equili- 
brium, but it cannot have more, the very same as in the case, where 
it floated with only one of its edges below the surface of the fluid. 

The method of applying the general equation to the determination 



cos.f. 



of the positions of equilibrium, is to calculate the value of d, 
and cos.f' from the given dimensions of the section, and to substitute 
the several given and computed numbers instead of their symbolical 
equivalents ; this will give a numeral equation of the fourth degree, 
which may be reduced either by approximation or otherwise, accord- 
ing to the fancy of the operator. 

396. Example, Suppose a solid homogeneous triangular prism, 
the sides of whose transverse section are respectively equal to 28, 23 
and IS inches, to float in equilibrio on a cistern of water with two of 
its edges immersed ; it is required to determine the positions of equi- 
librium, on the supposition that ilic two longest sides of the section 
include the extant angle, the specific gravity of the prism being to 
that of water, as 565 to 1000 I 

In order to resolve this question, we must first of all determine the 
length of the line c r, which is drawn from the extant angle at c to the 
middle of the opposite side a b ; for which purpose, let the dimensions 
of the section be respectively substituted according to the combination 
exhibited in equation (237), and we shall have 

d= J /2(28" + 23 a ) — 18 3 = 1 1/2302 = 23.99 inches nearly. 

Consequently, in the triangles acf and bcf respectively, we have 

given the three sides ac, af, fc and bc, bf, fc to find cos.acf arid 

cos. bcf; for which purpose, the elements of Plane Trigonometry 

supply us with the following equations, viz. 

In the triangle acf, it is 

4(4*4- d 3 ) — a 3 
cos.fi — — 



and 



964 

i the triangle bci 
. 4(£<4-tH- 



316 or the positions of equiliurium. 

Therefore, by 3 instituting the respective values of a, b and c, as 
given in the question, and the value of d as computed above, we shall 
have the following values of cos. i/> and cos.^'. 

Thus, for the absolute numerical value of cos. ^, it is 
_ 4(28 a + 23.99') — 1 
cos.f,— 8X 28X23.99 



r0.95166, 



ind for the corresponding value of cos. <p', we have 



_ 4(23 3 + 23.99'- 



= 0.92747. 



8X23X23.99 

Having ascertained the numerical values of cos.y and cos.y', lot the 
respective quantities be substituted in equation (239), and it becomes 
X435XI 
1000 " 
i'X23 5 X435 a 



— I000 a 

from which, by computing the several terms, we get 
»* — 45.66a" +I2466i = 78478.36. 
The root of this equation will be most easily discovered by approxi- 
mation, and for this purpose, we shall adopt the method of trial and 
error, which Dr. Hulton has so successfully applied to the resolution 
of every form and order of equations, however complicated may be 
their arrangement. 

By a few simple trials, indeed it is almost self evident, that the 
value of x will be found between 15 and 16 ; consequently, by sub- 
stitution we obtain 
15* — 45.66X 15" + 12466 X15 — 78478.36 = 151 1 3.64 too little. 
16* — 45.66x16'+ 12466x16 — 78478.36= 509.72 too great. 
Here it is manifest that the errors are of different affections, the one 
being in defect and the other in excess ; hence we have 

15113.64+509.72 : 16—15 :: 509.72 : 0.032; 
consequently, for the first approximation, we get 
1=16 — 0.032 = 15.97 very nearly. 
Supposing therefore, that x lies between 15.9 and 16; by repeating 
the process, we shall have 

16*— 45.66X 16" +12466X 16 — 78478.36 = 509.72 toogreat. 
15.9*— 45.66X 15.9* + 12466x15.9—78478.36 = 105.393 too little. 
Here again, the errors arc of different affections, the one being in 
excess and the other in defect; consequently, we have 
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509.72 + 105.393: 16—15.9:: 105.393 : 0.017 nearly; 

therefore, the second approximate value ofx, is 

1=15.9 + 0.017= 15,917 inches. 

By again repeating the process, a nearer approximation to the true 

value of x would be obtained, but the above is sufficiently accurate 

for our present purpose ; therefore, let this value of x, together with 

the numerical values of b, c, & and s', be substituted in equation (236), 

and we shall obtain 

159l7y = 28014G, 
and from this, by division, we get 
280140 .._. . 
y = T59T7-= I7 - 6mCheB - 
397. And the position of equilibr 
values of x and y, is represented in the 
annexed diagram, where ik is the hori- 
zontal surface of the fluid, abed the im- 
mersed part of the section, and dce the 
extant part. 

Bisect ab in f, and draw the straight 
lines cf, m and n : .; then, as we have 
previously demonstrated, when the body 
floats in a state of equilibrium, the lines 
fd and fe are equal to one another. 

Now, in order to determine if this equality obtains ; 
recourse to equation (238), where we have 







e must have 



*'— cos.f. ^2(6" + c") — <**** = y*— co8.^V2(6* + <*)— «*Xy ; 
then, let the computed values of x, y, cos.*, cos.*', and the given 
values of a, b and c, lie substituted instead of them in the above equa- 
tion, and we shall obtain 

15.917*— 0.95166 ^2302 X 15.917 = 17.6 s — 0.92747 ^"2302x17.6, 
and this, by transposition and reduction, gives 
— 726.77 = 56.43—783.20. 
398. Another condition of equilibrium is, that the area of the im- 
mersed part abed, is to the area of the whole section arc, as the 
specific gravity of the solid is to that of the supporting fluid. This is 
a more necessary condition than the equality of the lines fd, fe; for 
such an equality may exist when no equilibrium obtains ; but it may 
be considered as a universal fact, that whenever the two conditions are 
satisfied at the same lime, the body floats in a stale of quiescence. 
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e already found that cos.?=0.95166, and cos,^,'= 0.92747 ; 
consequently, <j>= 17" 53', and ^' = 21° 57'; hence we have (f + $') 
= 39° 50', and by the principles of mensuration, we get 

«' = i(28X23)Bin.39 50' = 322X0.64056= 206.26032, 

and the area of the extant part, is 

a" = $(15,917 X 17.6) sm.39' 50'= 140.0696x0.64056 = 89.72298 ; 

therefore, by subtraction, the area of the immersed part becomes 

(a' — a")= 206.26032 — 89.72298 = 1 16.53734 ; 

consequently, by the principle of floatation, it is 

206.26032 : 1 16.53734 : : 1000 : 565 nearly ; 

from which it appears, that both the conditions of equilibrium are 

satisfied, and therefore the body as exhibited in the figure indicates a 

state of quiescence. 

399. By finding the other roots of the equation, other situations of 
equilibrium may be assigned; but since the one above given is that 
which would be adopted in practice, we consider that it would be a 
waste of both labour and time to search after the others ; we therefore 
leave the reduction of the resulting cubic equation for exercise to the 
reader, presuming that he will find his trouble and attention amply 
repaid, by the satisfaction to be derived from the confirmation of the 
principles by an actual construction. 

400. When the triangle abc becomes isosceles; that is, when the 
sides b and c are equal to one another; then cos.0 and cos.^' are 
also equal, and the general equation (239), becomes transformed into 



x* — cos.^v^tf 1 — a t y.x i -\- - 



V46-- 



or by transposing the absolute given quantity 

■■ ■■■ - „ Wis — s)cos.ii - 

'~cos.^ v '4i'— a'Xz 3 +— — -r T-^W-a 1 



■it'Xi 



eget 



Now, by carefully examining the nature of this equation, it \ 
immediately appear to be composed of the two quadratic factors 



where it is manifest, that each of these expressions involve two roots 
of the original equation, and the number of the real positive roots, 
indicates the number of positions in which the body may float in a 
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state of quiescence, while the absolute values of the roots determine 
tlie positions themselves. 

401. Let each of the above quadratic factors be transformed into 



an equation, by transposing the givt 
obtain 



x' = - 



, and ar 1 — cos.^^ib 1 — 






4V- 



i shall 



and when the value of s\ or the specific gravity of the supporting fluid 
is expressed by unity, as is the case with water ; then, we have for 
the pure quadratic, 

3?=b\l— s). (241). 

and for the adfected quadratic, it is 
a J — cos.^i/ib- — a'Xj = - #(1— s). (242). 

Let the square root of both sides of equation (241) be extracted, 
and we shall obtain 

x = 6^~T^7; (243). 

but from equation (236), we have 
xy = b\l-s), 
and this, by substituting the above value of x, becomes 

hence, by division, we get 
_*(1— *) 

Here then it is manifest, that the values of x and y are each 
expressed by the same quantity ; from which wc infer, that the solid 
floats in a state of equilibrium, when the base of the section is parallel 
to the surface of the fluid ; that is, when the extant portion of the 
section is also isosceles, having its base coincident with the plane of 
floatation. 

402. The practical rule for computing the equation (243) or (244), 
may be expressed in words at length, as follows. 

Rulf.. From unity, or the specific gravity of the fluid, 
subtract the specific gravity of the floating solid, and multiply 
the square root of the. difference by one of the equal sides of 
the section, anil the product will express the value of x and y. 

403. Example. Suppose the two equal sides of the section to he 
respectively equal to 28 inches, the base 18 inches, and the specific 
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i in the preceding example ; how much 
in the fluid, and how much is extant, 



" 




gravity of the solid 0.565 ai 
the equal sides is, immersed 
body being in a state of qi 

Here, by the rule, wc have 

1— s=l — 0.565 — 0.435, 

the square root of which is 

y/ 0.435= 0.659 ; 

consequent y, by multiplication, we have 

x or y — 28 X 0.659 = 1 8,452 inches. 

404. And the position of equilibrium indicated by the above value 
of x and y, is as represented in the subjoined 

diagram, where ik is the horizontal surface 
of the fluid, ABED the immersed portion of 
the section, and dcb the extant portion, de 
being the water line or plane of floatation. 

Since CD and ce are each equal to 18.452 
inches, it follows, that ad and be are each 
equal to 23 — 18.452 — 9.548 inches, the 
extant part of the equal sides being nearly 
double of the immersed part. 

Bisect ab in the point f, and draw the straight lines FDand pf. ; 
then shall fd and fe be equal to one another; this is manifest, for 
af, bf and a d, be ace equal, and the angle daf is equal to the 
angle ebi ; therefore, fd is equal to fe. 

By examining the nature of the equation (243) or (244), it is 
manifest that the values of x and y depend entirely on the value of s, 
or the specific gravity of the floating body ; now, since this may admit 
of all magnitudes between zero and unity, which is the specific gravity 
of water, it follows, that x and y may be of all magnitudes between 
zero and 28 inches ; but whatever may he the magnitude of the extant 
sides, the position in which the body floats will be the same ; viz. that 
in which the base of the section is parallel to the surface of the fluid. 

405. Admitting the specific gravity of the solid to fall within the 
limits of possibility, the formula equation (242), when reduced, will 
supply us with other two positions of equilibrium, in which the body 
may float with two of its angles immersed ; here follows the reduction 
of the equation. 

Complete the snuare, and we obtain 
a 5 — cos.^^/4>^^?Xa:+icos^$ 1 (4i , — «")— Jcos'.^fi 3 — a')— 6*(I— s), 
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